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NMEPEAMOBA OJ19 YHHIB

Bu moumHaeTe BMBYUATM HOBUI IIpeaMeTr <«AJgezebpa i nouamrxu aHaJi-
3yY», AKUHA 00’egHye MaTepias KinbKOX rajyyseil mMaTeMaTHUYHOI HayKH. SIK
i B Kypci anrebpu, sHaUuHy yBary Oyme MPHUIiJIEHO IepeTBOPEHHSIM BUPAasiB,
po3B’A3yBaHHIO PiBHAHB, HEPiBHOCTEH Ta IX cucTeM i pO3T/ISAAy BIACTHUBOCTEMN
dyuruii. ITopazn is poss’sA3yBaHHAM 3HAOMUX 3ajay, OB A3aHUX 3 MHOTO-
yjJeHaMu, palioHaJIbHUMU ApodamMu, cTelleHAMU i Kopeusamu, v 10 kiaci 6yzge
POBTJIAHYTO HOBI BUAM (hYHKIIili: CTEeeHEeBi I TPUTOHOMETPUYHI Ta BiAIOBifI-
Hi piBHAHHS i HepiBHOCTI.

IIpuHIIMTIOBO HOBY YacTHUHY KYpCYy — IIOYATKM aHAJNi3y — Oyae po3rJid-
"Hyto B 11 Kmaci. Mamemamuunuii ananiz (abo mpocTo aHaliz) — raaysb
MaTeMaTHKu, 110 copmyBasacsa y XVIII cr. i Bigirpasa sHauHy pPOJIb Y PO3-
BUTKY IIPUPOJO3HABCTBA: 3’ IBUBCS MOTYKHUM, TOCTATHLO YHiBepCATbHUN Me-
TOM, NOCTiMKeHHs (PYHKI[iH, AKi BUKOPMCTOBYIOTHCA IIiJ Yac pPo3B’sI3yBaHHSA
PiBHOMAHITHHUX NPUKJIATHUX 3a7adu.

Kinpka 3ayBakeHb IPO Te, IK KOPUCTYBATUCA HiAPYUHUKOM.

CucreMy HaBYaJBHOTO MaTepiany OiApyYHUKA 3 KOMKHOI TeMU IT0JaHO
3a gBoma piBHAMU. OCHOBHUI Mamepia/ HaBeAeHO B maparpadax, HOMEpPHU
AKUX I[MO03HAYEHO CHUHIM KoJabopoM. /Jodamkosuil mamepian (HoMepu mapa-
rpadiB IMO3HAYEHO CipMM KOJbOPOM) IIPU3HAUEHUHN OJIA OBOJIOAIHHSA TEMOIO
Ha Oinpmn rambOKOMYy piBHI (Hampukjan, AJA BUKOHAHHSA CKJIATHIIIAX 3a-
BIAHDb 3 aJaredpu i MOUaTKiB aHAJIi3y 30BHIIITHBOTO HE3aJEXKHOTO OIliHIOBAHHSA
3 MaTeMaTUKN). YUYHI MOXKYTh OIMAHOBYBATU HOTO K CAMOCTIifiHO, TakK i ming
KepPiBHUIITBOM YUUTEJ.

Ha mouaTky OaraThox maparpadiB HaBemeHo 008i0k08i mabiuui, AKi
MiCTATb OCHOBHi O3HAUEHHA, BJIACTUBOCTI Ta OpieHmMuUpu JJis TOIIYKY ILIa-
HY pO3B’A3yBaHHA 3amad 3 TemMu. (1 o3HAWOMJIEHHS 3 OCHOBHUMM imes-
MU PO3B’A3YBAaHHSA 3aauU HABOAATHCA IIPUKJIAAU, Y AKUX KPiM po3B’sa3aHHA
MIiCTUTBCA TAKOXK KOMEHmap, 10 JOMOMOXKEe CKJIACTU IIJIaH PO3B’sA3yBaHHA
aHaJIOTIYHOTO 3aBAaHHA.

3 MeTOI0 3aKpilJIeHHs, KOHTPOJII0O i CaMOKOHTPOJIIO 3aCBOEHHA HA-
BUYAJILHOTO MaTepiajy IIicas KOMKHOTO Imaparpada 3ampoIloOHOBAHO CUCTEMY
3anuTaHb i BIpaB. BigmoBigi ma 11i 3anuTaHHS i HpUKJIagu po3B’sI3yBaHHS
aHAJOTIUYHMUX BIIPAB MOJYKHA 3HAUTH B TeKcTi maparpada. Cucremy BIpaB I0
OCHOBHOTO Marepiajy IoJaHO 3a TphOMa PiBHAMU. 3adaui cepedHb020 Pi6HA
IIO3HAYEHO CUMBOJIOM «°», HEI0 CKJATHIII 3adaui 0ocmamHb020 Pi6Hs TIO-
IaHo 0e3 TMo3HaAUeHb, a 3a0aii 8UCOK020 PiBHS CKJAMHOCTI MO3HAYUEHO CUM-
BOJIOM «*». Y HiIpyYHUKY IJis O0araThbox 3a4adu IOTJIMOJIEHOTO PiBHA TaKOMK
IPOIIOHYIOTHCS CHeIlialbHI OpieHTHPHU, SKi JaI0Th MOJMKJIMWBICTH OMAHYyBATU
MeTonu iX pPo3B’sa3yBamHA. Bidnogidi i 6xasigku mo OiIBITIOCTI BOpaB HaBeme-
HO y BigmoBimHOMYy poamimi. ITpo moxom:keHHS IMOHATH, TEPMiHIB i CMMBOJIIB
BU 3MOJKeTe JidHaTucsd, npouuTtaBmu «BigomocTi 3 icTopii». ¥V kinmi nigpyyu-
HUKa HaBeIeHO MOBiIKOBUU MaTepiaJ.
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NEPEOMOBA 019 BYUTENA

ITpomoHOBaHUY MiAPYYHUK CIIPAMOBAHO Ha peasisallil0 OCHOBHUX II0JIO-
JKeHb KOHIIeNIlil mpodiJibHOTO HaBUAHHS B CTaApIIiil IITKOJIi, HA OopraHisaIliro
0COOMCTiCHO-OPi€HTOBAHOrO HaBUYaHHA MaTeMaTuKHu. IlifIpyyHUK migrorosJie-
HO BigmoBigHO M0 uMHHOI mporpaMu 3 ajaredpu i ImouyaTkKiB aHAIi3y akame-
MiYHOTO PiBHA 3 ypaxyBaHHAM HOporpamMu npodiJibHOrO piBHA Ta IporpaMu
i 3MicTy 30BHIIIIHBOTO HE3aJIE}KHOT'O OI[iHIOBAHHA 3 MaTeMaTUKU.

BigsHaummMo OCHOBHI BiAMiHHOCTI NPOIOHOBAHOIO IiAPyYHWKAa Bim iH-
mux TiAPYYHUKIB 3 anrebpu i mouaTkiB anamisy. Ile deopigresuil nidpyu-
HUK, Y KOXKHOMY DPO3AiJi AKOTO mopAn 3 maparpadamu, 110 IpuU3HaAUeHi AIa
OBOJIOiHHA YUYHAMU CTAHZAPTOM MAaTEeMaTHWUYHOI OCBiTHM Ha aKajeMiuyHOMY
piBHi, € cucremaTuuHmuit Marepiay mya opramisamii imguBimyasabHOI pPoOOTU
3 YUHAMU, AKi I[IKaBIATHCA MaTEeMaTUKOIO.

OcHOBHUII MaTepiay, AKHN MTOBHMHHI B3acBOiTH yYHi, CTPYKTypPOBaHO
y dopmi dogidkosux mabauyb Ha mMoyaTKy naparpada, SKi MicTATH cucTemMa-
TU3AI[iI0 TEOPETUYHOTO MaTepiany Ta cnocobis disavHocmi 3 UM MaTepiajsom
y dopMi crnernianbHUX OpieHMuUpia 018 po38’ A3Yy8aHHs 3a80aHb. Y nepuly uep-
2y Y4Hi nosuHHi 3aceoimu mamepian, Akuil micmumuvcs 6 maodbauysax. Tomy
mig yac mosACHEHHSA HOBOTO MaTepiany AOIiJIbHO IIPAIOBATHU 3 IMiAPYUYHUKOM,
BUKOPUCTOBYIOUM BiAMOBigHI TabmuIli Ta pucyHKU. Yci moTpiOHI mosicHeHHS
1 OOT'PYHTYBaHHSA TEXK HABEAEHO B IIIAPYUYHUKY, ajie KOXKEH yUeHb MOYKe BU-
OupaTu CBili piBeHb O3HAWOMJIEHHS 3 IIUMU OO PYHTYBaHHAMU.

ITigkpecaumo, 1110 OYyAb-IKUI MiAPYYHUK 3 aaredpu i mouaTkiB amasisy
MMOBUHEH 3a0e3IeUnTy He TiJIbKM 03HAWOMJIEHHS YUYHIiB 3 OCHOBHUMU ajredpa-
TYHUMU IOHATTAMU Ta IX BJIACTUBOCTAMU (TOOTO ZATH MOYKJIUBiCTH (hopmMyBa-
TH B YUYHIiB 3HAHHA 3 aJrebpu i mouaTkiB aHasisy), a it popMyBaHHA CIIOCO6iB
Iifi i3 UMY MOHATTAMHU (TOOTO AT MOYKJIMUBICTH (pOPMYyBaTU B YUHIB YMiHHSA
3 agrebpu i mouarkiB amaiaisy). CucreMy yMoOB, Ha SIKY PeaibHO CIHPAETH-
cAd yuYeHb IIPW BUKOHAHHI [ii, mcmMxXoJiorM Ha3WBAIOTh OPi€HTOBHOIO OCHO-
BOIO mii. SIKIO yYHAM IPOIOHYIOTH AOCTATHLO 3araJibHi OpPi€eHTOBHiI OCHOBU
IJIsi PO3B’sA3yBaHHSA BiANOBIAHMX 3aBJaHb y BUIJISALL CIeIiaJbHUX ITPABUJI
Ta aJropuUTMiB, TO KaXKyTh, II[O0 iM IIPOIIOHYIOTH OPi€HTOBHI OCHOBU IPYT'OTO
i TpeThoro TumiB. K mpaBwMiO, y MiAPYUYHHMKAX aaredpu i mouaTKiB amasisy
nist 10 KjaaciB yUHAM IPOMOHYIOTHCA TiJMIBKU 3PasKU PO3B’sI3yBaHb 3aBIaHb.
VYuni caMocTiiiHO po3B’sA3YIOTH IIi 3aBAAaHH, OPiEHTYOUNCH HA 3pas3Ku (TOOTO
YYHAM IIPOIOHYIOTHCS OPi€HTOBHI OCHOBM Iiepiioro tuny). Take HaBYaHHA
nepenbayae, 110 YUeHb CAMOCTiHO BUKOHAE CUCTEMAaTHU3AalIlil0 Ta y3arajbHeH-
HA cnocobiB miii, opieHTyOUMCh Ha 3aIlIPOIIOHOBAHI 3pasKu, i BUIIIUTEL AJIS
cebe OpPiEHTOBHY OCHOBY PO3B’A3YBaHHS PO3TJIAHYTHUX 3aBIaHb. SIK mpaBumio,
y IbOMY BUIIaJKy OPi€HTOBHA OCHOBA, IO CTBOPIOETHCSA B yUYHSA, HEIOBHA.
Kpim Toro, BoHa yacTo He yCBifjoMJieHa HUM, 00 yUeHb He MOJKe IOSCHUTH,
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YoMy BiH BHUKOHYBAB caMe TaKi IIepeTBOPEeHHs I yac Po3B’sA3yBaHHA 3a-
BIAHHSA, a He iHIIi.

I3 1iel mpuYMHN OJHUM 3 IPUHIIUIIB ITOOYIOBU HPOIOHOBAHOIO MiApyU-
HUKa O0yJI0 BUAIJIEHHA IJIs YYHIB OPiEHTOBHUX OCHOB BiAIIOBiAHOI misiabHOCTL
3 PO3B’A3yBaHHSA aJqredpaiyHMX 3aBAaHb 0E3MMOCEePEeIHbO B MiJPYUHUKY.

VYV KoKHOMY PO37ijJi PO3B’A3aHHIO BIIPAB Mepeaye BUAIIEHHSA 3arajJbHUX
OpPi€HTHUPIB AJA PO3B’sA3YBaHHS TaKWUX 3aBAaHb. TOMY BaKJIMBOIO CKJAIO-
BOIO POOOTH 3a MPOIIOHOBAHUM IIiAPYYHUKOM € OOrOBOPEHHS BUOOPY Bimmo-
BiIHUX OpieHTMPiB Ta MIaHIB po3B’s3yBaHHA 3aBAaHb. I[osICHEHHS MeTOIiB
pO3B’sI3yBaHHSA BeAETHCA 3a CXEMOIO:

Posé’s3annsa Komenmap

3a ymMOBU Takol momadi HaBUYAJIHLHOI'O MaTepiasly KOMeHTap, y SKOMY IIO-
SCHIOETHCS PO3B’sI3aHHS, He 3aBa’Kae CIPUUHATTIO OCHOBHOI imel Ta miany
pos3B’A3yBaHHSA 3aBAaHb meBHOro Tumy. lle mosBojse yuHeBi, KU yiKe 3a-
CBOIB c1oci06 posB’sidyBaHHSA, 3a JOIIOMOIOI0 HABENEHOrO MPUKJAAYy 3raia-
TH, AK PO3B’sI3yBaTH 3aBIAHHS, a YYHEBi, IKOMY IIOTPiOHaA KOHCYJIbTaIlid
3 pPO3B’A3YBAaHHS, — OTPUMATH HIETAJbHY KOHCYJBTAIIil0, IO MIiCTHUTBCA
B KOMeHTapi.

3a paxyHOK YiTKOro BHUAiJIEHHS 3arajJbHUX OPi€HTHUPIB poOOTH 3 IIpaK-
TUYHUMHU 3aBAAHHAMU KYPCY BIAETHCS YACTUHY «HECTAHIAPTHUX» (3 TOUKU
30py TPANUIIHHUX MiAPYUYHUKIB) 3aBIaHb II€PEBECTU B PO3PAL «CTAHIAPT-
HuX» (HAIPUKJIAL, PiBHAHHSA, IS PO3B’A3YBAHHS SAKUX IOBOAUTHCS BUKO-
puctoByBaTu BjaacTuBocTi (GyuKIiH). Ile mosBossde, 30KpemMa, O3HAWMOMUTH
VUHIB 3 MeToZaMHu PO3B’A3yBaHHS HaBiTh CKJIAJHUX 3aBIaHb 3 ajredpu i mo-
YaTKiB aHaJdi3y, SIKi MIPOIOHYIOTHCS B 30BHIIITHROMY HE3aJEeKHOMY OIliHIOBAH-
Hi 3 MaTeMaTuKu, Ta 3 OPOPMJICHHAM IX PO3B’A3aHHAd.

YMOBHi NO3Ha4Y€eHHSA

rOJIOBHE B HaBUAJBLHOMY MaTepiaji
IIOYaTOK PO3B’sI3aHHS 3amaui
3aKiHUeHHsS PO3B’A3aHHSA 3amaui

IIOYaTOK OOI'PYHTYBaHHA TBEPAKEHHA

CeAV

3aKiHUEeHHSA OOT'DYHTYBAHHS TBEPI KEHHS
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[a; b]

(a; b)

(a; bl,
[a; D)

(a; +<0),
[a; +e),
(—=3 b],
(=03 b)
(o005 +o0)

[To3Ha4YeHHs, sKi 3aCTOCOBaHO B NiAPYYHUKY

— MHOJKMHA BCix HaTYy-

pPaIbHUX UYHCe]
MHOXKMHA BCixX Iiamx
quceJt

MHOKMHA BCixX HeBin -
€MHUX I[iJINX YKUCEJI
MHOJKHMHA BCixX pairio-
HaJIbHUX YMCEJI
MHOXKMHA BCiX AificHUX
YuceJI, YMCJI0Ba IpAMa
MHOJKMHA BCiX Jomar-
HUX TiACHUX UKCEJI

BiZpi3oK (BaMKHEHUI
OPOMIiKOK) 3 KiHIIgMI
aib,a<b

iHTepBaJs (BiZKpuTUii
MMPOMIKOK) 3 KiHIIAMU
aib,a<b
HaIiBBIAKPUTI IpOMiK-
KU 3 Kinmamu a i b,
a<b

HeCKiHUeHHi IPOMiKKU

HEeCKIHUYeHHUH IIPOoMi-
JKOK, YKMCJIOBA IpsAMa
Moxyab (abcoroTHA Be-
JIMYMHA) YUCIa X

[x] — mina wacTuHa umcia x

{x} — npo6GoBa uacTuHa
umesna x

f (x) — suauenusa QyHKIii f

Yy TOUIIi X

D (f) — obnacTs BUBHAUCHHS
byHKIii f

E (f) — obsacTh 3HaUeHb (PYHK-
mii f

sin — QyHKIig cuHyC
cos — (PYHKIIiA KOCUHYC
tg — QyHKIia TaHreHC
ctg — (pyHKIig KOTaHTeHC
arcsin — (pyHKIIig apKCHUHYC
arccos — (PyHKIIisT apKKOCUHYC
arctg — QyHKIIig apKTaHTeHC
arcctg — QyHKIiA apKKOTaHTEHC
Ja — apu(PMeTUUHUN KOPiHb

i3 umcsa a

%o — apuMeTUIYHUN KOPiHb
2k-Tro cTemeHsa i3 umcia
a (k € N)

e — Kopiub (2k+1)-ro creme-
HA i3 yucyaa a (kK € N)
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FPozsoin 1
OYHKLLII, PIBHFIHHFI
| HEPIBHOCTI

OCHOBHWUW MATEPIAN

§ 1. MHOoXnHU
§ 2. ®yHkuii
§ 3. PiBHAHHA

§ 4. HepiBHOCTI: piBHOCUMbHI nepeTBopeHHﬂ
Ta 3aranbHuU METOf iHTEpPBaniB

AOAATKOBUIA MATEPIAN

§ 5. padiikum piBHAHb Ta HEpPIBHOCTEN
3 BOMAa 3MIHH/MMU

§ 6. Metop matemaTn4HoI iHGYKUji &

§ 7. MHoro4neHu Big 0gHI€i 3MiHHOI '
Ta Oii Hag HUMIK

§ 8. PiBHAHHA | HEPIBHOCTI, N
LLIO MICTSITb 3HaK Moayna '

§ 9. PiBHAHHA | HEPIBHOCTI 3 MapameTpamm

B ocHoOBHilI yacTHHI ITFOTO PO3HiNTy BU CHCTEMATHU3YETE Ta y3a-
raJbHUTE CBOI 3HAHHA I YMiHHA, NOB’fA3aHI 3 MHOMKUHAMU,
byHKUOigMU, piBHAHHAMYU i HepiBHOCTAMU, YTOUHHUTE, AK IOCJi-
IOKYIOTH 1 OOI'DYHTOBYIOTH OCHOBHI XapaKTepUCTUKU (DYHKIIiH.
Takox BM OTpUMAaeTe PeKoMeHAaIlii 100 Po3B’A3yBaHHSA PiB-
HAHDb Ta HEPiBHOCTeIl Pi3HMMU METOJaMU.

Y momaTKoOBili YacTUHI PO3mijly BU 3MOKETe O3HAWOMUTHCS 3
BaKJIUBUM METOJOM JOBEJEHHA MaTeMaTUYHUX TBePAKEHb (Me-
TOZOM MaTeMaTW4HOl iHAYKIIii) Ta 3 MeTomaMu PO3B’A3yBAHHS
NeAKUX CKJIAAHUX 3aBIaHb, IO iX IIPOMNOHYIOTH Yy 3aBIaHHAX
30BHIIITHBOTO HE3aJIe’KHOT'0 OIiHIOBaHHA YU Jep:KaBHOI HiacyM-
KOBOI aTecralii 3 MaTeMaTHUKN.



8 Poszain 1. ®YHKLUJI, PIBHAHHA | HEPIBHOCTI

§1 MHOXHWHH

1.1. MHOXWHM Ta onepaLuii Hap HUMU

Tabaumsa 1

[MOHATTA MHOXWHW Ta il EAEMEHTIB

MHOKUHY MOYKHA YABUTH CO0i IK CYKYII-

. X . s .

EnxeMenT a ac A |HICT fesdrux 00’eKkTiB, 110 00 engam 3a

HAJIEHKUATh MHOMKIHI A<=> AKOIOCH O3HAKOI0. ¥ MaTeMaTHUIll MHO-
JKMHU — IIe OJHEe 3 OCHOBHUX HEO3HAUY-

ExeMenT b He BaHUX IOHSATE.

HaJEXKUTh MHOMKUHI A — beA Koxumnit 00’¢KT, 10 BXOAMTH 0 MHO-
JKMHU A, Ha3UBAETHCA e/leMeHmom Iiel

V MHOKUHI HeMae o MHONHCUHU.

eJIeMEeHTiB & Muo)kuHA, IO He MICTHUTH KOIHOTO eJe-

MEHTa, HA3UBAETHCH NOPONCHbOK MHOMKU-
HOIO i mmo3HavaeTscsa J

MiogMHOXMHA (<)

K0 KOSKeH ejeMeHT OIHi€l MHOKHHH
A € elxeMeHTOM [Apyroi MHOMKUHU B,
TO KaKyTh, MN[0 IIeplia MHOMKHHA A
€ MiIMHOKMHOIO IPYTol MHOKUHU B,

i sanucymoTs Tak: A C B.

BurkopucroByioTh Taxko:x sammuc A < B,
AKIO0 MHOKHHA A a00 € HigMHOXXHHOIO
MHOXXUHHN B, abo mopiBHIO€ MHOXUHI B

|ACB|(:}|HRLL(0 xeA,ToxeB‘

PiBHiICTb MHOXMH

JABi MHOKWHU Ha3WBAIOTBCA PIiGHUMU,
xe A=xeB AKIIO KOKHUN €JIeMeHT MePIIoi MHOKMHHI
re B> xec A € eJIeMeHTOM JPyroi MHOKHMHHY, i HABIIaKH,
KOKHUI  eJeMeHT JPyroi MHOKWHU
€ eJIeMEeHTOM IIepIIol MHOKUHU

A=B&
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ITpodosicenns maoa. 1

[MepeTuH MHOXWH (N)

C=ANB

xeCs xeAixeB

Ilepemunom mrosxcun A i B Ha3UBaIOTh IX
CIJIBHY YacCTUHY, TO0TO MHOKUHY C BCix
eJIEMEHTIB, 110 HAJIeKaTh K MHOMKHMHI A,
TakK i MHOKUHI B

O6’egHaHHS MHOXWMH (U)

C=AUB

xeC&s xeAaboxeB

06’ eOnannam muoxcun A i B Ha3UBaIOTH
mHO:kMHY C, CKIIaieHy 3 yCiX eJjieMeHTiB,
[0 HAJeKaTh Xo4ya O OJHIH i3 mHux
mMHOkHH (A abo B)

PisHWUSA MHOXMH (\)

8

C=A\B

xeCes xeAixe B

Pisnuyero muoyncun A i B HazuBaerhcsa
MHOkMHA C, IO CKJIaJa€Thed 3 YCix
eJIeMeHTIiB, dKi HaJjJexaTh MHOMHUHI A
i He HaJe:KaTh MHOKUHI B

AONOBHEHHS MHOXMWH

xeAoxg A

U

S0 Bci MHOKUHM, K1 MU PO3TIAmAE-
MO, € HiIMHOMXUHAMHU SKOICh TaK 3BaHOIL
yHieepcanvbHoi MHOKMHN U, TO DpisHHIIA
U \ A Ha3uWBa€eTbCs MOMOBHEHHAM MHO-
skuHU A. ToOTO donosHenHAM MHONCUHLL
A Ha3UBAETHCA MHOKHMHA, KA CKJama-
€ThCA 3 YCiX eJIeMeHTiB, IKi He HaJIeKaTh
MHOKUHI A (aje HaJleKaThb yHiBepcasb-
Hi#t MHOXKUHI U)
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EEl [MosicHeHHs 1 OOr'PpYHTYBaHHS

1. IMouarra muoxkuau. OTHUM 3 OCHOBHUX MOHATh, IKi BUKOPHCTOBYIOTH
y MaTeMaTHIli, € MOHATTA MHOMCUHU. [I717 HbOTO He NaloTh O3HAYEeHHA. MOXK-
Ha TOSICHUTHU, IO MHOMUHOW HA3WBAIOTH NOBiJIbHY CYKYIHIiCTh 006’€KTiB,
a cami 00’eKTU — enemenmamu naHoi MHoxcuHu. Tak, MOKHA TOBOPUTH IIPO
MHOXKVHY YYHIB y KJiaci (eJleMeHTH — YUYHi), MHOXKUHY IHIB THKHA (eJeMeH-
TN — OHi TMKHA), MHOKUHY HaTypaJbHUX NiTbHUKIB yucja 6 (eJIeMeHTH —
yucaa 1, 2, 3, 6) Tomo. ¥ Kypcax aarebpu Ta aaredpu i mouaTkiB aHamisy
HaliyacTile posraAfaloTb MHOKUHU, eJIeMeHTaMU SKUX € Yucja, i Tomy ix
HA3UBAIOTh YUCLOBUMU MHOMCUHAMU.

fx mpaBuyio, MHOKUHU IO3HAYAIOTH BEJIUKUMU JiT€PAMU JATUHCHKOTO
angasity. Hampukiaan, axito MHoxXKuHa M cKIagaeTbeda iz umcen 1; 2; 3,
To ii mosmauarotTh Tak: M = {1; 2; 3}. Toit darT, 1m0 ymcgo 2 BXOAUTH M0
mieli MHOKUHU (€ eJIeMeHTOM HAaHOI MHOXUHU M), 3aIUCYIOTH 34 HOIIOMOI00
cIeIiaJbLHOrO 3HAUKA € Tak: 2 € M; a Te, II[0 YUCJO 5 He BXOAUTH A0 Iriel
MHOXUHHU (He € eJIeMeHTOM JaHOI MHOXKWHM), 3allCYIOTh Tak: b ¢ M.

MoskHa po3rIsggaTy TaKOK MHOMKUHY, SIKa HE MiCTUTh KOJHOI'O eJeMeH-
Ta, — NOPOHCHIO MHONCUHY.

Hanpukaazx, MHOKUHA IPOCTUX AiNBHUKIB umcaa 1 — MOPOKHA MHOMKUHA.

Onsa nedKUX MHOMKUH iCHYIOTH cHelliajibHI mo3HaueHHA. Tak, IOPOK-
HIO MHOJKUHY MMO3HAYAIOTh CHUMBOJIOM ¢, MHOMKHUHY BCiX HATypaJbHUX UH-
cen — jiteporo N, MHOKUHY BCiX IiJUX dYHCeJ — JIiTepoio Z, MHOKUHY
BCiX paIlioHaJBHUX YMCeJ — JIiTepolo @, a MHOXKHUHY BCiX mifiCHUX YHU-
cen — jiteporo R. MHOXUHU OyBalOThb CKIHYEHHI i HeCKIHYeHHI 3aJIeKHO
Bif TOro, Ky KiJIbKicThb eleMeHTiB BOHM MicTATh. Tak, mHOxUHU A = {7};
M ={1; 2; 3} — ckinuenHi, 60 MiCTATH CKiHUEHHE UMCJIO €JIEMEHTIB, & MHOMKH-
Hu N, Z, @, R — HeckinueHHi.

MHOKUHET 3aa10Th 400 3a JOIIOMOTOIO IMepeiKy iX eeMeHTiB (Ile MOXKHA
3poOuTH Jullle AJA CKIHUeHHMX MHOMKHUH), a00 3a JOIOMOI'OI0 OIUCY, KOJU
3aJJa€ThCA IMPABUJIO — XAPAKMEPUCMUYHA 8]aCmMUicmb, AKe NO3BOJIAE BU-
3HAUYUTU, HAJEKUTh UM Hi HaHUN 00 €KT POSTIAAyBaHill MHOKWHiI. Hampu-
Kiaazn, MmHoskuHA A = {—1; 0; 1} 3amana mepesikKoM eJleMeHTiB, a MHOKHUHA B
MapHUX IiJINX YHCeJl — XapaKTePUCTUUHOIO BJIACTUBICTIO €JIeMEeHTiB MHOMK M-
Hu. OCTAaHHIO MHOKMHY iHKOJHW 3aluCcyloTh Tak: B = {b | b — mapue mine
yucao} abo tak: B ={b|b =2m, ne m € Z} — TyT mWicia BepTUKAJIbHOI DUCKH
3amrcaHa XapaKTepUCTUYHA BJIACTUBICTD.!

¥V zaraJbHOMY BUTJIAAI 3aIIMC MHOKUHY 34 JOIIOMOTOI0 XapaKTePUCTUUHOL
BJIACTUBOCTI MOKHA mmojaTu Tak: A = {x | P (x)}, ne P (x) — XapaKTepUCTUYHA
Braactuicts. Hampukaan, {x|x2 — 1 =0} = {-1,1},{x|xcRix*+ 1 =0} = J.

1V upomMy BUIIQAKY i B 3anucax po3B’A3KiB TPUTOHOMETPUYHUX PiBHAHB i HEpPiB-
HOCTell B po3iiii 4 3anuc m € Z o3HaAUae, 110 m IpuiiMae O0yab-sdKe Iijie 3HaUeHH,
110 TAKOJK MOKHA 3amucysatu Tak: m = 0; +1; £2; ...
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2. PiBHicTs MHOKUH. Hexait A — mMHOKUHA 1udp Tpuiiudposoro yucaa 312,
To0TO A = {3; 1; 2}, a B — MHOKMHA HATYypPaJbHUX YKCeJ, MEHIIUX Bix 4,
To0T0 B = {1; 2; 3}. OCKinbKH IIi MHOXKWUHU CKJAZAIOTHCI 3 OJHUX 1 TUX
caMUX eJIeMeHTiB, TOo ix BBakaloTh piBHuUMHU. lle samumcyioTh Tak: A = B.
s HeCKiHUEHHUX MHOMKHH TaKUM CIIOCOO0M (TIOPiBHIOIOUM BCi eJleMeHTH)
YCTAaHOBUTH IX PiBHiICTH HEMOKJIWBO. TOMYy B 3arajJjbHOMY BUIIaJKy PiBHiCTH
MHOKUH 03HAUYAIOTh TAKUM UMHOM.

JIBi MHOKMHHN Ha3WBAIOTHCH Pi6HUMU, SKII0 KOKHUI eJIeMeHT IepuIoi

MHOKHHHU € eJIEMEeHTOM JAPYroli MHOKMHM i, HABMAKH, KOKHUH eJIeMeHT

IPYroi MHOKHUHM € €JIEMEHTOM IepPIIOl MHOKUHM.

3 HaBeJeHOTO O3HAUEHHS PiBHOCTI MHOXKWH BUILJINBAE, 110 B MHOKHUHI OJ-
HAKOBi eJleMeHTH He pospisHATbeA. HilicHo, manpukaan, {1; 2; 2} = {1; 2},
OCKiJIbKU KOXKHUI ereMeHT mepiiol MHOKUHM (1 abo 2) € eeMeHTOM APYTroi
MHOKWHU i, HaBIIaKW, KOKHUHN eqeMeHT npyroi mHo:KuHu (1 abo 2) e eise-
menToM mepiroi. Tomy, 3anucyoun MHOMKUHY, HallyacTillle KOKHUU il eje-
MEHT 3aIMCyIOTh TiJIbKY OMWH pas.

3. IligzMHOKUHA
SKIIo KOKeH eIeMeHT OgHiel MHOKMHU A € eJIeMeHTOM MHO:KUHHU B, To
KaKyTh, 1[0 MepHnia MHOSKMHA A € nidMHOMCUHOI0 MHOKUHHA B.

Ile sanucyroTs Tak: A < B. Hanpukaan, {1; 2} = {0; 1; 2; 3}, N = Z (ocKinb-
KU OyAb-AKe HaTypaJabHe YncJa0 — Iije), Z C @ (OCKiIbKY OyAb-AKe I[iJie YuC-
J0 — parionaabHe), @ C R (OCKinbKY Oy Ib-sIKe pallioHaJbHe YNCJI0 — TilicHe).

BBaskaroTs, 1110 3aBXAU &) — A, TOOTO NOPONHHA MHOMUHA € NIOMHONCU-
HO10 0YO0b-AKOL Henopo*CHbOL MHONCUHU.

Iakonu 3amicTs 3amucy A — B BUKODPHUCTOBYIOTH TakKoK s3amuc A C B,
AKIMO MHOKMHA A ab0 € TMiIMHOKUWHOI0 MHOKUHU B, a00 JOPiBHIOE MHOMKM-
ui B. Hanpukaan, A C A.

CuoiBcTaBUMO O3HAYEHHA PiBHOCTI MHOYKWH 3 O3HAUEHHAM IIiMHOMKWHU.
Axmo mHOXKUHU A 1 B piBHI, TOo: 1) KOXKHUI eIeMeHT MHOKUHU A € eJleMeH-
TOM MHOXXUHHU B, omike, A — minmuokuHa B (A C B); 2) KOXKHUI eJIeMeHT
MHOXUHU B € enemMeHTOM MHOXKUHU A, oT:Ke, B — minmuoxxuua A (B C A).
Takum umHOM,

IBi MHOKVMHM PiBHi, IKIIO KOKHA

3 HUX € MiIMHOKMHOI0 iHIIOI.

Iakosm cmiBBigHOIIIEHHSA MiK MHO-

JKMHAMU 3PYYHO iJIIOCTPYBATH 3a HOIIO-

MOTOI0 KpPyTiB (dAKi "acTo Ha3MBaIOTh

kpyramu Eitnepa—Benna). Hanpukmag,

pucyHOK 1 ifocTpye 03HaUeHHSA i MHO- ’ ‘ ’

JKUHU, & PUCYHOK 2 — CIiBBigHOIIEHHSA AcB||Axmorcd,roxe B

mixk mHOKuMHaMu N, Z, Q, R.

Puc. 1
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4. Onepanii Hag MmHOMKMHAMH. Han MHOMKMHA-
MM MOJKHA BUKOHYBaTHU II€BHi [ii: IepeTuH,
00’eqHAHHSA, 3HAXOM)KEHHS PiSHUII MHOMKWH.
/R I[aME) O3HAUEHHA ITUX onepauiﬁ i mpoimocTpy-
eMo ix 3a momomoroio KpyriB Eitnepa—BenHna.
INepemunom murosxun A i B Ha3UBaIOTh IXHIO
CHiIBbHY YacTuHy, To0TO MHOKUHY C ycix ee-
MEHTiB, IO HAaJIeKaTh AK MHOMKHHI A, Tak
i mHOKUHI B.
IlepeTuH MHOXWH I[IO3HAYAIOTH 3HAKOM [)
(Ha PUCYHKY 3 HaBe[EeHO iJIIoCTpAaIlilo O3HAYEHHS IePEeTUHY MHOMKUH).
Hanpuxaan, axmo A = {2; 3; 4}, B = {0; 2; 4; 6}, To A N B = {2; 4}.
06’eonannam muoxun A i B Ha3uBawTh MHOKHHY C, 1[0 CKJIATAETHCA
3 yCix eJIeMeHTiB, AKi HaJeskaTh xou4a 0 oaHiil i3 mux MmHOXKUH (A abo B).
O0’enHaHHA MHOMKUH IIO3HAUAIOTH 3HAKOM U (Ha pUCYHKY 4 HaBeIeHO
imrocTparlito o3HaYeHHS 00’ €THAHHA MHOMKUH).
Hanpurnaan, naa MHOKUH A 1 B 3 MomlepefHLOTO MPUKJIALY
AU B =1{0; 2; 3; 4; 6}.
SAKI0 TO3HAUYNTH MHOKUHY ippalioHaabHuX unceadepes M, ToMUQ = R.
Pisnuyetro muomun A i B HasuBaerhcsa MHOkMHaA C, AKa CKJIATAETh-
ca 3 ycix eJIeMeHTiB, AKi HajlekaTh MHOKMHI A i He HalekKaTh MHO-
kuHi B.
PisHuUIlI0 MHOKUH MO3HAYAIOTH 3HAKOM \ (HA PUCYHKY 5 HaBeAeHIO iJio-
cTpallio o3HaYeHHA PiBHUIL MHOKUH).

ANB AUB

Puc. 2

C=ANB C=AUB C=A\B

xeCo xeAixeB| |[xeCo xe Aaboxe B xeCesxeAixe B

Puc. 3 Puc. 4 Puc. 5

Hanpuxaan, axmo A ={1; 2; 3}, B={2; 3; 4; 5}, To A \ B={1},
a B\ A ={4; 5}.

Axmo B — migmuOMKMHA A, TO pisuuiio A \ B Ha3uBaIOTh 00N0BHEHHAM
MHOMCUHU B 0o mnoxmcunu A (puc. 6).

Hampuraazn, AKII0 3HOBY IMO3HAUUTH MHOXKUHY ippallioHAJIbHUX UYKCEJI
uyepes M, To R \ @ = M: KaXyTbh, I1[0 MHOKMHA M ippallioHaJIbHUX YUCEJI
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JIOTOBHIOE MHOKUWHY @ palioHaJIbHHX YmHces A0 MHOXKUHU R ycix mificHmx
YuceJI.

SIKIIT0 BCi MHOMKUHU, IKi MU PO3IJIALAEMO, € MIIMHOKNHAMU SIKOICh TaK
3BaHOl yHigepcanrvroi mHoxmcunu U (Ha pucyHKy il 3as3Buuail 300paKyioTh
y BUTJISAZ1 IPAMOKYTHIKA, a BCi iHITI MHOMKUHN — KPyraMu BCepeauHi I[bOro
MIPAMOKYTHUKA), TO pisuuiiio U \ A Ha3WBAIOTh MOMOBHEHHAM MHOMKUHHU A
(puc. 7). TobToO

00ONO6HEeHHAM MHOMUHU A HA3WMBAETHCA MHOKHHA, AKA CKJIATAETHCI

3 yCixX eIeMeHTiB, AKi He HaJe/KaTh MHOKHUHI A,
ajie AKi HaJie)KaTh yHiBepcasbHiit MHOKUHI U.

HomoBHeHHA MHOKUHMN A MMO3HA4YaoTh A (YUTAOTh: «A 3 PUCKOIO» abo
«IOTIOBHEHHSA A»).

Hampurman, axmo U = Ri A =[0; 1], To A =(—o0;0)U(1;+0). (Hdyda mpo-
TO IPUKJAAY 3PYYHO BUKOPUCTATU TPANUIIINHY iJOCTpaIlifo MHOMKWHU Jiii-
CHUX UMCeJl Ha YMCJIOBill mpamiii — puc. 8).

A

Puc. 6 Puc. 7 Puc. 8

HEl 3anuTaHHS gns KOHTPOJo

1. HasenmiTh OpuKJaAW MHOMKHWH, YKaXiTh OeKiJbKa eJeMeHTIB KOMKHOI
MHOKUHHU.

2. §k mos3HAUYalOTh IIOPOYKHIO MHOMKHUHY, MHOMKHWHHN HATypaJbHHUX, IIiJINX,
pamioHanbHUX, OificHUX yunces?

3. [MaiiTe o3HaueHHs pPiBHOCTI MHOKMH. HaBemiTh MpUKJIaAM MBOX PIBHUX
MHOKIH.

4. ante o3HaueHHa migmMHo)xXumHH. HaBenits npukaazu. IlpoimiocTpyiiTe
e IMOHATTS 3a Jonomoroio Kpyris Eitnrepa—Benna.

5. JlaiiTe o3HaueHHs TMEPETUHY, 00’ €THAHHA, Pi3HUI ABOX MHOKUH. HaBe-
Iite npukjaanu. IIpoimiocTpyiiTe 3a fonomoroo kpyriB Eitnepa—Benna.

6. IlosicHiTh, 1110 HA3WBAIOTH JAOIIOBHEHHAM OJIHiel MHOMHMHU OO0 iHIIOI; J0-
HOBHEHHAM MHOXKMHU. HaBeniTh npukaagu. IIpoinrtocTpyiiTe 11i HOHATTA
3a JTOIIOMOTOI0 BiIIIOBiIHUX PUCYHKIB.
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|
1°.

Bnpasu

3amnuIrriTsh 3a JOIOMOrol QIrypHUX AYKOK MHOMKUHY:

1) 6yKB y cJiOBi «asrebpa»; 2) mapHUX OAHO3HAUHUX HATYPAJbHUX UU-
ces; 3) HeMapHUX ONHO3HAUHUX HATYPAJbHUX uuces; 4) OAHO3HAUHUX
TIPOCTUX YKCEJ.

3a AKO0I0 XapaKTepUCTUUYHOIO BJIACTUBICTIO 3aIllMCaHi TaKi MHOMKUHU:

1) {moHenimoK, BiBTOPOK, cepela, YyeTBep, I’ ATHUIA, cy6oTa, Hemina);
2) {ciuensn, mdroTnii, 6epeseHsb, KBiTeHb, TPaBeHb, YePBEHb, JUIECHb, CEP-
IIeHb, BEPECEHb, KOBTEHb, JINCTOIAM, IPYAEHb};

3) {ABcrpania, Asis, Amepura, AaTapkTuga, Adpurka, €spomnal;

4) {mo, pe, mi, (a, cousb, asd, ci};

51{0,1,2,3,4,5,6, 7,8, 9}?

HageniTs npukIagy MOPOMKHIX MHOMUH.

A — MHOMKWHA HATypaJbHUX UmMCes], AKi posmimieni mixk uuciaamu 15
i 35. 3anmuniiTe MHOKUHY A 3a HOITOMOTrOI0 (GirypHmx Ay:xok. Aki 3 uum-
cexa 18, 28, 36, 40 manexarsr MHOKUHI A? Bigmosigp 3anuuriTes 3a LOMIO-
MOroOI0 3HaKiB € i &.

3amnuIrriTh 3a OIIOMOro (PIrypHuUX AY/KOK i MO3HAUTE MHOMKUHY:

1) HaTypaJabHUX AiJIbHUKIB umcia 12;

2) HaTypaJdbHUX AinbHUKIB umcaa 30;

3) minmx AiMTbHUKIB umcia 6;

4) mpocTux AinTbHUKIB yucia 12.

Bigomo, mo M ={1; 2; 5}, N ={1; 4; 5; 7; 9}, K = {4; 7; 9}. 3anuiirs
3a JOIIOMOTOI0 (irypHuxX IYy:KOK abo 3Hara J:

1) mepetrun M i N; 2) nmepetun M i K; 3) nepetur N i K; 4) 06’enHaHHA
M i N; 5) o6’enqnanua M i K; 6) o6’enuanna N i K; 7) pisauiito M i N;
8) pisuumio M i K; 9) pisaumio N i K; 10) nonmoBaernns K mno N.
ITosicHiTh, YOMYy BUKOHYIOTHCS TaKi piBHOCTI:

AU D =A; 2 AUA=A4; 3)ANJ=G; 4)ANA=A.
3anuniiTh MHOKHMHY BCiX ABOIMU(MPOBUX UMCE], AKi MOKHA 3amucaTu 3a
momomoroio rugp 0, 1, 3.

Bigomo, 1m0 A — MHOMKWHA HaATypaJlbHUX MmiIbHUKIB uwciaa 12,
a B — MHOMKMHA IIiINX AiIBHUKIB uncaa 6. 3anuuriTh MHOMKUHI:

1) AU B; 2) AN B; 3) A\ B; 4) B\ A.

.Hexait A i B — geari mHoKuHU. [{oBemiTh yKasaHi piBHOCTI Ta mpoisio-

CcTpyHTe iX 3a momoMorom KpyriB Eitsepa—BenHna:
1) AU B=BUA — nepecmasruil 3axK0H 011 00’€0OHAHHA;
2) AN B=BNA — nepecmagHUll 3aKOH 015 nepemury.
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11.

12%.

13.

14",

15°.

16°.

177,

B oxuiit muoxxkuni 40 pisHuX enemenrtis, a B apyriii — 30. CKinbKu ee-
MEHTiB MosKe OyTu B ix: 1) meperuHi; 2) 06’exuHanHi?

Hexait A, B, C — nmeaki mHo:kuHU. [{oBemiTh yKasaHi piBHoOCTi Ta mpo-
imrocTpyiiTe ix 3a momomororo KpyriB Eitsiepa—BenHa:

1)(AUB)UC =AU (BUQC) — cnoayunuil 3aKoH 011 00’€OHAHHA;
2Y)(ANB)NC=ANMBNC) — cnoryuHuil 3aKoH 011 Nepemuny;
3)ANBUC)=ANB)UANCOC);
4)AUBNC)=AUB)NAUDLOLC);

5 AUB=ANB
6) ANB=AUB
Kokuuii yuyeHs y KJaci BMBUa€e aHIJIilicbKy abo (paHIy3bKYy MOBY.

AHuTIificbKy MOBY BUBUYaIOTh 25 yuHiB, ¢paHIy3bKy — 27 y4HiB, a 00u-
a8i moBu — 18 yumiB. CKinmbKHM yuHiB y Kiaci?

— 3axoHu de Mopzana.

YacTuHa KUTeJIiB MicTa BMi€ PO3MOBIATU TiJIBKM YKPalHCHKOIO MO-
BOIO, YacTWHa — TiJIBKM pOCificbKOI0, a uYacTmHa — oboMa MOBaMU.
VxpalHCBKO0 MOBOIO po3MoOBIsAe 95 % KuTesis, a pocificbkoro — 85 %.
CKiNTbKY BiZICOTKIB *KUTEJiB MicTa po3MOBJsie o6oMa MOBaMu?

HoBexnitTs piBHOCTi i mpoinmtocTpy¥iTe ix 3a momomoroio kpyriB Eitirepa—
Benna:

1)A\B=A\ANB); 2)ANB\CO)=AnNnB\NANO.

o . . a
3anuuIiTh MHOMKHUHY BCiX IpPaBMJIBHUX ApPO0iB P ne a € A, b € B

iA=1{2; 3;4; 6}, B={1; 3; 4; 5; 6}.
Axi TpunudpoBi yucsa MoKHA 3anucaTu, AKIO:

A ={3; 1; 2} — mHOoKUHA UMD AT MO3HAUCHHS COTEHb;

B ={2; 8} — MHOKHHA QP IJIA T03HAYECHHS JECATKIB;

C =1{5; T} — MHOKHHA UMD A TO3HAUCHHSA ONUHUIH?

Ckinpku Takux umces ogep:kumo? CopobyiiTe chopMy IroBaTH 3araibHe
OpaBUJIO Ti[PaXyHKY KIJIBKOCTI TaKUX YuCesJ, AKITO0 B MHOXUHI A —
m enemeHTiB (O ¢ A), y MHOKUHI B — n enemeHTiB, y MHOXuHI C —
k eslemeHTiB.
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1.2. YucnoBi MHOXUHU. MHOXUHA AIMCHUX YMCEn

Tabaumsa 2
1. YnCAOBI MHOXMHU
Hiiicui uncaa R
Yucna, AKi MOXKHA TOJATH Y BUIJIALL HECKIHUEHHOTO AECATKOBOTO APOOY
PanionansHi yuciaa @ IppanionansHi uncia
MoskHa mmogaTy y BUTJIALL HECKOPOT- He MoKHa momaTu y BUTJIAAL HECKO-
m . m .
HOTO ApOOy —, me m — Iiije, poTHOTO IpOoby —, nme m — Iiije,
n n
n — HaATypajJbHe YMCJIO. n — HaATypajJbHe YMCJIO.
3anucyioTh y BUIVIALl HECKiHUEeHHOTO 3anucyioTh y BUIVIALl HECKiHUEeHHOTr0
epioguuHOro AECATKOBOTO APOOY HEeNepioguYHOTro AECATKOBOTO IPO0Y
§=0,333...=0,(3) (V2=1,4142135...)
IMimi yucna Z I po6oBi uucaa
BrurouaroTs HaTypaabHI ymcia, Yucna, cKkIameHi i3 mijioro umciaa
yucaa, iM IPOTUJIeKHi, YACTOK OJUHUITL
Ta uucyo 0 2 e .
5 3BUYaitHmit apio,
1,23 — mecATKoBuii aApPi6:
123
1,23= —)
100
Harypanbphi uucaa N Yucao 0 Mimi Big’emui
(imi momaTHi) yucaa
Y mkinmbHOMY Kypci Take uucio, 1110 OyAb-AKe Yucsa, IPOTUIIEKHL
MaTeMaTUKU HaTypaJbHe YUCJIO TIPU AOAAaBaHHI 10 HATYPaJIbHUM
YMCJI0O — OCHOBHE HEO3Ha- HBOT'O0 HE 3MiHIOETHCA
YyBaHe IOHATTA (@a+0=0+a=a)
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IIpodosicenns mabn. 2

2. MoayAb AIMCHOIO YMcAa Ta MOro BAACTUBOCTI

OzHaueHHs

T'eomerpuyHUl 3MicT MOIYJIs

Modynem [OZaTHOTO 4YMCJIA Ha3M-
BAa€EThCA caMe IIe YHCJI0, MOIyJaeM
BiZ’eMHOTr0 4McjIa HA3HBAETHCA YHC-
10, HOMY TPOTUJIEKHE, MOAYJIb HYJISI
OPiBHIOE HYJIIO.
a mpua>0,
|a|=10 npua=0,

—anpua<0

b 0 a
B 0 R
la|=04, |b|=0B
la —b|=AB

Ha xoopmuHaTHi#I npamiii Moxyiab —
Ile BiZCcTaHp BiJ IOYATKY KOOPIUHAT
JI0 TOYKM, [0 300pasky€e qaHe YMCJIO.

Modyav pisnuyi 06ox uucen a
i b — uye sidcmauv Mid MmouKamMu a

i b Ha KoopOunamuiil npamiil

BuacTuBocti
1. Modyav 6y0b-aK020 wucia — Hegid eMHe YUCLO
2. Modyai npomuaexicHux wucesn pi6Hi
Beauuuna uucna He nepesuwjye enu-
3. |la<|al||, TobTO | — <a<
’ lal<a |a|‘ YUHU 11020 MOOYNA
4. Tpub>0|a|<beo -b<a<b la|=b la|=b
5. |Ipub>0|a|>boa<-basoa>b| |lal>b| lal<b |[a|>b
-b 0 b a
6. “ a-b|=lal|b ” Modyav Of)ﬁymrcy dopisHioe dobymky Mmooy.ie
MHOICHUKIE
a|l lal Modyav 0poby 0OopieHnioe moOyai0 YUCEAbHUKQ,
7. b =m (6#0) nodinenomy HaA M00YJsb 3HAMEHHUKA (AKIIO
3HAMEHHUK He JTOPiBHIOE HYJII0)
8. [l =lal" al*=a a = a

la+b|<|a]+]|b]

Modyarv cymu He nepe-

“lata, o ta|<lal+a,|+ ... +]a,l]

suwye cymu moly.nie
0o0aHKi8

10. | lal-[bl<laxb|<|a]|+]b]

|
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Il [MosicHeHHs 1 OOr'pyHTYBaHHS

1. Ywucaomi MHOKUHH. ¥ Kypci MaTeMaTUKW BU 3yCTpivajuca 3 PiBHUMU
YUCcJIaMU: HATYPaJIbHUMU, IIIJIUMU, PAIliOHAJILHUMHU, ippalioHaJIbHUMU, Tiii-
CHUMU. YABJIEHHA IIPO UMCJA Y JIIOACTBA CKJIALAJNNCA IIOCTYIOBO, ITiJi BILJIM-
BOM BUMOT IIPaKTUKU. Hanmpukaanm, HamypaavHi tucaa 3’ sBUJIUCA ¥ 3B’ A3KY
3 HeoOXimHicTiO migpaxyHKyY mpeaMeTriB. AJje AJsA TOro Io0 maTu BiAIOBigb
Ha sanuTaHHA «CKiJIbKU CipHUKIB y MOpPOKHi# KopoOIi 3-mix cipHUKiB?»,
MHOXKUHM HaTypajgbHux uwmcea N = {1; 2; 3; ...} HeZOCTaTHBO — [IJIA I[HOTO
moTpi6bHO MaTu I1e I umcyio HyJab. [IpuegHyounm 40 MHOXKUHU N HATypalb-
HuX unces uucyao 0, ofep:KyeMo MHOKUHY He6i0 eMHUX yiaux yucen. Ii gac-
TO [IO3HAYAIOTh Z ) = {0; 1; 2; 3; ...}. OgHuX TIIBLKY HEBiX €MHUX IIINX UNCEJI
BUABUJIOCS HEJOCTATHBLO AJIA PO3B’sA3yBaHHA 3aJau IPaKTHUKU (a OTKe, i Ma-
TeMaTUYHUX 3a7adY, 110 BigoOpakyIoTh 3alaHy peajbHy cuTyaiiiio). Tak, gisa
TOTO 1100 OXapaKTepU3yBaTH TEMIIEPATYyPy MOBITPA BUINE i HUMKUE HYJIA YU
PyX Tijla B IPOTHUJIEKHUX HANPAMKAaX, HOTPiOHI MPOTUJIEKHI MO HaATypasb-
HUX YUCJIa, TOOTO 8i0°€MHi yucaa. 1A HaTypaIbHOrO YKCJIa 71 TPOTUJIEKHUM
BBaXKAIOTh YMCJO —N, & JJA Yncja —1n MPOTHJIEKHUM BBaKaOTh YUCJIO N.
Hysips BBa)KaioTh YMCJIOM, IPOTUIEKHUM CAMOMY CODi.

HarypasnbHi uucna, HyJab i umciia, OPOTUIEKHI HaTypaJbHUM, CKJIaja-
I0Th MHOMKUHY Z Yiaux duced.

BumipioBanHsa BeJIUUYNH MPUBEJIO M0 HEOOXiAHOCTI POSITUPEHHS MHOMKU-
HU IiJIUX YuceJl i BBeIeHHA pauioHanbHuXx yuces. Hanmpukian, cepenHsa 6a-
raropiusa remieparypa moBiTpsa B ciumi B M. Xapkosi cranosuts —7,3 ‘C,

TPUBAJIiCTh YPOKY — 45 XB, abo % rofm.

TaxkuM YMHOM, BUOUPAIOUN AKYCh OMUHUII0 BUMIPY, MU OJePKYEMO UC-
JIOBe BHAUEHHS BEJIUYMWH, II0 MOYKHA BUPA3UTHU 34 AOIOMOTOI0 PidHMX paIlrio-
HaAJbHUX YKCeJ — IiJIUX i Apo00BUX, JOJATHUX i Bim eMHUX.

ITini i 1po6GoBi umesia cKIamal0Th MHOMKUHY @ PAUIOHALLHUX LUCeL.

. . m
Bynb-ake parioHajbHe YUCI0 MOKHA 3alKUCATH Y BUTJIALL APOOYy —, me
n

m e Z,n € N (To6TO YNCEIbHUK M € IiIIUM YKUCJIOM, a 3HAaMEeHHUK n — Ha-
TYPaIbHUM).
PamionanbHe UMCI0 MOMKHA 3amucaTy pisuuMu apobamu. Hampurian,
1_2_3_10 _2_-2_-8_-10 ;. 12_6_120 5_5_10_50

2 4 6 200 7 7 28 3 710 5 1000 1 2 10
SK BuUAHO 3 HaBeJeHUX NPUKJIALIB, cepel APo0iB, IO 300paKyIOTh JaHe
palioHaJabHE YWCJO, 3aBKAU € €IUHUN HECKOPOTHuil nApi6 (mnaa misux um-

cen — 1ie Apib, 3BHAMEHHUK AKOTO0 JopiBHioe 1).
. . m
3ayBaKuMo, IO pallioHAJbHE UYIMCJO0, 3allcaHe y BUTJIALL Apody —, me
n

m e Z, n € N, MOKHa 3aIlllicaTd TAKOXK y BUTJIAIL CKiHUueHHOTO ab0 HeCKiH-
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YEHHOT'0 IEePiogUYHOTO AeCATKOBOrO APO0Y, MOAIJMBINU YKCEJHbHUK Ha 3HA-
3 1
MeHHUK. Hampukias, Z=0,75, §=0,3333....

HomoBuUMOCS, IO CKiHUEHHUIN MECATKOBUH Api6 MOKHa 300pasKyBaTu
Y BUIJIAAI HECKIHUEHHOIrO, y AKOI'0 IIiCJIsI OCTAHHBOI'O AECATKOBOrO 3HAKA,
BiAMiHHOrO Bij HyJIsI, HAa MiCI[i HACTYIIHUX NECATKOBUX 3HAKiB 3aIMCYIOTh

. 3
HYJIi, HATpUKJIAI, 1:0,75:0,75000....

ITini ymecnma TakoK AOMOBHMOCSA 3alMCYBATH Y BUTJIALL HECKiIHUEHHOTO
IEeCSITKOBOTO APo0y, ¥ SKOTO cOpaBa Bifl KOMU Ha MicCIli JeCATKOBUX 3HAKiB
cToATh HyJdi, Hampukaang 13 = 13,000.... Takum uywmHOM, OyIb-IKE palrio-
HaJbHE UMCJO0 MOXKe OyTH 3ammcaHe SK HeCKiHUeHHUU mepiogmuumii apib.
Haramaemo, 1110 y HECKiHU€HHOTO MEPiOAUYHOT0 APO0Y, MOUMHAIOUHN 3 MEedKO-
ro Micifd, yci mecaATKOBI 3HaKM MOBTOPIOIOTHCA. I'pymy mudp, IMO ITOBTOPIO-
€ThCs, HABUBAIOTH nepiodom Opoby; y 3anuci gpoby mepios HABOJATH Y Ny KKaX.

1 3
Hanpukaan, §=O,3333...=O,(3), 5=O,136363636...=0,1(36).

OTixe, KOMCHe PAUiOHAJbHE YUCLO MOJXce Oymu 3anucamne y euznasdi He-
CKIHYeHH020 nepioduinozo 0ecamroeozo 0po0y i, HA6NAKU, KON CHUL HEeCKiH-
ueHHUll nepioduynuil decamroguil Opi6 3a0ae payioHaabHe YUCTO.

3ayBasKuUMO, M0 OyIb-IKUIN MEePiOAUYHUN JecaATKOBUil Apib, axkuit Mae
CBOIM TepiofloM [eB’ATKY, MAOPIBHIOE HECKIHUEHHOMY JIeCSITKOBOMY OpPO0Y
3 mepiofloM HYJIb, ¥ SKOTO AECATKOBUM PO3PAMI, IT0 Hepeaye mepioxy, 30iab-
IMeHWH Ha OAWHUIIO ITOPiBHAHO 3 BiAHMOBIAHMM pO3PAIOM IIEPIIIOTO APOOY.
Hanpuraan, HeckinuenHi nmepioguuni apobu 0,2(9) i 0,3(0) e sanucom omHOTO

¥ TOTO caMOro pallioHaJbHOTO UHCJa 3. HificHo, ypaxoByouH, II[0 cyMa He-
10
CKiHYEHHO CIIaJHOl reOMEeTPUYHOI IPOTPeCcii 3 mepIuM 4JeHOM 4, i 3HaMeH-

a
HUKOM ¢ 004ucIIoeThCca 3a GopMyIo0 S=—" MaeMo:

1-¢
9
0,2(9)=0,2999...=0,2+-2 + 2 4+ 9 L _0,2+19 _g2:+1_03=0,30).
100 1000 10000 l—i 10
10

VY mopanbilioMy, 3alMCYIOUM pallioHaJbHI YUmcja 3a JHOIIOMOTOI0 HeCKiH-
YeHHUX IEePIOAUYHUX AEeCATKOBUX APO00iB, TOMOBUMOCS He PO3TJIAIaTH He-
CKiHueHHi mepioguuni gpobu, mepiox AKMUX MOpPiBHIOE OeB’ATH.

KoskuHe parioHaJbHe UMCJIO0O MOYKHA 300pa3uUTH TOUKOIO Ha KOOPAUMHATHIMN
npamii (To0To Ha mpAMill, Ha gKili BUOpPaHO ITOYATOK BiIJIiKy, JOJaTHUU HAa-
npaM i ommHuUII0 BuMipy). Hampukian,
Ha pUCYHKY 9 300paskeHo AeKiJbKa pallio-

| |
T T

0 1 2,5 x

o=+

HaJBbHUX YHCEeJI (0; 1;- l; 2,5).
2 Puc. 9
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AJle Ha KOOPAWHATHIN IPAMil poaTarro-
K BaHi TOYKHU, AKi 300paskaioTh ymcsa, M0 He
€ pamioHanpHUMU. Hampukiaanm, 3 Kypcy aJ-

redpu BiOMO, II[O UKCJIO V2 mee paiioHasb-

@’ HuM. Ile Tak 3BaHe ippallioHaJibHE UYHCJIO.
fAxmio mobyayBaTu KBaapaT i3 CTOPOHOIO,

M piBHOoI0O 1, Ha KOOpAMHATHIN mnpamiit x
= (puc. 10), To fioro HiaroHaJ b MOPiBHIOBATHME

0 1 V2 ox \/5 Toxi, mpoBiBIIIM AYyry KoJia 3 IIEHTPOM
Puc. 10

y Touni O i pamiycom OM =+/2, omep:xumo
tTouky M, KoopanHaTa sfKoi mopiBHIOE /2. Kpim umcia \/E, BH TAKOXK 3Y-

cTpivasiucsa 3 ippallioHAJIBHUMU YKCJIaMU \/§, V10 Tomro.

ParionanpHi Ta ippaiioHaJbHi Yncia CKIagA0OTh MHOMUHY OillCHUX YU-
cesq R. Ha xoopauHAaTHIN IPAMili KOKHOMY HiMiCHOMY YMCJY BiAmoBimae emu-
Ha TOYKA i, HaBOaKMW, KOKHIil TOUIli KOOPAUHATHOI IPSAMOI BiilIOBimae enuHe
nmiticHe ymceyo (y TaKOMy pasi KamyTb, IO MiK MHOMKHWHOIO TiMICHUX YHCe]
i MHOKMHOIO TOYOK KOODPAMHATHOI IMIPSMOI BCTAHOBJIIOETHCA B3aEMHO OIHO-
3HaYHA BiJAMMOBigHICTH).

Koocne OiiicHe yucao moxcHa 3anucamu y 6uznsadi HeCKiH4eHHozo Oecsam-
K08020 Opo0Y: PAUIOHANbHI YUCLa — Y 6U2AA0i HeCKiIHUeHH020 nepio0uiHoz0
Odecamko60z0 Opoby, ippayionanvHi — Yy 6uzandi HeCKiHueHH0z0 Henepioduy-
HO020 JecamK06020 Opooly.

Haranmaemo, 1m1o ajsa mOpiBHAHHS OiMCHUX UYMCeJ i BUKOHAHHS Iiii HaS
HUMH (y BUOAIKY, KOJIU Xo4ya 0 OJHE 3 HUX He € pallioHAJbHUM) BUKOPUC-
TOBYIOTHh HAOJUIKEHI 3HAUEHHS ITMX UYuces. 30KpeMa, w00 nopienamu 08a
dilichux uucaa, mpedba poszasdamu nNocailo6HO iX HAOLUNCEHI 3HAYEHHS
3 Hedocmauelw 3 mouHicmw 00 uiaux, decamux, comux i m. 0. domu,
NOKU He 00epiumo sAKecb HaOAUNCeHe 3HAYeHHs 00H020 Yucaa, Oiavuie
3a 8idnosgidne HabauxiceHe 3HaueHHA Opyzozo. Todi me wucao, HabaAudNCEHe
3HAYEHHA £AK020 Oiavwe, i 8s8axcaemvces Oinvwum. Hampuriaanm, SKIIO

a=+3=1,7320508..., [3=1%=1,7500000..., T0o o < (ockimpru 1,73 <

< 1,75).

Onst Toro mo0 BMKOHATH OOJaBAHHS YN MHOYKEHHSI PO3IJISHYTUX UH-
cex o i B, mocHimOBHO 3aMMCYIOTH 1X HAOJNMIKEHI 3HAUEHHA 3 HEJZOCTAYel0 Ta
3 HAIJUIITKOM (3 TOUHICTIO O IIiJINX, AECATUX, COTUX i T. A.) i BUKOHYIOTh
mil Hang oJepsKaHMMMK pPallioOHAJbHMMM YHCJIAMK. ¥ Pes3yJbTaTi MOCJiOBHO
OTPUMYIOTH 3HAUEHHS CYMH UM JOOYTKY 3 HOTPiOHOI0 TOUHICTIO.
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o p a+p of
1<a<2 1<p<2 2<o+p<4 1<op<4
1,7<a<1,8 1,7<p<18 34<o+p<3,6 2,89 < of < 3,24

1,73 <a <1,74 1,75 <p<1,76 | 3,48 <a + B < 3,50 |3,0275 < af < 3,0624

1,732 < a < 1,733 (1,750 < B < 1,751(3,482 < a + B < 3,484|3,031 < aff < 3,034483

Ax 6aummo, o + B = 3,48..., aff = 3,08... .

V Kypci MareMaTHYHOTO aHAII3y HOBOAUTHLCS, IO y BUIAAKY, KOJHU Ha-
OnmiKeHi BHaUeHHS 4dmces o i B mocaizoBHO 6epyTh 3 TOUHICTIO 0 IinmXx, me-
CATUX, COTUX i T. A., TO 3HAUEHHA CyMH o + [} 3 HemocTauew i 3 HAIUIIIKOM
OPSIMY€E IO OTHOTO I TOT'O CaAMOT0 YMCJA, AKEe IPUNMAIOTh 3a 3HAUEHHS CyMU
o + B (amamoriuHO 03HAUAIOTH i [OOYTOK af).

2. Mogyas milficHOTO YMcJia Ta #OTo BiaacTuBocTi. Haragaemo o3HaueHHS MO-
IyJIs.
Modynem ROOATHOrO 4YNMCJIa HA3MBAETHCSA CaMe Ie YHMCJIO, MOAYJIEM
Bil’€MHOr0 uMcjIa — YHMCJIO, HOMY IPOTUJIEKHE; MONLYJIb HYJIS TOPiBHIOE

HYJIIO.
ITe osHAUeHHS MOYKHA KOPOTKO 3alucaTH JeKiJbKoMa crmocobamu.
a ipu a >0,
anpua =0, atnpua>0,
|a|=<0mpra=0, abo |a|= a6o |a|= a6o
—apu a<0, —a upu a <0,
—a upu a <0,
a npu a =0, .
| a | = 3a moTpebu MU OGymeMO KOPHCTYBaTHUCA OyAb-AKUM i3
<
—a mpu a < 0.

IUX 3amMuciB o3HAUeHHA Moxynas. Ilis Toro mob 3HaiTH | a |, 3a osHaYeHHAM
HeoOXiIHO 3HATH 3HAK UMCJA @ i BUKOPUCTATHU BimmoBiguy dopmyay. Hampu-

knam, | 5|=5,|-3]=—(-3) =3, |3-2|=-(V3-2)=2-3.

Ha xoopmunHaTHili nmpaAMiid MOZYyJIb 4YHC-

Ja — IIe BificTaHb BiJ MOYATKY KOOPIMHAT l? (.) a
0 TOUYKH, IO 300paskae 1e YUCIIo. IB (') A x
Hiticao, akmio a > 0 (puc. 11), To BizcTaHb

OA=a=|a|. Puc. 11

fIxmo b < 0, To BigcTans OB =-b=|b|.
Modyanws pisnuyi 06ox wucen a i b — ye 6idcmansv mizn mouxkamu
a i b na KoopdunamHuil npamii.
® [lns moBefeHHA MOYKHA CKOPUCTATUCA THM, II[0 IIPU IlapajeJbHOMY Iiepe-
HeCeHHi B3IOBJK OCi KoOpAMWHAT Ha b OAMHUITH abcIyca BigmoBigHOI TOUKHU
3MiHIOETBCA Ha b: 10 abciicu 3aJaH0l TOUKY JONAETHCS YUCJIO0 b, TOOTO IIpu
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b > 0 TouKa mepeHOCUTHLCA BIIPaBo, a npu b < 0 — yaiso. ITosHaunmo Ha
KOOpAMHATHiN IpAMil yucaa a, b, a — b Binmosiguo Toukamu A, B, C. Ha
pucyuky 12 mi Touku 300paskeHO IJisl BU-
: ? ‘? =C nagky a > 0ib < 0, xoua HaBezeHe AaJi 00-
b 0 a a—-b X TI'DYHTYBaHHS He 3aJIe)KUTh BiJl 3HaKiB aib.
IIpu mapasesbHOMY II€peHEeceHHi B3IOBIK
oci Ox wa b ommuunb Touka O mepeiifne
B TOuKy B, a Touka C (3 KOOPAMHATOIO @ — b) — y TOUKY 3 KOOPAUHATOIO
a—b+ b=a, TooTo B Touky A. Toxi CO = AB. Ane Bigmcrausr CO — 1ie
BificTaHb Bim TOUuKM a — b g0 mouaTKy KoopaumHart, TooTo CO = | a—-b>b |,
aomke,i AB=|a—-0b|. O
BukopucroByoun oO3HAUEeHHS MOMAYJsS Ta HMOr0 TeOMETPUYHHUN B3MicT,
MOJKHAa OOT'PYHTYBATH BJIACTUBOCTI MOIYJsA, HaBeAeHi B TadbauIii 2.
Hanpukaaz, ypaxoByiouu, IO | @ | — Ie BifcTaHb Bif TOUKM a HO TOY-
Ku O, a BificTaHb MOKe BUPaKaTUCA TIIbKY HEBiI’€MHUM UMCJIOM, OJEePIKYEMO
|a|>o0,
TOOTO MOOYAb OYOb-AK020 LUCIA € HeBL0 EMHUM LUCTOM.
YpaxoByioun, 110 TOUKU 4 i —a po3TaIllloBaHi HAa OMHAKOBiN BimcTaHi Bin
Touku O, 0IepPKyeEMO

Puc. 12

|—al=]al,
e o3HavaE, 110 MOOYJi NPOMUNEHHUX YUCeL PIBHI.

fIkmo a > 0, 10 | a | = a, a akmo a < 0, 10 a < | a |. OTke, 3aBxaU

a<|al,
TOOTO BENUYUHA HUCILA He NePesUULYE eAULUHU 1020 MOIYJI.

SKI10 B ocTaHHIO HEPiBHiCTH 3aMicTh a IiJACTaBUTU —a i BpaxXyBaTH, IO
| —a|=|al, To omepsxyemo HepisricTs —a < | a |. 3Bigcu a > —| a |, mo pazom
i3 HepiBHicTIO @ < | a | CBiIUUTh, M0 AJA OYAL-AKOTO AifiICHOrO YMcCJa a BU-
KOHYETBHCA IMOABifiHA HEePiBHICTH

—la|<a<]|al]. 1)

IIpu b > O HepisHicTb | a | < b o3Hauae, 0 YKMCIO @ HA KOODAMHATHIMH
npamiit posmimniere Big Touku O Ha BifcraHi, ska He nmepesuinye b (puc. 13),
TOOTO B IPOMiKKY [—b; b]. HaBnaxku, AKIIIO YMCJI0 4 HAJEKUTH I[bOMY IIPO-
MixkKy, To6T0 —b < a < b, T0 | a | < b. Oraxe,

mpu b >0 |a|<b< —b<a<bh. (2)
3ayBa’KMMO, IO OCTAHHE TBEPIKEHHS
cupaBeanuBe i npu b =0 (toxi obom HepiB- la|=b la|=b
HOCTAM B3aJJ0BOJIBHSE TiJIbKU OJHE 3HAUEHHS
a=0). la|>b| |a|l<b ||a|>b

Ananoriuso mpu b > 0 HepiBricTb |a|>b
O3HaUaE, II[0 YMCJIO @ Ha KOOPAMHATHIiN mps-
Mili sHaxomuThbeA Bim Touku O Ha Biacrawmi,
saka O6isbira abo mopiBHiIOE b (puc. 13), To6TO Puc. 13

-b 0 b a
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B IIbOMY BUIIAAKY a < —b abo a > b. HaBnmaku, AKIIO YNCJIO @ 3aJ0BOJIbHSE
onHii i3 mux HepiBHOCTEiA, TO | @ | > b. Oraxe, pu b > 0 HepiBHicTL |a | > b
piBHOCHJIBHA CYKYIHOCTI HepiBHOCTel a < —b abo a > b, 1110 MOKHa 3allucaT
Tak:
npu b>0 |a|>b < a<-baboa>b.
BiacTuBocTi Moayia fOOYTKY i MoayJia apo0y (ikcyroTs Bimomi mpasuia
Iifi Hajg ymcjgaMu 3 OMHAKOBUMMU i PiBHUMU 3HaKaMU:
M00ysL 000ymKy OopieHioe 006ymKy mMo0yni6 MHOMHUKIE, TOOTO
la-b|=]al:|bl;
M00Yynv Opoby OopieHIoE MOOYNLI0 HUCELbHUKA, NOJileHOMY HaAa MOO0Ylb
3HaMeHHUKa (AKITO 3HAMEeHHUK He JOPiBHIOE HYJIO), TOOTO
a|_|a]
AN (b#0).
Dopmyny A 3HAXOIKEHHS MOJYJA TOOYTKY MOKHA y3araJbHUTHU IJIs
BUMOAJKY OEeKiJIbKOX MHOYKHUKIB:
la,ca,*...ca |=|a||a, . 3)
SAxmo y dopmyui (3) B3ATU @, = a, = ... = a, = a, OfePxKyeMO HOpMyIy
la"|=1al]
3acTocoByHUM OCTaHHIO (OpMyJy cIpaBa HajdiBo mpu n = 2k i Bpaxo-
Bylouu, 1o a?* > 0 mpu Bcix 3HaUeHHAX a, ojepxyemo | a [** =| a® | = a®.
Orxe,

a

n

| a |2k — g2k,
st o6TpyHTYBaHHS HEPiBHOCTI
la+b|<|al+][b] (4)
3anuIiiemMo HepiBHicTb (1) aasa uucen a i b:
—la|<a<|al; —b|<b<|b].

Homaiouy mouaeHHO IIi HePiBHOCTi, OJEPIKYEMO
—(al|l+|b)<a+b<|al|+]|b]|
VYpaxoByoun HepiBHicTH (2), MaeMo
la+b|<|a|+]b],
TOOTO MOOYNb CYyMU He nepesuwye cymu modynié do0aHnKi6.
kim0 B HepiBHOCTI (4) 3aminuTu b Ha —b i Bpaxysartu, mo | —b |=|b |,
TO OJZEeP:KMMO HEePiBHiCTH

la—b|<|al|+]|b]|. (5)
dAxmio sanucatu ymeao a Tak: a = b + (a — b) i BuKopucraTu HepiBHICTH
(4), To omep:xuMo HepiBHicTb |a | <|b |+ |a — b|. 3Bigcu
la|-|b[<[a-b]| (6)
fkmio B HepiBHOCTi (6) 3aminuTu b Ha —b i Bpaxysartu, mo | —b |=|b |,
TO OJeP’KUMO HEPiBHICTH
la|-|b[<|a+b], (7

TOGTO MOOYNb cyMmu 080X Huces He MeHWe Pi3Huyi Ix modyais.
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Miugiouu micuamu OykBu a i b y HepiBHOCTAX (6) i (7) Ta BpaxoByouwn,

mo |a—b|=|b-al, maemo Takox HepiBHOCTI
o] -lal<|atbl (8)
Opep:xani HepiBHOCTI (4)—(8) MOKHA KOPOTKO 3alMCcaTH TaK:
[lal-lbll<lazb|<|al+]b]

H [lpuknagun po3B’A3aHHS 3aBAaHb

IIpurkaan 1

HoBexniTe, 1110 cyma, pi3HMIIS, TOOYTOK, HATYPAJIbHUH CTEIMiHb

i yacTtka (AKIIO0 TiJTFHUK He JOPiBHIOE HYJII0) TBOX PAaIliOHAb-
HUX YHCeJ 3aBKIUN € pa].[iOHaJII:HI/IM YUCJIOM.

Posé’a3anns
P Hexaii 3agaHo ABa pamioHAIbLHUX
mno. my
ypena r=— i r,=—2,
nl T'Lz

nem, im, —

nimi, a n, i n, — HaTypaJbHi YmCIa.
OckinbKu cyma, pisHHIA, O0OYTOK,
HaTypaJbHHUU CTeIiHb i uacTKa IBOX
3BUYANHUNX APOOIB 3aBXKAU € 3BUUAIi-
HUM ApoboM, TO OHep:KaHUU pes3yJib-
TaT 3aBKAU OyJe palioHaJIbHUM
yucaom. Hampukaam,
mz _ m1n2 +n1m2

- b

m
ntr,=—+—=

n Ny mny
ne mmn,+ nm, — miie

n,n, — HaTypaabHe. <]

Yyucao, a

IIpukaang 2

Komenmap

Bynbp-axe pamioHajibHe  YHCJIO
. m

MOJKHA 3amucaTu gK Api6 —, ge m —
n

mijie, n — HarypaJgbHe uuciyo. II1o6
JIOBECTH TBEpPI)KeHHs 3ajaui, JocTarT-
HBO OOBECTH, IO CyMa, Pi3HUIA, IO-

. . m
OyTOK i uacTKa ABOX ApPO0OiB BUAY —
n

Oyme IpoObOM TAKOIr'0 CaMOT'O0 BUAY.

HoBeniTh, 1110 A OyaAb-AKOTO HATYPAJHHOTO YHCJA 7 YHUCJIIO

Jn aéo HaTypaJbHe, abo ippamioHaabHe.

Komenmap
Iy moBeNeHHS TBePA KEHHS 3aJladi MOKHA BUKODPHUCTATH METOX Bif cy-
IIPOTUBHOTO: IPUIYCTUTH, IO 3aJaHe AOJATHE YKCJIO € PallioHAJbHUM HeHa-
TypajabHUM (TOOTO IPOOOM), i OTPUMATH CYIEPEUYHICTh 3 YMOBOIO 460 3 AKUMCH

BimoMuM (aKToM.

3anucynoun \n y BUIJIALI HECKOPOTHOTO APo0Yy, CJiJ ypaXxoByBaTHU, IO
OpU HATYPaJbHUX 3HAUEHHSX 7 IIe YHCJIO 3aBKIU Oyae HeBim eMHUM.

Po3eé’a3anusa

p IIpunycrumo, 110 Jn me e ippamioHanbHUM YucJIOM (TOLL IIe YMCJIO pa-
mioHaJsibHE) i He € HaTypanbHUM ynciaoM. OTike, ITe YUCIO MOXKe OyTU TiIbKU

P

palmioHaJIbHUM HECKOPOTHUM IPOOOM \/_ =4, e p 1 ¢ — HaTypaJbHI umcia
q



8§ 1. MHOXMHK 25

2
£ ro6r0 n=2"2
q q-q

(¢ # 1). 3a o3HAUEHHAM KBaJpPATHOT'O KOPEHA MAEMO 1 =

VYpaxosyioun, 1o ¢ # 1, omep:Kyemo, 1o Api6 M, AKUHA TOPiBHIOE HATY-
q-9

paJIbHOMY YHCIY 1, HOBUHEH O0yTu cKopoTHuM. OT:Ke, Y HATYPAIbHUX MHOMK-
HUKIiB, III0 CTOSATh Y UHCEJIBHUKY i 3HAMEHHUKY IILOTO AP00Yy, MOBUHEH OyTU
CIIJIPHUN HATypaJbHUU MiIbHUK, AKUHN BiApisHseThbca Big 1. Ase B uncesb-
HUKY CTOSTH TiJbKU MHOYKHUKU P, 4 B 3HAMEHHUKY — TiJIbKU MHOXKHUKH (.
Tonxi uucna p i ¢ MaOTh HATYPAJNBHUN AiIbHUK, AKUHA BigpisHAeThca Bif 1,

To6TO ApPi6 £ € cKOpPOTHMM ApoOOM, IO CyIepeunTh yMOBi. TaKMM UMHOM,
q

Hallle TPUNYIIeHHA HePaBUJIbHE, i A1 OyAb-IKOr0 HATYpPAJHLHOTO YUCJA 1
unciao Vn a6o HaTypasibHe, a6o ipparionanbHe. <]
Hanpurinan, ockinbku unciaa V3 i V10 He € HaTypalbHUMHK YHCJIAMU

(1 < \/g <2, 3< \/ﬁ < 4), TO J§ i \/ﬁ — ippamioHnanbHi yucia.

IIpukaanx 3* HoBenits, 110 cyma V346 — uucno ippamionannHe.

Pos3e’a3annsa Komenmap

Ins moBemeHHS TBEPI)KEHHS 3a-
Jaui MOYKHA BUKOPUCTATH METOJ «Bif
CYIIPOTUBHOTO» — IPUIYCTUTHU, IO
3aJlaHe YMCJIO € PaIliOHAJIbHUM, i OTPH-
MaTH CYIIepeuHicTh 3 AKMMCH BioMum
daxTomM, HaUpPUKJIAL 3 THM, IO

» TIpumycrumo, mio uueao +3++/5 =
=r — pamionaiabHe. Tomi \/g=r—\/§.
ITigmicmu oOMABI YACTUMHU OCTAHHBOIL
piBHOCTI o KBajpara, MaeMOo

5=r2—2rJ3+3. Bpizcu 2rJ3=r?-2.

r2—2
Orxe, V3 = o Aue paBa uacTuHa
r

miel piBHOCTI — pallioHaJibHE YMCJIO
(oCKinbKM 3a TPUOYINIEHHAM I — pa-
IMioHaJIbHE YHCJIO), a JiiBa — ippairio-
"HanbHe. OpgepskaHa  CyIepeuHiCTh
o3HaAuae, IO HAaIlle NPUOYIIEHHA He-
mpaBuibHE i umeao /3++5 — ippa-
mionambHe. <

ITpuknax 4

V3 — ippamioHasbHe YMCIIO.
Amnajisyoun ojep:kaHi Bupaswu,
BUKOPHCTOBYEMO pe3yJIbTAT IIPUKJIA-
ny 1: axwo yucao r — pauyioHanvHe,
mo yucaa r* — 2 i 2r ma ix wacmka
medc 6ydymv payioHAAbHUMU.
3a3HAuUNMO, [0 3HAMEHHHUK OTPU-

MaHoro Apody 2r =2 (\/g + \/5) #0.

Posp’sxiTe piBaanmasa' | 2x + 5| = 7.

! Po3B’sa3yBaHHs PiBHAHB i HEPIBHOCTEMH, III0 MIiCTATL 3HAK MOLYJIS, HJOKJIAJAHIIIE

posrasuayTo B § 8.
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Po3s’a3annsa

Komenmap

I cmoci6

P 2x +5=7abo 2x + 5= -7,
2x = 2 abo 2x = —12,
x =1 abo x = —6.

Bidnosgiov: 1; —6. <

3amame piBHAHHA Ma€ BUIJIAL
| t| =7 (y namomy Bunmazgky t = 2x + 5).
Voro 3py4yHo posB’s3yBaTy, BUKODHC-
TOBYIOUM T€OMETPUUYHHI 3MicT MoO-
nynsa: | 2x + 5 | — me Bigcramp Bif
Toukn 0 mo Tourkm 2x + 5. Aje Bign-
cTaHb 7 Mo:ke OyTu BigxjaameHa Big O
AK TpaBopyY (OmepKyemMo dYucjao 7),
Tak i JiBopyu (omep:xkyemo umcao —7).
Or:xe, piBHIiCTE | 2x + 5 | = 7 MoxxIH-
Ba Toxi i TinbKM TOAi, Koy 2x + 5 =T
abo 2x + 5 =-"7.

II cmoci6o

> [2x—(-5)|=7

M
-12 -5 2 x
Puc. 14

2x = 2 abo 2x = —12,
x =1 abo x = —6.

Bidnosidv: 1; —6. <|

IIpurkaax 5
Poszs’s3anna
b —6< x?-5x<6,
x?—bx < 6, x2-5x-6 <0,
{ -5x =>-6, {x 2-5x+6=>0
(x+1D)(x-6) <0
{(x 2)(x-6)=>
PosB’sa3yroun 11i HepiBHOCTI (pnc. 15),
OTPUMYEMO
-1< x <6,
{x <2abox>3.

2

Po3B’aKiTh HepiBHICTS |

3 reomMeTpuYHOi TOYKHU 30Dy |a — b|
€ BificTaHb MiXK TOuKamMu a i b Ha Koop-
OIWHATHIN mpAMiii. 3anuinemMo 3amaHe
piBHAHHSA Tak: | 2x — (-5) | = 7. Tomi
piBHicTb | 2x — (—5) | = 7 osHauae, 110
BiZIcTAHb BiJf TOUKU 2X IO TOUYKHU —5 0-
piBuioe 7. Ha Bigcrani 7 Bixg Touku —5
3HAXOAAThCA TOuKM 2 i —12 (puc. 14).
OT:Ke, 3amaHa PiBHICTH BUKOHYETHCA
Tomi i TimpKM Tomi, Komum 2x = 2 abo
2x = —12, To0TO 3amaHe PiBHAHHA PiB-
HOCUJIbHE IIiffi CYKYIHOCTI piBHAHB.

x2—5x|<6
Komenmap

3amaHa HepiBHICTL Mae€ BUTJIAL
| t|< 6 (y nanomy Bunagky t = x2 — 5x),
i i1 mMoskHA pO3B’sA3yBaTi, BUKOPUCTO-
BYIOUM TeOMEeTPUYHUI 3MicT MOIyJid.
3 reoMeTpUYHOI TOYKH 30Dy, | t | — me
Bigcrans Bixg Touku 0 mo Touxku t. Ha
Bigcrami 6 Bim 0 smaxomaThca yuciaa 6
i—6.
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Orske, -1 < x < 2a6o3 < x<6.
Bidnosgiov: [-1; 2] U [3; 6]. <

/
\

Toxi mepiBHOCTI | t | < 6 3a7K0BOB-
HAIOTH yci Ti i TigbKM Ti TOYKM, AKi

|
=
<
(=2}
8

+ \ / T 3HAXOIATHCS B MPOMiKKY [—6; 6], ToOTO
>—3 pu -6 <“t < 6.‘ :{Inf'[. p031'3’513}7B.‘::1}'IEIH omep-
sKaHOI moABifiHOI HepiBHOCTI I 3pyuHO

Puc. 15 3aMiHNTHU BiANOBiZHOIO cCHCTEMOIO.

El 3anuTaHHS g KOHTPOJIo

1. IloscHiTh, AKi YMcIIa BXOAATH A0 MHOMKHUH IiJINX, PAIliOHATBHUX i mili-
cuux uuces. HaBemiTs npukaagu. 300pas3iTh BiADOBiMHI TOUKM Ha KOOP-
OIUHATHIN Opamiii.

2. TlosicHiTH, UMM BiAPi3HAIOTHCA 3aIIMCHU y BUIJIALI HECKiHUEHHOTO IeCsT-
KOBOTO Apo0y paIioHaJbLHOTO Ta ippallioHaJIbHOTO UMCe.

3. IlosicHiTh, AK MOPiBHIOIOTH MilicHI umca.

4. [aiiTe o3HaueHHA MOAYJIA AiticHOTO umcia. a) ChopmyamoiiTe BJIaCTUBOC-
Ti Momynsa. 6°) OGr'pyHTYTe BIACTUBOCTI MOLYJIS HiMICHOTO YMCJIA.

I Bnpasu

1. TloscuiTh, uoMy 3amaHe AificHe YMCJIO HE MOXKe OyTH paIlioHAJbHUM:

1) 1+2; 2) V3-5; 3) V10;
4) 7 +3; 5) 2—+/5.

2%, IoBexirs, 1o cyma (pisuuiid, 1o0yTOK i yacTKa) palioHaabHOro Ta ippa-
IiOHAJILHOTO YHCeJ 3aBK/AU € YKUCJIOM ippaljioHaabHuM (OOYTOK i yacTKa
TiIBKY y BUIIAAKY, KOJIH 3aJlaHe pallioHaJIbHe YMCJIO He JOPiBHIOE HYJIIO).

3*. IHosexmiTs, 1110 3agaHi AificHi yncia € ippalioHAJILHUMU:

1) V2 +4/3; 2) V5+2;
3) V7 -3; 4) 7 -2.

4. FKopucryounch reOMeTPUYHIM 3MiCTOM MOZAYJs, 300pasiTh Ha KOOPIU-
HATHIi# OIpaMili MHOMKUHY UYHCe], AKi 3aJ0BOJbHAIOTH HEPiBHOCTI:

1) x| <2 2) | x| > 5;
3)|x-3]|<0,5 4)|x+1]<0,3.

5. Posp’sxiTh piBHAHHSA:
1)|8x +1]|=4; 2) | 4x — 2| = 6;

3 [|x—-1]-2]|=1; 4 || 2x+38|-5|=3.

6. PosB’s:KiTh HEepiBHICTB:
1)|2x-7|<1; 2)|8x+5|>T;

3| 2x - 1]+ 3]|>5; 4% | 4x + 7| -11| < 4.
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§2 OYHKUJI

2.1. MNoHATTA YACAOBOI QYHKLLI.
HaunpocTiwi BAQCTUBOCTi YACAOBUX QYHKLIM

Tadonumsa 3

1. MoHATTA YMCAOBOI OYHKLLT

Hucnoeoto GpyuKyieo 3 obracmio 6u3na-
yennsa D HasuBaeThCA 3aJEKHICTH, NMPHU
SAKIA KOKHOMY YMCIy X i3 MHOKMHU D
f (ob6macTi BM3HAUYEHHSI) CTABUTHCA y Bi-
MOBigHICTH €aMHE YHCIIO Y.

3anucyoTh 1[I0 BiAIOBIAHICTD TaK:

y=1).
ITo3HauenHns i mepminu
D (f) — obuacTh BUBHAUEHHS
E (f) — obusacTh 3HAUYEHD
D E X — aprymeHT (He3aJie;KHa 3MiHHA)

Yy — GyHKIig (3ayexHa 3MiHHA)
f — dyrkrImia
f (x,) — sHauenHa dyHKuii f y Toumi x,

2. Ipadik dyHKUIT

I'pagirom ¢ynryii f Ha3UBAETHCA MHO-

Yy JKMHA BCiX TOYOK KOOPIUHATHOI IIJIONIH-

f(x) M HHM 3 KOOPAWHATAMMU (?c; f (x)), me mepiia

KoopamHaTa X «IIpobirae» BCiO 00JIaCThb

/ BU3HAUEHHA (PYHKIII, a Apyra KOOpAMHA-

7 0 x 3 Ta — IIe BiAmOBiAHe 3HaueHHA (PyHKILL f
y TouIli x

3. 3pocrTatoui i cnapHi GyHKLUIT

y o,
/ .
N Dyuriia f (x)
1 (x5) 3pocTrarya Ha MHOKHUHI P:
AKIO X, > X, TO [ (x,) > f (x,)
f(x,) s Beix x € P
(mpu 30inbIlIEHHI apryMeHTy BiamoBimHi
TouKM rpadika migHimMarwTbCA)
0 x, X,
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IIpodosicenns maba. 3

\

s

f(xy)

f(x5)

x, x, 0N\ x

Dyukiia f (x)
cIagHa Ha MHOKMHI P:
AKIO X, > X, T0 [ (x,) < f (x,)
I Bcix x € P
(mpu 36inbIlIeHHI apryMeHTy BinmoBimHi
TOYKU I'padika omycKaroTbCs).

4. MNapHi i HenapHi yHKUT
Yy
y=x? dyukmis f (x) mapua:
A LAC) f(-x0)=f (2)

! IJIs BCix x 3 00sacTi BUBHAUEHHS.
I'padix mapuoi ¢GyHKHIil cumMeTpuIHHMI
BimHOCHO OCi Oy

—X 0 x x

dyukmia f (x) HemapHa:
f(=x)=~f (%)
IUIA BCix X i3 obJsiacTi BUBHAUEHHA.
T'padix HemapHoi (PyHKIIl cuMeTpUYHMIL
BiTHOCHO MOYATKY KOOpAUHAT — TOUKHU O

EEl [MosicHeHHs 1 OOrPYHTYBaHHS

1. Ilonarra dyuruii. 3 nouaTTaM GYHKIII BU o3HalloMuUancsa B Kypci aj-
re6bpu. Haragaemo, 110 saJjie;KHiCTh 3MiHHOI y Bif 3MiHHOI X Ha3WBa€ETHCS
dyHKyie0, AKIO KOXKHOMY 3HAUEHHIO X BifOBiZae equHe 3HaUEHHS J.

Y Kypci anrebpu i mouaTkiB aHAMi3y Mu GymeMO KOPHCTYBATHCSI TaKUM

O3HAUEHHAM YUCJI0BOI (QhYHKILI.

Yucnoeoto ¢pyukuyiecro 3 obaacmio eudnavennsa D HazuBaeThCca 3ajex-
HiCTh, IPH AKIN KOKHOMY YHCJIY X i3 MHOKUHM D cTaBUTHCA y BiANOBi-

HiCTh €IWHE YHUCJIO Y.

DyHKII] mo3HAYAIOTh JATUHCBKUMHU (iHKOJIM rpenbKuMu) OykBamMu. Poas-
riigHeMO HOoBinbHY (yHKIio f. Hucao y, axke Bigmosizmae uyucay x (Ha pu-
CYHKY m0 myHKTY 1 TabJj. 3 Ile MOKa3aHO CTPLIKOI0), HA3WBAIOTh 3HAYECHHAM
dyukuii f y Touni x i mosuauarmoTs f (x).
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Ob6nacmbv 6u3HaueHHs PYHKUII [ — Ile MHOKMHA TUX 3HAUEeHb, SKUX
MosKke HabyBaTu aprymedT x. Boma mosnauaetrbcss D (f).

Ob6nacmv 3HaveHdb QYHKUIl [ — Ile MHOXKWHA, SKa CKJIATAEThCA 3 yCix
unces f (x), Ze X HaJeXKUTb 06JacTi BUsHAUeHHA. 1i mosHauaioTs E (f).

Haiiuacrinie ¢yHKIito 3amaioTh 3a JomoMoroo (opmyau. Ko HEeMae
IOJaTKOBUX OOMEKEHBb, TO 001Acmi0 8U3HAYEeHHS (PYHKUIL, 3a0aHol popmy-
JLO10, 66AHCANOMb MHONUHRY BCIX 3HAUEHb 3MIHHOL, NPU AKUX Ul POPMYLA MAE
3micm. Hanpukiaan, AKmo GyHKIiS 3agaHa (GOPMYJIOI0 y=\/;+1, TO ii 00-
JacTh BusHaueHHA — x = 0, Tobto D (y) = [0; +e0), a obsacTh 3HAUEHH —
y 2 1, Tooro E (y) = [1; +oo).

IHoni pyHKIiS Moke 3amaBaTuCcsA pisHUMEU (opMyJaMHU HA PiBHUX MHO-

x upu x =0,
’KUHAX BHAa4YeHb apryMenTy. Hampukmazn, y=|x|=
—x pu x <0.

DyHKITIT0 MOXKHA 3aJaTU He TiJIbKHU 3a JOIIOMOro0 (opMyJiu, a i 3a 1omo-
MoOroi Tabsuili, rpadgika um cjaoBecHOro omucy. Hampukiaana, Ha pUCYHKY 16
rpadiuHOo 3amaHa GyHKIiA y = f (x) 38 obmactio BusHaueHHA D (f) =[-1; 3]
i mHOXUMHOIO 3HaueHs E (f) =[1; 4].

3HaueHHsA, M0 mpuiiMmae QyHKOiA [ (x) B geAkidt Toumi x, MEOKUHEE M,
Ha aKi¥l 1A QyHKIiA 3amaHa, HA3UBAEThCA HAlbiabwuM (HallmeHwum) Ha ik
MHOKWHI, AKIIO Hi B AKiH iHIIIN TOYIlI MHOMKUHU

Y

4 BT dyHKIiA He Mae GinbIIOro (MEHIIOr0) 3HAYEHHA.
/ TobTo mya Bcix x € M BUKOHYEThCA HEPiBHiCTH

° f(x) < f(x,) (Bigmosinuo f (x) > f (x,) ana Haii-

2 N/ MEHIIIOTO 3HaUeHHA). [HOAI Ile 3amuCcyioTh TaK:

max f(x)=7(x,) (BigmomigzO m}&n f(x)="1(xp)).

[an

Hanpurnan, gna dysrnii y = f (x), rpadiuso 3a-
mamoi Ha Bimpisky [—1; 3] ma pucyHry 16, Haii-
-1 0/ 11213 1% yenme sHaueHHs HOpiBHIOE 1, a HaWGiabIIE — 4.

To6To max f(x)=4. minf(x)=1,
[-1;3] [-1;3]

Puc. 16

2. T'padik pyuruii. Haragaemo, 1o
epagixom ¢pyuxyii y =f (x) Ha3MBa€ThCA MHOKMHA BCiX TOYOK KOOP-
OUHATHOI IIomuHU 3 KoopauHatamu (x; f (x)), me mepma KoopaumHA-
Ta X «Ipodirae» BCIO 00JIaCTh BU3HAUEHHA (DYHKIIII, a Ipyra KOOpauHAa-
Ta — 1ie BigmoBigHe 3HaueHHs (PyHKUII f y Toumi x.
Ha pucynkax mo nyHkTy 4 Tabauii 3 HaBemeno rpadiku GyHKIiR y = x?

a Ha pucyHKY 17 — rpadix Gysknii y = | x |.

Ta y=l’
X
Hasenemo Ttaxkosxk rpadixk ¢yeKHOii y =[x], ne [x] — mosHaueHHA Uuignol
yacmuHu 4Yucia X, To06TO HaMOiJBIIOro Iijoro umcia, siKe He IEePEeBUINYE X
(puc. 18). Ob6aacts BusHaueHHA Iiel QyHKIiI D (y) = R — MHOXKHHaA BCix

mificHux uwmces, a obyacTh 3HaueHb E (y) = Z — MHOKHWHA BCiX IiJINX YuUCeJ.
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y y
37 y=Ix] —
y=|x]|
21 —
1T ;—3;3
-2 -1 P
0 X 0 1 2 3 x
_r_]_

Puc. 17

Ha pucysry 19 mHaBemeno rpadik
umncaoBoi Qyurmii y = {x}, me {x} — mo-
3HaUeHHA 0po0080i uacmuHu uucia x (3a
osHaueHHAM {x} = x — [x]).

3. J3pocrarwui Ta cmagui QyHkii. Bax-
JIUBUMU XapaKTepuCTUKaMu (GpyHKIIN € Ix
3POCTaHHSA Ta CIaJaHHIA. Puc. 19
®yurnia f (x) HasMBa€eThCA 3pOCMAO4010 HA MHOMCUHI P, aKmo 0inb-
HIOMY 3HAQYEHHIO apryMeHTy i3 i€l MHOKUMHM Bigmomimae Oinbiie 3Ha-
YeHHs (PYHKIII,
TOOTO s OyAb-AKUX NBOX 3HAUEHb X, i X, 3 MHOKHUHHU P,
AaKmo x, > x,, 7o f (x,) > f (x,).
Hamnpurnan, pyakiia f (x) = 2x sapocratoua (Ha Beiit ob6iacTi BusHaueHHA,
TOOTO HAa MHOXKMHI R), OCKINBbKH, AKINO X,> X, TO 2Xx,> 2x,, oTHKe, [ (x,)>f (x,).
Bigmosigui Touku rpagika spocrarouoi QyHKIII mpu 36iabIIeHH] apry-
MeHTy migHimMaroThesa (puc. 20).

y 3
=X
Y q]ﬁ‘ f(xz) y
Vi
N
1 (x5)
f(x1) N
f ) Of #1 %2 %
0 3:cl X, X
Puc. 20 Puc. 21

Ha pucyury 21 maBemeno rpadik spocratouoi dyukmii y = x3. Iiiicuo,
mpu x, > X, MaeMo xj >x;, To6ro f (x,) > f (x,).
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dynknia f (x) HasuBaeThea cnadnor Ha MHONcuHi P, akmio O6iasmio-

MYy 3HAUYEHHIO apryMeHTY i3 i€l MHOKMHM BiaINloBiZae MeHIIe 3HAYeHHA

(dyHELii,

TOOTO A1 OyAb-AKUX ABOX 3HAYEHDb X, i X, 3 MHOXUHH P,
AKIO X, > x,, To [ (x,) < (x)).

Hanpurnan, ¢pyukmia f (x) = —2x cmagma (Ha Bciii obsacTi Bu3HaueH-
Hs, TOOTO Ha MHOKUHI R), OCKinbKH, AKIO X, > X, TO —2X, < —2X,, OT:Ke,
f (x,) <[ (x,). Bignosigni Toukn rpadika cmagnoi GyHKHil npu 30iNbIIeHH]
apryMeHTy OmycKaloThbcs (puc. 22).

c\\ y y
\
™ y=x?
2
f(x) Iy 1)
1
f(x,)
—X 0 x x
x; X, 0N\ x

Puc. 22 Puc. 23

Posraamatoun rpadik Gyukmii y = x? (puc. 23), 6aunmo, 1110 Ha BCit 06-
JacTi BusHaueHHA I QYHKIIiA He € Hi 3pocTaiouoio, Hi cmamgHoio. Ajle MOK-
Ha BUMIJIUTU TPOMIKKM 00JacTi BU3HAUEHHdA, Me Iid (PYHKIIA 3pocTae i me
crmagae. Tak, Ha mpoMiskKy [0; +o0) pyHKIisT y = x% 3pocTae, a HA MPOMIKKY
(—eo; 0] — cmagmae.

3asHauMMoO, IO IJIA 3POCTAIUYUX 1 CHAZHUX (QYHKIINH BUKOHYIOTHCH
BJIACTUBOCTi, O0OEPHEHi 10 TBepAKeHb, 1[0 MiCTATHCA B O3HAUECHHSIX.

Axwo pynryia 3spocmae, mo 6intvbwomy 3naienHio Gyrnryii 6iono-
6idae Oinvuwe 3HALEHHS apzYymenmy.
Axwo pynryia cnadae, mo 6invwomy 3Ha“eHHIO QYHKYIL 6i0no-
6idae meHuLe 3HAUEHHA ap2YyMeHmy.

® OOrpyHTyeEMO IepIIy i3 IIUX BJIACTHBOCTEN METOAOM BiJl CYIPOTHBHOTO.
Hexait dynknia f (x) spocrae i f (x,) > f (x,). [Ipunycrumo, mo apry-
MEHT X, He OijbIle aprymeHTy X, To0To x, < x,. I3 mporo mpumnymnienssa
OIEPIKYEMO:
akmo x, < x, i f(x) spocrae, o f (x,) < f (x,), 0 cymepeuyuTs yMoO-
Bi f(x,) > f(x,). Orike, Halle NPUNyIIeHHA HeNPaBUJIbHE i, AKIIO
f(x)>f(x,), T0 x, > x,, mo i HOTPi6HO OyJIO MOBECTH.
Amnajoriuao MoKHa OOI'PYHTYBATH i ApYyry BiaacTupicTs. O
Hanpuraan, skmo x2 > 8, To6To x° > 23, To, ypaxoByIOUM 3POCTAHHS
dyurmii f (x) = x3, ogepsxyemo x > 2.
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4. Tlapui i Hemapui dysruii. Posraauemo ¢yHKIii, o6JacTi BU3HAYEeHHS
AKUX CUMETPUUYHI BiIHOCHO MOYATKY KOODPAMHAT, TOOTO PasoM 3 KOMKHUM
YHCJIOM X MiCTATH i umeao —x. g rakux GyHKIIN BUSHAUEHO IMOHATTSA Iap-
HOCTi 1 HemmapHOCTi.

dDyuknisa f Ha3sUBaETHCA NAPHOI0, AKIO A OyAb-IKOro X 3 il objaacri
Bu3HaveHHd [ (—x) = [ (x).

Hanpurmnan, dyariis y = x% (toéto Qpyukiis f (x) = x2) — mapHa, OCKiabKM

f(=x)=(=x)*=x* = (x).

Armo dyurmia f (x) mapHa, To mo il rpadixka pasomM 3 KOMKHOI TOU-
kKot M 3 xoopauHatamu (x; y) = (x; [ (x)) BXoguTh Takox i Touka M,
3 koopauHaTamu (—x; y) = (—x; [ (—x)) = (—x; [ (x)). Toukn M i M, pos-
mimeni cumerpuuyno BimHOCHO oci Oy (puc. 24), Tomy ¥ rpadik mapHoi
dbyuKUil po3mimenuii cumerpuuHo BigHOCHO oci Oy. O

Hanpuraaz, rpadik napuoi GysKIii y = x2 (puc. 23) cumerpuyHuil Bij-

HOCcHO oci Oy.

DyHK1isa [ HA3MBAETHCA HeNnapHow, AKIIO A OyAb-AKOro X 3 ii 00aacTi
Bu3HauyeHHd [ (—x) = —f (x).

Hanpuknazn, ¢(yakiia y:l (TobTo GYyHKITiA f(x):l) — Hemapua,
X X

OCKI1JIBKU

fx)=—"=-1=—f(x).
—X X
Axmo ¢yukmia f (x) HemapHa, To A0 ii rpadika pasoM 3 KOMKHOIO TOY-
kKoo M 3 xKoopauHatamu (x; y) = (x; f (x)) BXOAUTL TaKoX i Touka M,
3 KoopauHartamu (—x; y) = (—x; f (—x)) = (—x; —f (x)). Touxku M i M, pos-
MileHi cMMeTpPUUYHO BiAHOCHO MOYATKy KoopawHar (puc. 25), Tomy i
rpacgik HemapHoi (PyHKI{II po3MilleHUIl CUMETPUYHO BiTHOCHO MOYATKY

KoopauHart. O

Y Y
f(x) 4 M
f(x)
M, M
—-X //
/10 x x
—x 0 x x /
M, —f (%)
Puc. 24 Puc. 25

Hanpurnan, rpadik Hemapuoi QYHKILIT y=l (muB. myHKT 4 Tabm. 3)
X

CUMETPUYHHUN BiTHOCHO ITOYATKY KOOPAMHAT, TOOTO BigHOCHO Touku O.
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HE [lpuknagv po3B’'s3aHHS 3aBAaHb

IIpukaang 1
1)y =x%+ x;

Poszé’assannsa

1) P O6mexeHb A9 3HAXOIKEHHSA
3HAUYeHbL BUpasy x2+ x HeMmae,
omxe, D (y) = R. <

2) P OOGimacTh BU3HAYEHHS QYHKII
y= 2x 3amaHa

X +x

x>+ x # 0, OCKiIbKM 3HAMEHHUK
Ipo0y He MOXKe JOPiBHIOBATU HYJIIO.
3’acyemo, koau x2 + x = 0. Maemo
x(x+1)=0, x =0 abo x = —1.
Toxi obmacThs BU3HAYEHHS MOMK-
Ha 3agatu ooMme:keHHaAMu x = 0,
x # —1 abo samucaTu Tak:

D (y) = (-2 —1) U (-1; 0 ) U (0; +e0).<]

3) P O6Gmacts Bu3HAUEHHS QOYHKILI

y=vx+5

x+ 5 >0, Todbro x > —bH, OCKiIBLKU
i 3HAKOM KBaJIPATHOT'O KOPEHS II0-
BUHEH CTOSTH HEeBin eMHUII Bupas.
Orxe, D (y) = [-5; +0).<

00MEesKeHHAM

3a7aHa OOMEIKEHHSIM

Ipukaan 2°
Posze’azanus

P Cknagaemo piBHamHa x2 — 3 = a.

Bono piBHOCWIBHE piBHSHHIO X2 =a + 3,

AKe Mae Po3B’s3KHU, AKINo a + 3 = 0,

TOOTO IIPU @ > —3. Yci 11i unceya i cKia-

IyTh 00JaCTh 3HaUeHb (PYHKIII.
Or:xe, o0JslacTh 3HAUEHb 3aJaHol

byuRIii

E (f) = [-8; +<0) (10610 y = —3). <

3HaiaiTE 00JacTh BUSHAUEHHSA (PYHKITII:

2) y=

zx ; 3) y=vx+5.
X +x
Komenmap

Ockinpku Beci ¢QyHKIiI 3amaHOo
dopmyaamu, To ix objsacTi BU3HAUEH-
HA — Ile MHOYKIHA BCiX 3HAUYeHb 3MiH-
HOI X, IpU AKHX Mae€ 3MicT (opmy.ia,
TOOTO BHUpas, AKHU CTOITH y Hpasiii
yactuHi popmynu y = f (x).

Y xypci anrebpu 3sycrpivaaucs
TiIBKHU JIBa 00MedHceHHsA, IKi HeoOXif-
HO BPaxOBYBATHU NPU 3HAX00MEHHI 00-
Jacmi 6U3HAYCHHSA:

1) saxwo eupas 3anucamo y euzasndi

O0poby %, mo 3Hamennurx B # 0;

2) akwo 3anuc eupasdy wmicmumbo
Ke8aodpamHuuil Kopinv \/Z, mo nio-
Kopenesuil eupaz A > 0.

VY Bcix iHmmx BUMmagkKax, AKi BaM
OBOAMJIOCA PO3TJIANATU, 00JIACTIO BU-
3HAUYEeHHA BUpasy OyJiu Bci mificui uuc-
aal.

3uaigiTe o0sacTs 3HaUeHb QYyHKIHT y = x2 — 3.

Komenmap

ITosmaummo 3HaueHHA 3amaHOIL
dyurmii f (x) (rodro x% — 3) uepes a
i 8’dacyemo, OJad SAKMX @ MOYKHA 3HA-
UTH BimmoBigHe smaueHHA X (IPHU IIHO-
My 3HaueHHi x 3HaueHHs [ (X) = a).

Toni Bci uncna a, AaA AKUX iCHYE
xoua 6 ofuH KOpiub piBusAuHA f (X) = a,
yBiligyTh MO obOJacTi 3HAUEHb (QYHKITIL
f (x). MHOKMHA BCiX TakuxX a i ckaame
00JIacThb 3HAUEeHb (PYHKILiI.

! Hagami B Kypci anrebpu i mouarkis amamisy 10 Kjacy 3’aBasAThLCA HOBI Bupasu

3 o0MesKeHHAMHU: tg o, ctg o, arcsin a, arccos a, Va, a®, Je o — Hellijle YHUCTIO.
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Kopucuo mam’stTatu, 110

obnacmov 3Havendb GynKyii y = f (x) 36izaembea 3 MHOHUHOIO MUX
3HaYendb a, npu AKux piéHAHHA [ (X) = a mae po3é’asku.

IIpuxaanx 3°

Hoenite, mo npu k # 0 ob6sacTio 3HaYEHD JiHIHHOI QYHKIIiT

Yy = kx + b € MHOKMHA Bcix IilicHHX 4Yuce.

Po3s’a3annusa
P dAxmo kx +b=a (ge k # 0), To

PO3B’A30K IIHOT'0 PiBHAHHSA x:aij ic-
Hye miaa 6yab-axoro a € R (B # 0 3a
YMOBOI0). <]

Takum umHOM, 3HAUEHHAM 3ala-
HOI QYHKIIII Mo:Ke OyTHu Oyab-sKe Tiii-
CHEe UNCJO, OTKe, II 00JacTh 3HAUEHDb
E (f) = R.

IIpuxaanx 4°

Komenmap

ITosHaumMo B3HaAUYeHHsa 3aJaHOI
dyuKii f (x) (ToéTo kx + b) uepes a
i 3’gcyemo, Aad AKUX @ MOXKHA 3Ha-
WTH BiAIOBigHe 3HaUeHHS X, TakKe, IO
f(x)=a.

Muo)xmHa BCiX TaKuMX B3HaueHb
a i Ooyme ckigamatu oO6JiacTh 3HAUYEHDb

bysKmii f (x).

IloBenitse, mio diniliHa ¢dynrnia y = kx + b npu k > 0 € 3poc-

Tawuor, a mpu k < 0 — cmagHoI0.

Pos38’a3auns

» Hexait x,> x, (toxi x, — x, > 0).
Posrnamemo pisanmio f (x,) — f (x,) =
=kx, +b— (kx, + b) =k (x, — x)).

Ockinmpkn x, —x, > 0, TO mpm
k > 0 maemo f (x,) — f (x,) > 0, orxe,
f (x,) > [ (x,) — dynKIia spocrae.

IIpu k<0 wmaemo f(x,)—
- [(x)) < 0, omsxe, [ (x,) <[ (x)—
dyurnia cnagae. <

IIpuxkxax 5° JoseniTs, II0:

Komenmap

i  oOrpyHTYBaAHHA  3POCTAH-
HA abo cnagaHHA (QYHKII KOPHUCHO
mam’AaTaTH, 110 018 008e0eHHs Hepis-
noemi f (x,) > f(x) wu f(x) <7 (x))
docmamHvo 3Hailmu 3HAK PI3HUUL
f )~ f(x).

3amana @yurmia f(x)=kx+b
Oylle 3pOCTAlOUOI0, SKIIO 3 HEPiBHO-
cTi X, > X, BUILIMBaTHUME HEPiBHICTb
f (x,) > [ (x,), a nna noBeleHHA OCTaH-
HBOI HEPiBHOCTI [OCTATHHO 3HANTHU 3HAK
pisanni f (x,) — f (x,). Aranoriuso 06-
I'PYHTOBYIOTH i criaflaHHSa (PYHKILII.

1) cyma ABOX 3pocTarOuuMx HAa MHOKHHI P (yHKIiil 3aB:KIN € 3pocTaro-

9010 (DyHKIi€I0 HA I[iii MHOKHHI;

2) cyma OBOX CHAJHUX Ha MHOXKHWHI P (QyHKIiNl 3aBXKIN € CIATHOIO

¢yHKIi€cI0 HA il MHOSKUHI.
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Pos3eé’azannuasa

1) P Hexait Qyurmii f(x) i & (x)
€ 3pOCTalouMMU Ha OOHiH i Ti#t ca-
Mi#l MmHOMKUHI P. Ko x, > x , TO
fx)>F(x)igx)>g(x).
Honmarouy IOYJIEHHO OCTaHHI He-
piBHOCTi, OomepIKy€eEMO

fx)+g(x)>f(x)+ e (x)
ITe i o3nauae, 1m0 cyma (QyHKIIiN
f(x) i g (x) e 3pocTrarouoio PyHK-
miero Ha MHOkuHLI P. <|

2) P Hexait Qyurmii f(x) i g (x)
€ CIHagHUMM Ha MHOMKHUHI P.
Toxni 3 HepiBHOCTI X, > X, Maemo
fx)<fx)ig(x)<eg(x).
Ilicna mouneHHOTO mOJaBaHHSA
OCTaHHIX HEPiBHOCTEN OEePIKYEMO:

fx)+g(x)<f(x)+ex),
a e 1 o3HAuUae, 1110 cymMa GyHKITIH
f(x)ig (x) e cnagHOO (PYHKIIiEIO
Ha MHOxkuHI P. <|

IIpuxkaan 6

Komenmap

Hnsa noBemeHHA 3POCTAHHA CyMU
IBOX 3pocTarounx QyHKIH f (x)1ig (x)
IOCTaTHBO JOBECTHU, II[0 Ha MHOKUHI P
3 HEpIiBHOCTI X, > X, BUILINBAE HEPiB-
HiCTh

f(x,) +g(x) > f(x) + g (x).

Amnanoriuno AJs JOBeNeHHSA TOTO,
0 CcyMa [JOBOX CHAgHUX QYHKILN
€ crmagHol (DYHKII€I0, JOCTAaTHBO [O-
BECTH:

AKIIO X, > X,, TO
f(x,) +g(x,) < f(x)+e(x)

HoBenite, mio 3pocraroua abo cnagHa GyHKIiga HaOyBae

KOJKHOI'0O CBOI0 3HAYEHHA TiJIBKHM B OJHIiN TouIlli I 00JacTi Bu-

3HAYEHHI.
Posé’a3anns

P Hexait pysrmia f (x) e spocraio-
4010 i
f ) =1 (x,). (1)
ITpunycrtumo, 110
X, # X,
dAxmo x, # x,, To abo x, > x,,
a6o x, < x,. YpaxoByHOuUM 3DPOCTaH-
HA [ (x), y BUOaAKy X, > X, MaeMmo
f(x)>7(x,), mo cymepeunTs DpiB-
wHocti (1). V¥V BHmagky x, < x, Maemo
f(x) <f(x,), 10 TaKOM¥ CyIIEPEYUTH
piBHocTi (1).
Omxe, Hallle MIPUNYIITeHHA Hempa-
BUJIbHE, i piBHIiCTSL [ (x,) = f (x,) MOX-
JIUBA TiJIBKU TPHA X, = X,.

Komenmap

JloBeremMoO 1€ TBEPAIKEHHA METO-
oM Big cympotuBHOTrOo. {4 mporo mo-
CTATHBLO IIPUIIYCTUTH, 110 BUKOHYETHCSI
OpOTUJIe}KHEe TBepIAKeHHA (QYyHKIia
MOJKe HaOyBaTH OJHOTO ¥ TOTO caMo-
TO 3HAUYEeHHA IPUHANMHI y ABOX TOU-
Kax), i omepskatm cymnepeuHicTs. Ile
o3HaAYaTUMe, IO Hallle IPUIYIeHHS
HeIpaBUJIbHE, a IPAaBUJIbHUM € 3aJlaHe
TBEPAKEeHH.
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To6To 3pocraioua GYHKIIT HaOy-
BA€ KOJKHOTO CBOTO 3HAUEHHS TiJIbKU

AHajmoTiuHO JOBOZUTHLCSA TBep-
IsKeHHd 1 aia cuagHoi pysrmii. <

IIpuxaanx 7

Hocaigite, AKi i3 3amaHux QyHKIiN € mTapHUMU, AKi HelIapHU-

MU, a AKi — Hi TapHUMU, Hi HEITapHUMMU:

1
1) y=—;
) y x+1’
Posé’s3anHua
1) P O6nacth BusHAYeHHS QYHKIII
1
y=——: x # —1, To0OTO BOHA He CU-
x+1
MeTpuyHa BigHocHo Touku O (Tou-
Ka x=1 Bxoguth ng0 o0JsacTi
BU3HAUEHH:, a X = —1 — Hi).

—O———o—>
-1 o 1 x

Or:xe, 3amana (PYHKI[isI He MOXKe
OyTu Hi mapHOI0, Hi HemapHO©. <
2) P O6nacTh Bu3HAUYCHHSA (QYHKIII
y =x* D (y) = R, Tobro BoHA cu-
MeTpuuHa BigHOCHO ToukKm O.
[ (=x) =(—x)* = x* = f (x), a oTxe,
dynakmia mapaa. <
3) P OGmacts Bu3HAYEHHS (QyHKIIi
y=x*+x: D (y) = R, or:xe, BOHA
cuMeTpuYHa BimHOCHO Toukm O. <
FEx)=(xP+(x)=—x-x=
=—(x* + x) = —f (x),
oT:Ke, GPYHKIIig HemapHa.

El 3anuTaHHS ons KOHTPOJo

GYHKITIHA.

2) y = x4

y=x%+x
Komenmap
Hns IOCJiTKeHHsT GYHKITIT
y =[ (x) Ha mapHiCTH UM HemapHiCTh
IOCTaTHLO, IIO-TIepIlle, VIEeBHUTHCSH,

10 00JacTh BU3HAUEHHS ITiel GpyHKIii
cuMeTpuyHa BigHocHO Touku O (pasom
3 KOKHOI0 TOYKOIO X MiCTHUTBH i TOUKY
—x), i, mo-gpyre, MOPiBHATH 3HAUEHHS

[ (%) if(x).

1. IITo HasmBaeTbcA uYMCIOBOIO (yHKIier0? HaBeniTh mpukKIagum TaKUX

2. Ha mpukigajgax IIOSCHITB, IO TaKe 00JacTh BU3HAUEHHSA (PYHKINI, 00-
JacTh 3HAUeHb (DYHKIIi1, Halibisbllle Ta HaliMeHIIle 3HaUeHHs QYHKIIII Ha
mHOKUHI M. fAKi oOMe)xkeHHs HeoOXiZHO BpaxyBaTH, 100 3HAUTH 00-

JIaCcTh BUBHAUEHHA (PYHKIIL y:£? 3HaigiTh ii 06JacTh BU3HAUCHHS.
X



38 Posain 1. ®YHKLIT, PIBHAHHSA | HEPIBHOCTI

o ork @

IITo masuBaeThesa rpadikom dyukrnii y = f (x)? Hasexgite npuraagu.
fAra pyukiiga HasuBaeTbeA 3pocrarouoin? HaseniTe mpuxaanum.

fArka pyukiiga HasuBaeTbeA cuanHoo? HaBemiTe mpuxiamu.

fAxa ¢pyukrIiis HasuBaeThea mapuow? Hasenits mpukaagu. Ax posmitie-
HO rpadixk mapHoi QyHKIII Ha KoopauHaTHiil miomuHi? HaBexmits mpu-
KJIamu.

fArka pyHKIia HasuBaeThca HemapHoo? HasemiTh mpuraagu. Ax posmi-
mieHo rpadixk zHemapHoi (GyHKIII Ha KoopauHaTHil maomuui? Hasemith
MIPUKJIALN.

1°.

4°.

Bnpasu
3HalAiTh 3HaUeHHA (QYHKII B YKazaHUX TOUKAX:

1) f(x):x+l y Toukax 2; —1; 3; a (a = 0);

X

2) g (x) = x2 — 3 B Toukax 0; 1; —2; b;

3) ¢ (x)=vx+1 y roukax 0; 3; —1; m (m > 0).
3HanmiTh 00/IaCTh BU3HAUEHHA (PYHKIII, 3agaH0l ()OPMYJI0OI0:
1)y=2x+3; 2)y=vx+3; 3)y=—1 4) y=—=—;

x+1’ xZ+1
5) y=J’—1;  6) y=V'+1; 7) y=x-1+V5-x; 8) y=YEr3;
X
2 2_ .
0) y=\"% 10y =Y 11y yo Vs 12y yo Vet aeL,

x+1 |x|—2,
3HalaiTh 00/IacTh 3HaUeHb (PYHKINIT, 3amamnol (popMyJIoio:
1) f (x) = 5; 2) f(x)=x; 3) [ (x) = x% 4) f(x)=+x;
5V y=-8x+1; 6)Yy=x>-5; T)y=|x|+ 3.
Ona dyurniit, axi sagano cBoiMu rpadikaMu Ha PUCYHKY 26, YKaKiTh
obJjlacTh BH3HAUYEHHS, 00JIaCTh 3HAUEHb, HAMOLJbIIE Ta HalMEHIIe 3Ha-
YeHHA Ha BCill 00s1acTi BUBHAUEHH, MPOMIYKKYM 3POCTAHHA i CIIaJaHHA Ta
3HAUYEHHA KOXKHOI GyHKIII nmpu x = 1.
O6r'pyuryiire, 110 3amana (PyHKIIiA € 3pocTatouoio (Ha ii obsacTi BusHa-
YeHHS):
1) y = 3x; 2y=x+5 3)y=x5 4)y=x5 5) y=+x.
HoBeniTh, 10 Ha 3aJaHOMY HTPOMIKKY (PYHKIIiA 3pocTae:

1) y:_g, me x > 0; 2) y:—l, e x < 0.
X X

OobrpyHTYyiiTe, 1110 3afaHa PYHKINiA € cnagHoo (Ha i1 o6JsracTi BUSHAUEHHA):
1) y = —3x; Dy=—x-1; 3Y)Yy=-x% 4% y = —x°.
HoBeniTh, 10 Ha 3aJlaHOMY TPOMIKKY (PYHKIIiA cramae:

1) y:é, e x < 0; 2) yzé, oe x > 0.
X

X
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Puc. 26
9°. IloBexiTh, mo QyHKIia y = x2 Ha mpomixkKy [0; +eo) 3pocTae, a Ha TpoO-
MiKRY (—oo; 0] cmagae.
10". KopucTyounch TBepAKeHHAMH, AOBELeHUMHU B Ipukjagi 5 (c. 35), yka-
KiTh, AKi 13 3amaHUX (QYHKIIN € 3pocTal0uMMU, a AKi — CIaJHUMMU:
Dy=x+ x; 2)y=—-x—x% 3) y=x+\/;; 4) y = —x® — x5.
11°. KopucTyounch TBePAKeHHAME, SOBEIeHNMHU B IpuKaagi 6 (c. 36):
1) o6rpyuTyiiTe, 1110 piBHAHHA x° + x = 10 Mae eAUHUN KOPiHb X = 2;
2) migbepiTh KOpiHb PiBHAHHSA Jx+x=6 i JIOBEIiTh, M0 iHIIUX KOpe-
HiB Ile PiBHIHHSA He Mae€.

12. O6rpyHTyiiTe, 110 3agaHa (PYHKIA € IapHOIO:

1) y = x5 2) y=i2+1; 3) y=vxi+1; 4) y=ql|x|+x*.
X

13. O6rpyHTyiiTe, 110 3amaHa GYHKIiS € HEIaPHOO:

1) y = x5 2)y=—x—13; yy=x|x; 4) y = x* — x.
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2.2. BJIACTUBOCTI | FPA®IKM OCHOBHUX BUAIB ®YHKLIA

Tabauimsa 4
YmoBu BiactuBocti
IJIS KO- . mapHicTb
.. r
edimien- padik pw| Ew i memap- 3POCTAHHS
. . i cmaganusa
TiB HiCTH
1 2 3 4 5 6
1. AiHiliHa oyHKUis Yy = kx + b
Yy
/,
k>0 3pocTae
b=0 P
x Hi
napHa, Hi
HemapHa
k=0 =, crajsae
b=0 = R I
S X
0
N g
y mpu k> 0
Y 3pocTae
7 /(k > 0) p
b=0 x
HemapHa
y=kx 0 mpu k <0
cmajzae
“\ (% < 0) A
=
2
y
=b
k=0 : : b nmapHa mocTifiHa
y=»>
0 x
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IIpodosicenns maodn. 4

2

| 3

4|

5

6

2. O6bepHeHa NPONopLIHICTb, GyHKLIA Y =k (B #0)
X

k>0

y

k<0

<

S NI

HeIllapHa

criajiae Ha KOXK-
HOMY 3 IIPO-
MiKKiB (—o0; 0)
i (0; +o0)

3pocTae Ha

KOKHOMY 3 IIPO-

MiKKiB (—eo; 0)
i (05 +eo)

3. DyHkuia y

=ax? (a#0)

[0; +<0)

(—o=; 0]

mnapHa

crajgae Ha
IIPOMIiXKKY
(—o0; 0], spocTae
Ha TPOMIKKY
[0; +0)

3pocTae Ha
IPOMIiKKY
(—o0; 0], crtazmae
Ha IIPOMIKKY
[0; +e)
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IIpodosicenns maobu. 4

1 2 | 3 | 1 | = | -
o s
4. KBaapatniHa GyHKUIA y = ax” + bx +c (a #0, Xy = Za)
y
crajgae Ha Ipo-
X y 8aranb- | MimKy (—oo; X,
> L e
a>0 \0 x [y, +0) HOMY BH- | gpocTa€ Ha IIPO-
c TAAKY — | MiKKY [xg; +o0)
Yo Hi mapHa,
R Hi Hemap-
! Ha
o npu b =0
¢ (ipzednink:i 3POCT3€ Ha IIpo-
©t / (coo; g ] | Y =00 + ¢ | MUREY (o3 X,
0x e napHa clajiae Ha IIpo-
Xo X MiKKY [xo; +o0)

HEEl [losicHeHHS 1 OGI'PYHTYBaHHS

1. Jlinmiina ¢yurnia y = kx + b. JliniiiHow (yHKYi€l0 Ha3UBAETHCA DYHK-
uia Buny y = kx + b, ne ki b — peaxi uucia.

OOTr'pyHTYEMO OCHOBHI XapaKTepUCTHUKU Ifiel (GyHKI[ii: obysacTh BU3HA-
YeHHs, 00J1aCTh 3HAUYEHb, TAPHICTh UM HEMApPHIiCTh, 3POCTAaHHS i cHagaHHsd.

Ob6nracmb 6u3HAYeHHS — MHOKWHA Bcix pmificuux uwmcen: D (y) = R,
OCKimbKU (opmysaa kx + b Mae 3MicT mpu BCix mificHuMX 3HaUYeHHAX X (TOOTO
Ias1 Oy Ab-AKOTO AifiCHOTO X MM MOXKEeMO OOUMCIUTHU 3HaueHHA kx + b).

Ob6nacmbv 3HayveHb JiHilHOI PYHKINII OyZe PisHOIO 3aJIe;KHO Bil 3HAUEHHSA
Koediienra k.

Axmo k =0, To GyuKLia mae Buraan y = b, Tobro ii ob6sacTh 3HAUEHD
CKJIaJJa€ThCcA 3 OJHOTO uncyja b. ¥ TakomMy BUNaAKy rpadikom JiHiiiHOT (PyHK-
uii y = b € npama, napaaeasHa oci Ox, aka neperuHae Bice Oy y Toumi b
(puc. 27).

Axmo k£ # 0, To E (y) = R (00rpyHTyBaHHA HaBeJeHO B PO3B’A3aHHI mpU-
KJaamy 3 mo myHKTy 2.1).

Ilapuicmb i HenapHicmdb JiHiNHOI (GYHKIII CYTTEBO 3aJI€)KUTH BiJ 3HA-
uyeHb KoedinieHTiB b i k.

IIpu b=01i k # 0 dysKUia y = kx + b mepeTBOPIOETHCA Ha (PYHKI[iIO
Yy = kx, AKa HemapHa, OCKiJIbKU JJA BCixX X 3 ii ob6JjacTi BusHaAUeHHA

[ (=x) =k (—x) = —kx = —f (x).
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Or:xe, rpadik GyurIii y = kx (puc. 28) cumerpuyHuil BigHOCHO TouKuU O.

IIpu k = 0 omep:kyemo GyHKIIIO §y = b, AKa € IapHOIO, OCKIJIBKY AJIA BCiX
x 3 1i obmnacrti BusHauenusa f (—x) =b = f (x). Tooro rpadik GyHKIIl y =>b
cuMeTpuYHU BimHOCcHO oci Oy (puc. 27).

Y &

N
7 /(>0
y N ( )
x

b y=>b 0
“\ (% < 0)

=

0 X 2

Puc. 27 Puc. 28

¥V saranpHOMY Bunanky npu k # 01i b # 0 dyaruia y = kx + b me Oyze Hi

IapHOIO, Hi HEIMapHoI0, OCKiIbKU [ (—x) = B (—x) + b = —kx + b#f (x)iTarkox
f(=x)=—kx + b=—(kx — b) = —f (x).

3pocmanHsa i cnadannsa JAiHiTHOI GYHKIIIT 3a/eKUTh BiJ] 3HAUEHHA KoOe-
dimienra k.

IIpu k = 0 ozmep:xyemo (yHKIIIO y = b — mOCTi#iHY.

Ilpu k > 0 dpyuruia y = kx + b s3pocrae, a npu £ < 0 — cnagae (o0r'pyH-
TyBaHHA HaBeJEeHO B PO3B’sA3aHHI mpuKaany 4 mo myHKTy 2.1).

Y Kypci reomerpii 6ys0 o6r'pyHTOBaHO, 1110 rpadikomM miHiitHOT GyHKIIT
y = kx + b 3aB¥IM € nMpAMa JiHid.

Ockinbru nmpu x = 0 @yHKIia HabyBae 3sHaAYEeHHA i = b, TO Y4 npama 3a6-
aou nepemunae sico Oy y mouuyi b. I'padirm sinifianx QyHKIi HaBemZeHO
B Tabauli 4.

2. @DyHkruig =k (k # 0). lIa dyuKIia BUpakae 006epHeHO NPONOPUiilH
y=- y

3aJleHCHICMb.
Obnacmo susnavenns: x = 0. Ile moxHa 3amucaTé TaKOXK TaK:
D (y) = (=o0; 0) U (03 +eo).
Ob6nacmyo 3nawensv: y # 0. Ile moxkHA 3ammcaTu TaKOXK Tak:
E (y) = (=205 0) U (05 +eo).

. k k
Has o6rpyHTyBaHHA o0JacTi 3HaUeHb (PYHKINI y=— ITO3HAUUMO — =d.
X X

e e . k . .
Tonai i3 miel piBHOCTI omepkuMo x == gada Bcix a # 0. To6To gisa Bcix a = 0
a

. k k . cs
ICHy€ 3Ha4YeHHA X =—, IIPpU AKOMY Y=—=—=4a. OT)Ke, y Ha6YBa€ BC1X MO1u-
a X

NSNS

CHUX 3HAUeHb, AKi He PiBHI HYJO.
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DyHKYisL HenapHa, OCKiIbKY i1 00/1aCTI0O BUBHAUEHHS € MHOYKIHA, CUMe-
TpuuHa BigHOCHO TOuKu O, i f(—x)=—=——=—f(x). Otixe, ii rpadik cume-
X

TPUYHUHA BiZHOCHO mouaTKy KoopauHat (puc. 29 i 30).

y

1
k y= % V=%
(k< 0)
1

1 -1
0 0 I X i 0 1 x

| (-1

B
Puc. 29 Puc. 30 Puc. 31

3pocmanusa i cnadarHs GYHKII 3aeXKUTh Bif 3Haka KoegitienTra k.

® §flxkmo x, > x, (Tobro x, — x, > 0), To AJA NMOpPiBHAHHA 3HaYeHb f (x,)
i f (x,) posrinaHeMo iXHIO PiZHHUIIIO:

f(xz)—f(xl):i_izkxl_kxz :_k(xZ_xl)- (1)
Xo X X1%2 X1%2

Ha mpowmiskky (0; +o0) sHauenna x, > 01i x, > 0, orxe, x,x, > 0. Ha mpo-
MiKKY (—o0; 0) sHavenHsa x, < 0 i x, <0, orxe, x,x, > 0.
Ypaxosyroun, mpo x, - x, > 0, y KoxHOMY 3 NpOMiXkKiB (—; 0) abo
(0; +e) mpu k£ > 0 3 piBrOcTi (1) orpumyemo [ (x,) — f (x,) <0, a npu
k < 0 ogmepsxyemo f (x,) — f (x,) > 0.
IIpu k& > 0 Ha KOKHOMY 3 TPOMIMKKIB (—oo; 0) Ta (0; +o) AKIIO X, > X, TO
f(x,) <[ (x,), oTsxe, QyHKIiA ciaac Ha KOMHOMY i3 IUX MPOMIiMKKiB.
ITpu k& < 0 Ha KOKHOMY 3 TPOMiMKKIB (—oo; 0) Ta (0; +o) AKmIO X, > X, TO
f(x,) > f (x,), oTsxe, QyHKIIiA 3pocTac Ha KOKHOMY 3 ITUX MPOMikKiB. O
3 Kypcy anrebpu Bifomo, 1mo rpadik QyHKIil y s (k # 0) masuBaeThCA
X

zinepbosioro (BOHA CKJamaeThcs 3 ABOX BiTOK). IIpum k > 0 BiTKM rimep6osiu
sHaxonaThbeA B I i III KoopauHaTHUX UBEepTAX, a npu B < 0 — y IT i IV uBep-
Tax (puc. 29 i 30).

3ayBaskeHHs . XapaKTepU3yOUN 3POCTAHHS UM CIAJaHHA QYHKINT iy ==
X

(k #0), caig mam’saraTu, 110, HATPUKJIAT, QYHKITiA y=l (puc. 31) cmamae Ha
X

KOXKHOMY 3 MTPOMisKKiB (—eo; 0) Ta (0; +eo), asme Ha Bciii obyacTi BU3HAUEHHA
(x # 0) g pyHKIiT He € cnagHoio (i He € 3pocTauoro). [[ificHo, AKIITO B3ATU
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x,=-lix,=1,170x,>x,anef(x,)=f(1)=11 f(x)=7f(-1)=-1, TobTO
OiNBIIIOMY 3HAUEHHIO apryMeHTy He BiAIIOBiZae MeHINe 3HAUEHHS (PYHKINI

i Ha BCiit i obmacti BusHaueHHA QYHKIIA f(x) -1 gee CIIaHOIO.
x

I3 miel 'k mMpUUYMHYN He MOMKHA CKasaTu, 110 GyHKIis f(x) -1 cIazae mpu
X
x € (—o0; 0) U (0; +o0).
3. ®Dymkuia y = ax? (a # 0). Ak Bigomo 3 Kypcy anrebpu, rpadirom iiei
dyuKIii € napabonra, BiTKM saAKOl HanmpamJeHi Bropy npu a > 0 (puc. 32)

i Bau3 nipu a < 0 (puc. 33). Ockinbku npu x = 0 sHauenHda y = 0, To rpadik
3aBiKIU IPOXOAUTH Uepes3 IMouaToK KOOPAMHAT.

y

y=ax?
(a>0)

0 X

Yy =ax?
(a<0)

0 x

Puc. 32 Puc. 33

Ob6nacmb 8usHauenHus: x € R, ockinbKM 3HaueHHS Yy = ax? mMoykHA 00-
YUCJIUTUA NIPU OYAb-AKNUX 3HAYEHHAX X.

Dynryisa napra, ockiaery f (—x) = a (—x)? = ax? = f (x). OTxe, 1i rpadik
cuMeTpuYHUH BigHOCHO oci Oy.

Tamii BmacTuBOCTLI COPMYJIIOEMO, CKOPUCTABINNCHL I'padikomM GYHKILIL
y = ax? (puc. 32 i 33). Ix MoxHa 06rPyHTYBaTH aHAIITHYHO (IPOBEIITH TaKe
OOr'PYHTYBAHHS CaMOCTi#iHO) a00 CIIMPAYNCh HA BJIACTUBOCTI GQYHKINI y = x2
i Ha TeomMeTpUUHi TepeTBOPeHH: ii rpadika, AKi Oyme PO3TIAAHYTO B HMYHK-
Ti 2.3.

Ob6snacmb 3Hauens. Ilpu a > 0 rpadik TpoXOoaUTh Uepe3 IMOYaTOK KOOp-
IWHAT, a BCi Woro immii Toukm posrarmoBaHi Buiie oci Ox. SKIMo 3HaueHHA
X 30iJbIIyeTHCA MO HECKIHUEHHOCTi, TO i 3HAUEHHA Y TeXK 30iJbIITyeThbCcA IO
HecKiHueHHOCTI (+e0), oTixe, y = 0, To6TO E (y) = [0; +o0).

Amnanoriuno npu a < 0 rpadik TaK0X IPOXOJUTH Uepes I0YATOK KOOPIM-
HaT, aJjie BCi iHIIi #IoT0 TOUKHM 3HAXOAAThCS HUMKUe oci Ox. fAKIo sHaueHHS
X 30iNBIIyeTHCA O HECKiIHUEHHOCTi, TO BHAUEHHSA J 3MEHIIYETHCA JO MiHYyC
HecKiHueHHOCTi (—o0), oTike, iy < 0, ToOTO E (y) = (—o0; O].

3pocmannus i cnadanus. Ilpu a > 0 Ha mpoMiKKy (—e; 0] dbyHKIisS coa-
nIae, a Ha IPoMisKKy [0; +e0) — 3pocTae.

IIpu a < 0 Ha mpoMiKKYy (—oo; 0] dyHKIiS 3pocTae, a Ha TPOMiKKY
[0; +e) — cmagae.
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4. Ksaaparumuna @pysruis y = ax® + bx + ¢ (a # 0). 3 kypcy anrebpu 9 Kia-
cy Bimomo, 110 QyHKIisA BUAY ¥y = ax? + bx + ¢, me a, b, ¢ — gificui umcia,
mpuuoMy a # 0, HasUBaeTLCA K6adpamuyuHo. 11 rpadikoM e mapadosa, BiTKM
K01 HampsaMmJeHi Bropy npu a > 0 i Baus mpu a < 0.

AGcmuca BepmuHHU Iiei mapabonau x, =—2i. Hnsa oOr'pyHTYBaHHSA IIHOTO
a
IOCTATHBLO B 3aJaHiil (popMyJii BUAIIUTH IIOBHUI KBaapar:
2 2
yzaxz+bx+c=a(x2+2x+£)=a(x+i) yAeczb” 660
a a 2a 4a
b\ dac-b> _ D
2 ac —
=ax +bx+c=a(x+—) + e = ——
y 2a Yoo A€ Yo 4a 4a
(D = b? — 4ac — OUCKPUMIHAHT KBaJgpaTHOIO TpuujaeHa ax? + bx + c¢).
Haramaemo, 1110 3ajeXHO Big 3Haka AucKpuminamTa D mapaboJsa abo 1e-
perunae Bick Ox (D > 0), a6o me nepetrunae (D < 0), abo goTuKaeThcA a0 Hel
(D = 0). OcuoBHi BapianTu posmimienHs rpadika GyHKIl y = ax? + bx + ¢
(a # 0) 306pakeHo B TaOIUII 5.

Tabaumsa 5
D>0 D=0 D<O0

0 x
Yo
Y
Yo

a<o0 0 Xy e
C}/

Oxapakrepudyemo BiactuBocTi GyHKIHl y = ax? + bx + ¢ (a # 0), cnu-
patounch Ha IIi Bimomi Ham rpagixkm (camMocTiiiHO OOTPYHTYyiiTe BigmoBimai
BJIACTUBOCTI aHAJiTUYHO).

Oonacmov susnavenus: D (y) = R, ockinbKku 3HaueHHs y = ax® + bx + ¢
(a # 0) moyxkHA 00UMCANTU TIPU OYAL-AKUX SHAUEHHAX X.

Ob6nacme 3nawenv. Ilpu a > 0 QyHKImia HaOyBae BCiX 3HAYEHDb Y = Y,
10670 E () = [y, +°0).

IIpu a < 0 pyrKIia HabyBae BCixX 3HAUEHDb Y < Y, TOOTO E (y) = (—<; y, ]
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ITapnicmv i Henapricmb. IIlpu b = 0 omep:KyeMo mapHy KBaJpaTUUYHY
dyukruio y = ¢ (x) = ax? + c¢. Oiiicuo, ¢ (—x) = a (—x)*> + ¢ = ax? + ¢ = ¢ (x).

V saranpHomy Bumanky (sakio b # 0) pyurmis y =1 (x) = ax? + bx + ¢
(a # 0) He € Hi mapHOIO, Hi HemapHOW0, OockKimpku f (—x)=a (-x)®+
+b(—x)+c=ax®—-bx + c#f(x)({ He mopiBHIOE —f (X)).

3pocmanna i cnadannsa. Ilpu a > 0 Ha poMixkKy (—; x,] GyHKIia cra-
nae, a Ha IPOMIMKKY [x; o) — 3pocTae.

IIpn a < 0 Ha mpomiKKy (—°; x,] OYHKIiA 3pocTae, a HA NMPOMIKKY

[xo; +o0) — cmagae.

Ockinbku npu x = 0 3HaUEHHHA Y = ¢, TO zpa@ik 3a6240U nepemuHae 8icb

Oy y mouui c.

Bignmosigui rpadiku npu D > 0 HaBegeHO TaKOoX y Tabauili 4.

E [lpuknaaun po3B'a3aHHS 3aBAaHb
ITpurkaam 1
Dy=2x+1;

Poszé’s3annsa
1) P Tpadix dysrmii

y = 2x + 1 — upa-
ma. <

x| 0|1
y|1]3

2) P Tpadix GyHRMDIT
y=-3x—1 — mpa-
Ma. <

3) P Tpadir QyHKIiT y = 4 — np4a-
Ma, mapajuesbHa oci Ox, siKa mpo-
XOOUTH yepesd TouKy 4 Ha oci Oy.

ITobynytiTe rpadik QyHKILII:
2)y=-3x—-1;

3)y=4.
Komenmap

Vi sagani pysrmii giniitai, oTixe,
ix rpadikamMu € mpsami.

II1o6 mobyayBaTu mnOpAMi B 3a-
BHaHHAX 1 i 2, mocTaTHBRO MOOYyAyBaTH
IBi Toukm mux npamux. Hampukian,
moskHa B3aTu X =0 i x =1 i 3uaiTu
BigmoBizHi 3HaueHHA y. Odopmiasaru
i O0UYMCIIeHHA 3PYYHO y BUTJIALL Tab-
JIAYKU:

Y sBaBmamuHi 3 posrTiAmaeTbcA
OKpeMui#l BUIANOK JiHiIWHOI (QyHKIl
(y =b). Ona nmobymoBu 1mporo rpadi-
Ka KOPHWCHO maMm’siTaTH, IO IIpsaMa
Yy = 4 — 1me mpama, mapajgeiabHa oci
Ox (upu OyIb-IKOMY 3HAUeHHi X 3Ha-
YeHHA Y NOopiBHIOE 4).
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Ipukaan 2*

Poszé’assannsa

P TIpu x =0 sHauenHs y = b > 0 —
3a pucyHkoMm. OCKiJIbKM B300pakeHo
rpagik cmamHoi JiHiMHOI QyHKII, TO
E<0.<

Bionosiov: b > 0, kE < 0.

IIpurkaag 3

Posgé’s3annasa
P T'padix samanoi QYHKIIT — ma-
pa6ona (Buny y = x2), BiTKM AKOI Ha-
OpsAMJeHi Bropy.
AGcIiiuca BepITUHU:

gp=— o iy
2a 2.1

Tomiy, =y (2)=2>-4-2+3=-1
i rpadik mMae Taxkuii BUTVIAL:

y

3\\2/

N

<

3a HaBemeHUM rpadikoM GYHKII
Yy = kx + b yraxiTs 3HaKu ki b.

Komenmap

I'padik dynruiiy=~kx + b — mp4a-
Ma, dgKa nepetuHae Bick Oy y Touri b.
Ha pucyHKy 11 TOUKa JIEXKUTHh BUIIE
HYJd, oTiKe, b > 0.

Jlinitina ¢yHKUIig y = kx + b npu
k > 0 spocrawua, a npu £ < 0 — cmag-
Ha. Ha pucynky 3o0paskeHo rpadik
crmagHol yHKIIiI, oToke, B < 0.

TloGynyiiTe rpadik! Gyurmii y = x2 — 4x + 3.

Komenmap

Dyukmnia y = x2 — 4x + 3 — KBa-
aparuyHa (Mae Buraax oy = ax? +
+ bx + ¢, ne a # 0). Orke, ii rpadikom
Oyme mapabosia (Bumy y = ax?), BiTKu
AKoi HampamJeHi Bropy (a = 1 > 0).

AGcmuca BepiiuHu mapabosiz 006-
b
2a’
a opauHaTta Yy, — Ie BiAMOBiAHE 3HA-
UeHHA 3afaHoi (QYHKHil mpum X = X,
TOOTO Y, = Y (%X,)-

SKmio moTpi6bHO YTOUHUTH, HAK
OPOXOAUTH Irpadik, ToO MOKHA 3SHAUTHU
KOOPAMHATH KiJIbKOX JOZATKOBUX TO-
YOK, HampukJaang, npu x = 0 ogep:kye-
Mo y =c = 3.

YHUCIIOEThCA 32 (OPMYJIOI X, =—

! TTo6ymoBy Takux rpadikiB 3a JOIOMOr0OI0 IeOMETPUYHUX IIEPEeTBOPEHb rpadika
byHKII y = x? posrasigaTuMeMo B MyHKTI 2.3.
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HEl 3anuTaHHS ons KOHTPOJo

1. fxa ¢yuKIis HasmBaeThca JiHiNHO? HassiTh BiacTusBocTi JiHiifiHOL
dyurmii. Axa gdinia e rpadikom gimifinoi pyurmnii? HasemiTs nmpuxaagm
JiHIAHUX QYHKIIA Ta ix rpadikis.

2. $Ika jgiHig e rpadikom QyHKILI y=£ (k # 0)? HaBenitTs mpukJaagu rpa-
X

dikiB pyHKIiR yzﬁ mpu k> 0 i mpu k£ < 0. 3a rpadikamu BKaKiTh
X
BiacTUBOCTI 1iel dyHKIii npu £ > 0 i npu k£ < 0. [{oBeniTh HemapHicTh
byHKIiT y:E (& #0).
X

3. fxa mimia e rpadikom GyHKI y = ax? (a # 0)? Ak poswmimieHno mei
rpadik mpu a > 0 i mpu a < 0? HaBexits nmpukaanu rpadikiB QyHKIii
y=ax?upu a > 0imnpu a < 0. 3a rpadpikaMu BKaXKiTh BJaCTUBOCTI ITiel
dyurii npu a > 0 i mpu a < 0.

IMosexnits mapuicTs GyHKIL y = ax? (a # 0).

4. Sxa simia € rpadikom QyukrIii y = ax? + bx + ¢ (a # 0)? Ak posmireHo
et rpadik mpu a > 0 i npu a < 0? fx 3HaiiTy abcmucy BepinHEU rpadi-
Ka QyHKIIL y = ax? + bx + ¢ (a # 0)? HaseniTs npukaangu rpadikis miel
dyuxuii npu a > 0 i mpu a < 0. 3a rpadikaMm BKaKiTh BJacTUBOCTI ITiel
dyuruii opu a > 0 i mpu a < 0.

I Bnpasun

1°. Tlobygmyiire rpadik pyHKIii:
Dy=3x—-2;2)y=-x+4;3)y=-2;4)y =-5x; 5) y=0; 6) y = 4x.
Yu e cepen nux PyHKIiNA mapHi ado HenapHi? Bigmosias obrpyuTyiiTe.

2%, 3a maeemenumu rpadikamu GyHKIiN y = kx + b (puc. 34) yraxiTs 3Ha-
Kt ki b y KO:XKHOMY BUIAAKY.

Yy y y

/ \\0 x o~ x

i ~N S

Puc. 34
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IToGyayiiTe rpadik GpyHKIi (3—5).

2
1) y=-=;
X

4°. 1)y =—-2x%

5. Dy=x>-6x+T7;
3)y=2x2—-2x+1;
3a maBesenuMu rpadikamMum QyHKIIL y = ax® + bx + ¢ (a # 0) (puc. 35)

6".

3
2) y==;

X

2) y = 3x%

3) y=-=;
X

3) y = —3x%
2)y=—x?+4x + 2;
4) y = —3x% + 6x.

VKaKiTh 83HAaKMU a, b i ¢ y KOXKHOMY BUIIAIKY.

y

A\
[T\

7°. Ha pucyHKy 300paskeHO rpadiky QpyHKIiA
y=vx+3 iy=x— 3 (puc. 36). Yraxirs
MPOMiKOK, HAa AKOMY BUKOHYETHCSA HEPiB-

5
4) y=-.

X

4) y = bx2.

HicTh Vx+3 <x-3.

Lo

Puc. 36

2.3. MNobyposa rpadikiB GpyHKLiK 32 AONOMOror reoMeTPUUHUX
nepeTBopeHb BiAOMUX rpadikiB GyHKLUIN

Tabauima 6
MepetBopeHHs rpadika GpyHKLUIi y = f (x)
’ Dopmysa
Ne 3aJIeKHOCTL Hpurnan IlepeTBOpEHHS
1 2 3

4

1 y=—f(x)

Ox

Cumetpia BimHOCHO oOcCi
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IIpodosicenns mabi. 6

4

y=1(x)

Z{z,\

\

CumeTpia BimHOCHO oOCi
Oy

y=1(x-a)

ITapanenbue nepeHe-
ceHHA rpadira (yHKIIL
y =1 (x) ysmoBx oci Ox
Ha @ OOUHUILb

y=7(x)+c

ITapanenbue mepeHe-
ceHHA rpadira GyHKIIT
y =1 (x) yamoBx oci Oy
Ha ¢ ONUHUID

y = kf (x)
(& > 0)

Poarar abo cruck rpa-
bika QysROii y=f (x)
y3zoB:k oci Oy

(mpu k > 1 poardr,

opu 0 < B < 1 — cTuck)

y =1 (ox)
(o> 0)

PosTar ab6o cTuck rpa-
Gbika Qysrmii y = f (x)
y310B:K oci Ox

(mpu o > 1 — cruck,
mpu 0 < oo < 1 — poarar)
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ITpodosacernns maobn. 6
1 2 3 4

Mi#t oci) rpadgik pyHrIii
v y=|7(x)] y=7(x) — 6es a3minnu,
HU)KUYe oci Ox — cume-
TpiA BigHOCHO oci Ox

Yy
\ y=|2x-1] Bumge oci Ox (i Ha ca-
1

IIpaBopyu Bim oci Oy (i
Ha camiii oci) rpadik
bysrIii y =71 (x) — Ges
3MiHM, i Ta camMa uacTu-
Ha rpadika — cuMmerpisa
BimHOCHO oci Oy

8 | y=7(x)

EE [puvknagn v oGrpyHTYBaHHS

Posrisaemo cmocobu modymoBu rpadikiB (yHKIIN 3a TOIOMOIOI0 Teo-
MEeTPUUYHUX IIePeTBOPEHDb BimomMux rpadikiB GyHKITiH.

1. TIloGymoBa rpadika dyukuii y = —f (x). ITopiBHaemo rpadiru QyHKIiN
y = x?ray = —x? (quB. mepiuii psagox tabua. 6). OueBugHO, 1110 rpadik GyHK-
mii y = —x? moskHa omep:kaTu 3 rpadika QyHKIIT y = x2 cuMeTpUUYHUM Bimo-
OpaskeHHAM Iioro BimHOcHO oci Ox. IlokaskeMmo, 110 3aBXKAM rpadik QyHKINT
y = —f (x) moxxkHa ofep:kaTu 3 rpadika GyHKIIl y = f (x) cuMeTPUUYHUM Bifmo-
OpasKeHHAM BimHocHO oci Ox.
® [liiicHo, 3a o3HaueHHAM rpadik GyHKIII y = f (x) cKJIagaeThcs 3 ycix To-
oK M KOOPAWHATHOI IJIOIINHU, AKi MaoTh KoopauHaTu (x; y) = (x; f (x)).
Toxai rpadik GyHKII y = —f (x) cKIagaeTheda 3 ycix Touok K KOOpAMHAT-
HOI ILJIOIIWHU, AKi MaioTh KoopauHaTtu (x; y) = (x; —f (x)).
Touxku M (x; f (x)) i K (x; —f (x)) poamilieHo Ha KOOPAWHATHIH MIOMTHHL
cuMeTpUYHO BimuHocHO oci Ox (puc. 37). Omke, KoKHA Touka K rpadika
dyHKIIT y = —f (x) OepP:KYyeThCA CUMETPUUHUM BiZOOpakKeHHAM BimHOC-
HO oci Ox meaxoi Touku M rpadika dpyurmii y = f (x). Tomy
I epadir Gynryii y = —f (x) moxucna odepyicamu 3 zpagira Gynryii
y =f (x) lozo cumempuunum 6idodpasxcennam eidnocrno oci Ox. O
ITa BmacTUBiCcTL HO3BOJIAE JIETKO OOTPYHTYBATH MOOYIOBY rpadika QyHK-
mii y = | f (x) |. Maemo:
|f( )| {f(x) upu f(x) > 0 (rpadik He 3MiHIOE THCA);
V=IO () mpm £ (x) < O (cumerpist Bigmocso oci Ox).



8§ 2. OyHkuji 53

2.
[

Yy
y=r1(x)
M
f(x)
0 x x
T @ AN
y=-1(x)
Puc. 37
Or:xe,

y
y=[2x 1
1
o/ x
f-1
y= 2x—1 ,l'
Puc. 38

zpadix gynxuii y =| f (x) | moxce 6ymu nobydosanuii max: wac-
muna zpagira Gynryii y = f (x), aka nemumsv suwe oci Ox (i na
camit oci), 3anuwmaemsvea 6e3 3MiHU, @ MA YACMUHA, AKA LeH UMb
Huscwe oci Ox, 6i0obpaxcyemvbea cumempuino 6i0HOCHO Ui€l oci.

Hanpurinan, Ha pucyHKy 38 i B Tabuuii 6 (pAzoxk cboMuii) 3 BUKOPHUC-
TaHHAM IILOTO IPaBUJIa 300paskeHo rpadik GyHkmii y =| 2x — 1.

Ilo6ynoBa rpadika dyHEUii y = f (—x).

Hnsa nmobymoBu rpadika ¢yHKIil y = f (—x) ypaxyemo, 110 B O3HAUEHHI
rpadika GyHKIII mepira KoopamHAaTa AJA TOUOK Trpadika BUOUPAETH-
cA MoBiBbHO 3 obJsiacTi BusHAUeHHA (QYHKII. SIKIMO BuOpaTy AK mepIy

KoopamHATy (—X), To rpadik (QyHKIi
y = f (—x) crkaamaTuMeThCsa 3 ycixX TO-
yoK T KOOpAMHATHOI MJIOIMUHU 3 KO-
opaunatamu (—x; y)=(—x; [ (x)),
a rpadik ¢ysrIii y = f (x) — 38 ycix
Touok M (x; f (x)).

Touxku M (x; f (x))i T (—x; f (x)) pos-
MiIlleHO Ha KOOPAWHATHIN IJIOIUHI CH-
MeTpUYHO BimHOcHO oci Oy (puc. 39).
Or:xe, Ko)KHaA Touka T Tpadirka QyHK-
il y = f (—X) ogep:KyeThbCA CUMETPUY-
HUM BimobOpasKeHHAM BimHOCHO oci Oy
mesaxkol Touku M rpadika GyHKIIL
y =1 (x). Tomy

y="1(x)

f(x) M

Puc. 39

I epagir @ynryii y =f (—x) moacna odepyrcamu 3 zpagira Qynruyil
y = f (x) iozo cumempuunum idobpaxicennam 8idnocno oci Oy. O
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ITa BracTuBicTh HO3BOJAE JETKO OOTPYHTYBATH MOOYNOBY rpadika GyHK-
nii y = 7 (| x ). Maemo:

y=f(|x|)={

IHakmIe KasKydu, Aj1s Toro 106 orpumaTtu rpadik y = f (| x [) mpu x < 0
(TobTo JiBopyu Bim oci Oy), moTpibHO BimoOpasUTH CHUMETPUUYHO BiTHOCHO
oci Oy Ty uactuHy rpadika ¢yHkIii y = f (x), AKa JEXKUTh IPABOPYY Bin
oci Oy. Takum ynHOM, YyacTuHY rpadika ¢pyukuii y = f (x), sKa poarairoBaHa
JiBopyu Bix oci Oy, ysaraji He BUKOPUCTOBYIOTh ¥ TO0OyA0Bi rpadika pyHKILil
y =1 ( x). Orsxe,

epadix pynkyii y=f( x |) 6ydyroms mak: wacmuny zpadira
dynryii y = f (x), axa nemcums npasopyw 6id oci Oy (i na camii
oci), 3anuwaoms 6e3 3MiHU i came Y0 YacmuHy 6i0006paxcyroms
cumempuuno 6i0nocno oci Oy.

f(x) npu x > 0 (rpacdik He 3MiHIOE THCS);

f(—x) mpu x < 0 (cumeTpia BigHOCHO Oci Oy).

Hanpuknan, sa pucynky 40 ta B Taba. 6
(PAKOK BOCHMUIT) 3 BUKOPUCTAHHAM IILOTO IIpa-
BuJIa 300pakeHo rpadik Gyakniiy = 2| x| — 1.

3. IloGymoBa rpadika dyskunii y = f (x — a).
® [lys Toro o6 mobyayBaTu rpadik QyHKITIT 0
y =1 (x — a), BubepeMo fAK IepPIIy KOOP-
InHaTy Touku N 1boro rpadika 3sHaueHHA \
x + a. Toxi rpadik dyurnii y =7 (x — a) ;
CKIazaeThea 38 yeix Touok N koopaumar- Y =2x— 1/
HOI IJIOIIUHY 3 KOOPAMHATAMHU (X + a; y) = /
=(x+a f(x+ta—-a)=(x+ a f(x), !
a rpadik QyHKIil y =f (x) — 8 ycix ToO-
yox M (x; f (x)).
Sxio Touka M mae koopauHaTu (X; ), a Touka N — KoopauHatu (x + a; y),
TO IEPETBOPEHHS TOUOK (X; y) = (x + a; y) — Iie nmapajejbHe IePEeHEeCeHH T

y=2|x|-1

|
|
\
D[
®

Puc. 40

Toukr M ysmoek oci Ox Ha @ oguHHIb (TOOTO HA BEKTOD (cﬂ)))

Ockinbku KOKHY TOuky N rpadira ¢GyHKIIl y =1 (X — a) oZep:KyoTh
mapajeJbHUM IIepeHeceHHAM neAKol Touku M rpadika GyHKIE y = f (x)
y3moB:k oci Ox Ha a ommHUIL (puc. 41), To
2pagirx pyukuii y = f (x — a) moxucHa odeprcamu napanenvbHum ne-
penecennam zpagira pynryii y = f (x) y3doex oci Ox na a odu-
Huysb. O
Hanpukaazn, y TpeTboMy pAAKY Tabauii 6 3o0paxkeHo rpadix pyHrIii
y = (x — 2)? (BUKOHAHO TapaJiesibHe IepeHeceHHs rpadika y = x% va +2 onu-
HUIi B37oBXK oci Ox) rta rpadik dyHKIL y = (x + 3)? (BUKOHAHO mapajiesbHe
nepenecenHsa rpadika y = x? Ha —3 oguHUI B3m0BK oci Ox).



8§ 2. OyHkuji 55

y N y
’Q /
N & A
J Y. f(x)+b y=rf(x)+b
> D
M N
f(x) > f(x) M y="1(x)
0 x x+a X 0 x x
Puc. 41 Puc. 42

4. TIlo6ymoBa rpadika dpyskuii y =f (x) + b.

® Tpadik dysknii y = f (x) + b ckIamaeTbess 3 ycix TOUOK A KOOPAMHAT-
HOI momuHu 3 KoopauHatamu (x; y) = (x; f (x) + b), a rpadirk pysKIil
y =T (x) — 8 ycix Touor M (x; f (x)).
Augne axmio Touka M mae xoopamHaTé (X; Y), 2 TOuKa A — KOOpAUHATH
(x; y + b), To mepeTBOPeHH: TOUOK (x; ) — (x; y + b) — Iie mapasesbHe mepe-

HeceHHA Touku M ysmoB:k oci Oy Ha b omuHUIE (TOOGTO HA BEKTOD (0; b))

Ockinbku KOKHa ToOukKa A rpadika QyHKIil y = f (x) + b omep:ryeTbcsa
napajeJbHUM IlepeHeceHHAM Aesakoi Touku M rpadika GysKIii y = f (x)
yszmoBix oci Oy Ha b ogmHUIs (puc. 42), To
I epagir pynryiiy = f (x) + b moscna odepyicamu napanenvhum nepe-
HeceHHAM zpapika pynryily = f (x) y3does oci Oy na b odunuys. O
Hampuknan, y ueTBepTOMYy PAAKY Tabauili 6 3o0pakeno rpadik GyHKITil
y = x> + 2 (BUKOHAHO MapaJjieibHe IepeHeceHHs rpadika Qyuriii y = x% Ha
+2 oguuurni B3goB:x oci Oy) ta rpadik Gyurmii y = x2 — 1 (BuKoHaHO mapa-
JieJqbHe mepeHecenHd rpadika GyHKIl y = x2 ma —1 ysmosix oci Oy).

5. IloGymoBa rpadika dyHKUii y = kf (x).
® TIpadik dpyukuii y = kf (x) (B > 0) ckia- y
maeTbea 3 ycix Touok B (x; Ef (x)),
a rpadik QpyuKIii y = f (x) — 3 ycix To-
uox M (x; f (x)) (puc. 43).
HasBemo  nepemeopennam  pozmszy

kf (x) B <

=z

830082c oci Oy 3 koegiuienmom k (me =
k > 0) Taxke meperBopeHHsa ¢irypu F, 1) / M SN 7
npu AKOMY KO’KHa 11 Touka (x; y) mepe- /@

XOOUTH V TOUKY (X; Ry). 0 x pe
IlepeTBOpeHHST PO3TATY B3I0BK oci Oy 7

3aja0Th opmynaamu: x' = x; Yy = ky. Ii Puc. 43
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y dopmysiu BUpaxkamTh KoopauHaTtu (x'; y') ToU-

Ku M', y Ky nepexoauTb Touka M (x; y) npu

77— o M' (x';Yy") IIepeTBOPEHHI po3TATY B3A0BK oci Oy (puc. 44).
A

IIpu mpoMy BinOyBaeThCA PO3TATYBAHHS Bif-
piska AM y k pasiB, i B pesyabrari Touka M
mepexoauTh y Touky M. (3ayBaskumo, 110 iHo-
y M (x; y) Ii BKasaHe IepeTBOpeHHA Trpadixka GyHKIT
y = f (x) HasWBaOTh pPO3MSA2OM TIIBKU npU

o>

A k> 1,amnpu 0 < k < 1 ifioro Ha3UBaIOTL CMUC-
0 x x 1
Kom y30oex oci Oy y m pasiB.)
Puc. 44 Ax 6aunmo, KoxkHa Touka B rpadika pyHKIii

Yy = kf (x) omep:kyeThca 3 TouKu M mepeTBO-
pPeHHAM po3TAry B3moB:K oci Oy. Ilpu npomy 3aranbHa dopma rpadika He
3MIiHIOETBCA: BiH PO3TATYETHCA ab0 CTUCKAEThCSA B3M0BK oci Oy. Hampu-
KJaj, AKIo rpadpikom ¢ysKIii y = f (x) 6ysna mapabosia, To micjas pos-
TATYBaHHA a00 CTUCKYBaHHA rpadik sanuiiaeTbcs nmapabosoo. Tomy

epadix pynryii y = kf (x) (k > 0) odepacyemuvca 3 zpagira Qpynk-
yil y = f (x) tozo posmsazyeanuam (npu k > 1 poamaz y k pasis)

a6o cmuckyeéannam (npu 0 <k <1 cmuck y % pa3ie) y3006x#

oci Oy. O

IIo6ynmoBa rpadika dyHruii y = f (ax).

s mobymosu rpadika Gyl y = f (ax) (o > 0) Bubepemo AK mepIry

KoopauHary Touxku C 1poro rpadika sHavenns . Toxi rpadik GyHKIiT
o

y =1 (ox) craagatumerbcsa 3 ycix Touok C 3 KOOpAUHATAMU

(g;y)=(§;f((lg))=(§;f(x)), a rpadik ysKmii y = f (x) — 3 ycix To-

ok M (x; f (x)) (puc. 45).

Hassemo nepemeopenuam pozmazy 63008xuc oci Ox 3 Koepiyicumom o (me

o > 0) Tarke nmeperBopeHHA (Qirypu F, mpu axomy KoKHa ii Touka (x; y)

IepexXonuTh y TOUKY (aX; Y).

ITepeTBOopenHS PO3TATY B3AOBK oci Ox 3amaeThbcsa opMyaaMu: X' = O0X;

y =y. i dopmynu BupaxarwTb KooppuHatu (x'; y') Touku M’, y aKy

nepexonuTh Touka M (x; y) Ipu mepeTBOPEHHI PO3TATY B3MOBXK oci Ox

(puc. 46). ITpu 1mbomMy mepeTBOPEHHI Bif0yBaeThCA PO3TATYBAHHA Biapis-

Ka BM B o pasiB, i B pedyabrari Touka M mepexomuTb y TOUKy M.

(3ayBaskmuMoO, II0 iHOAI BKasaHe IIEPETBOPEHHSA HA3UBAIOTH PO3TATOM

1 . . .
(y = pasiB) Timbku npu 0 < o < 1, a ipu o > 1 #0oro Ha3UBAIOTh CMUC-
o
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Kom ysdosxu oci Ox (y o pasiB). Ax Gaummo, Ko:kHa Touka C rpadika
dbyukIii y = f (ax) omep:kyeThess 3 Touku M rpadika GyHKIil y = f (x)
IIePeTBOPEHHAM pO3TATY B3HOBXK oci Ox (upu 1boMy sarajbHa Gopma
rpacgika He smiHIOETHCA). Tomy

epagir ¢pynkuii y =f (ax) (o > 0) odepracyemovea 3 epagixa GyHk-
yil y = f (x) ozo posmazyeannam (npu 0 < o < 1 posmsaz 6 1 pa-
o

3i6) abo cmuckyseannam (npu o > 1 cmuck 6 o pa3ig) y30086ic

oci Ox. O
Y Yy
M (x5 y) M (x5 y)
&\\ Y B
-
g %
N C M
N
I [f(x)
> 0 x ax X
VAR B O I N
Puc. 45 Puc. 46
H [lpuknaaun po3B’a3aHHS 3aBAaHb
IIpurxamx 1 IIoOynyiiTe rpadik GyHKOil y= 1 5
X+
Pose’a3annsa Komenmap

Mu mosxkemo moOymyBaTu rpadik

> Y

dbysrmii y=f(x)= 1 Toni rpadik
X

bymrnii y=——=f(x+3)=f(x-(-3))
x+3

0 X MOXKHA OJePiKaTH MapajeIlbHUM IIepe-

HeceHHAM rpadika ¢yHKIii y =1 (x)

y3moB:k oci Ox ma —3 omumHUI (TOOGTO

BJIiBO).
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Ipukaag 2

Io6ynyiiTe rpadik Gyrknii y = —| 2x — 2 |.

Poszé’asannsa

P IlocrigosHO 6ymyemo rpadikm:

1.

P Banmmemo

y=2x—2

IIpuxkaanx 3°

8

<

Komenmap

CkJiazeMoO IIJIaH IIOCJiZJOBHOI IIO-

OymoBu rpadika sagaHol QpyHKIIII.

1.

Mu wmo:xemo mobymyBaTu rpadir
dbyuruii y =7 (x) =2x — 2 (upsa-
Ma).

ITorim w™moskHa moOOyayBaTu TIpa-
bik pyrRIiiy = @ (x) = | 2x — 2| =
=| f(x) | (Bume oci Ox rpadix
dyHKIiI y=2x-2 B3ajumiaeTbca
0e3 smiHM, a uvacTuHa rpadika,
posTarioBana HumK4Ye oci Ox, Bimo-
OpasKaeThbCcAa CUMETPUYHO BiJHOCHO
oci Ox).

ITicnsg 1mbOrO MOXKHA IOOYIyBaTU

rpadik pyHKIl
y=—1[2x-2|=-¢ (x)

(cumerpia rpadika GyHKIIT

Yy = ¢ (x) BigHOCHO Oci Ox).

[o6yxyiiTe rpadik Gynrmii y=44—|x]|.

Po3eé’a3anuasa

GyHKITII Tak:

y=yd-z[=y~(x|-4).

ITocaigoBHO Gymyemo rpadikm:

2.

piBHAHHA

y=z

y

3amaHol

0

|
y
0

X

Komenmap

CkyazeMo ILTaH IIOCIiZOBHOI IIO-

oynoBu rpadika 3agamoi pyHKIii. daa
TOrO II[00 MOKHA OYJI0O CKOPUCTATUCS
TepeTBOpeHHAMU TpadiKiB, HaBemeHU-
MU B Tabauii 4, migKopeHeBUil BUpPAas
GyHKIIT 3anuieMo Tak:

y=y-(lx|-4).

Mu mosxkemo mobymyBaTu rpadir
dbyurmii y=Ff(x)= Jx.
ITorim Mo:kHaA mOOyayBaTU Tpadik

dymKmii y=g(x)=v—x =f(-x)

(cumerpisa rpadika pysakii f (x) Big-
HOocHO oci Oy).
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_ 3. Ilicna mporo MoKHa TOOYyZyBaTH
3. = -(x-4
v ( ) rpadik pyHKII

! y=9@=\x-9=gx-4)
2 (mapaJjienbHe TepeHeceHHs rpadi-
Ka ¢yHKIii g (x) y3moBx oci Ox

0| 4 x Ha 4 OSUHUIL).

4. y= _(| x|—4) 4. Tlorim y:Ke MOMKHa IO0yIyBaTU
rpadik 3amaHol QPYyHKILiT

y2 y=y-(lx[-4)=0(x|)=4-| x|
(mpaBopyu Binx oci Oy BixmoBizHA
yacTuHa rpadika QyHKIIT y = ¢ (x)
3aJInIlacThCa 0e3 3MiHM, 1 Ta caMa

YacTUHA BigoOOpaKyeTbCA CHUMe-
TPUYHO BifmHOCHO oci Oy).

E 3anuTaHHS A KOHTPONIo

1. Ha mpurnagax mosAcHiTH, K MoxHA 3 rpadika QyeKII y = f (x) ozep-
sxkaTu rpadik GyHKIiL:

1)y =—f (x); 2)y=1(—x); y=1(x—a)
HYy=7f(x)+c 5) y=kf(x), e k>0; 6)y=7f(ax), ne a > 0;
Ny=[f&]; 8)y="r(x])

2%, OGr'pyHTYIiTe TeOMEeTPUYHI IePEeTBOPEHHs, 3a JOIIOMOTOI0 AKMUX i3 rpadika
dbyurmii y = f (x) MoxkHa omep:katu rpadiku BKasaHUX BUINe (DYHKITIH.

I Bnpasun
ITobynytiTe rpadiku QyHKIIiH Ta BigmoBigHocTeit (1-7):
1. Dy=|x-5 2y=[x[-5 3 y=|x[-5] 49 Jy|=x-5.
y=x*-9 2y=|x*-9 3)y=[x*-9; 4 Jyl==x* - 9.
3. Ny=@+1% 2)y=(x[+1)3
3)y=(x+1)-3; 4)y=|(x+ 1) - 3|
£ Dy=2y wy-l Ll v ) lyl=25.

5. 1) y=-2 2) y=3-2;  3) y=-" 1) y=

x-1

_2
|«]
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6. 1) y=vx-3; 2)y=Vx-3 3) y=ylx|-3; 4) y=|Vx -3
59 y=|Jlx|-3|; 6) |y|=vx=3; 7) |y|=vx-3.

7. 1) y=—x; 2) y=—Vr+4; 3) y=—[x|; 4 y=—Jx—1.

8. ®yukuia y = f (x) sagana ma npomikky [0; 12] i mae rpadik, sobpake-
HU# Ha pucyHky 47. ITo6ynyiiTe rpadiku GyHKIiH (Ta BigmoBigHOCTEH
9°110%:
) y=—f(x) y=7Cx); dDy=If@ Dy=Ff(x|);

Syy=2/ (% )y=f@w; T y=ife  8) y=f(lx)
9yl =f ()  109Jgl=7(lx]).
Y y

b

A
k3

Do

g\10/ 12 | « -14 -6 0| x

[\

N 4

Puc. 47 Puc. 48

9. Buxkomnaiite 3aBgaHHa BupaBu 8 qusa QyHKIIT y = f (x), 3amgaHol Ha mpo-
Miskky [—14; 0], rpadik axoi 300parkeHO Ha PUCYHKY 48.

2.4. O6epHeHa ¢yHKUiA
Tabaumsa 7

1. MoHATTA 06epHEHOT GYHKLT

Axmo dysrnia y = f (x) HabyBae KOKHOTO CBOro 3Ha4eHHS B €QUHIN Toumi Ii
o0Jacri BU3HaYeHHHd, TO MOKHa 3aAaTH (QyHKIiI0 y = g (x), Axa Ha3HUBAETHCA
obepuenoro 0o gynruyii y = f (x):

f 1151 KoskHoro a € D (f),

~~ axmo f (@) = b, o g (b) = a

O D

S~ E({) =D ();D()=E (2

g

Dynruii f (x) i g (x) 83aemHO 0bepHeHi
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IIpodosicenns mabn. 7

2. BaactuocTi 06epHeHOoi GyHKLIT

1) TI'padiku npamoi Ta o00epHEHOL
byHKLilT cuMeTpuyHi BigHOCHO
npaMoi y = x

2) SAxmo dynkuia f (x) 3pocrae (cma-
[Ia€) Ha JeTKOMY IPOMIiSKKY, TO BOHA
Ma€e o0epHeHY (PYHKIIiI0 HAa IILOMY
IIPOMIKKY, KA 3pocTae€, AKIO f (x)
3pocrtae, i cmagae, akmo f (x) cma-

mae

3. MpakTUuHKI cnocib 3HAXOAKEHHS GOPMYAU YHKLLT,
06epHeHoi A0 dYHKLIT y = f (x)

Asroputm

ITpurnan

3’acyBatu, uu Oyme (QYHKIid
y =[ (x) oGopoTHOIO Ha BCiil 06xac-
Ti BUBHAYEHHS: [[JIS I[bOTO JOCTAT-
HbO 3’sdCyBaTH, YU Ma€ PiBHAHHS
Yy = f (x) eguHU KOPiHb BiTHOCHO
3MiHHOI X.

AK1ro Hi, TO BUAIINTH (AKIITO MOMK-
JINBO) MPOMIKOK, e icHye oGepHe-
Ha (PyHKIig (HaIpUKJIAL, IIe MOXKe
OyTH TOPOMIKOK, [HOe (yHKIa
y = (x) 3pocrae abo cmagae).

3 piBHocTi ¥y =f (x) BUpasuTm x
yepes y.

B ogpep:kaniii dopmyai BBecTHu
TPpagUIiiiHi MO3HAYEeHHS — apry-
MEHT MO3HAYUTH 4Yepe3 X, a (PyHK-
miro — yepes y.

3HalgiTh (QyHKIi0, 06epHEHY IO
dyurIii y = 2x + 4.
P 3 piBmocTi y = 2x + 4 MOKHA Of-
HO3HAUHO BUPA3UTHU X Yepes J:

1
=12,
X Zy

IIa dopmyna 3amae obOepHEHY
(QYHKIIiIIO, ajJle B Hili apryMeHT II03Ha-
YeHO uepes Y, a PYHKI[it0 — uepes X.

Ilosmaummo B opmep:kaHili Gopmy-
JIi apryMeHT uepes X, a PYHKI[iI0 — ue-
pes y.

Maemo (QyHKITiIO y=%x—2, obep-

HeHy g0 GyHKNii y = 2x + 4. <
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Il [osicHeHHs 1 OOr'PpYHTYBaHHS

1. Ilonarra obdepHeHoi ¢yHkuii. Bimomo, 1110 3ajeKHiCcTh HMIIAXY Big yacy
IJIs1 Tija, sike PYXA€ThCs PIBHOMIPHO 3 IOCTifHOIO IIBUAKICTIO U, BUpaKa-
eTbes Gopmyoo S = v t. 3 miei Gpopmysu MOMKHA 3HAWTH OOGEPHEHY 3aJIeikK-
HiCTh — Yacy BiJf IPOIIEHOr0 MLIAXY t:vﬁ. DyukIio t(S) =v§ Ha3MBAIOTH
0 0

obeprenoio 0o pynkyii S (t) = v t. 3a3HAUMMO, 1110 B POSTJIAHYTOMY IIPUKJIaLL
KOXKHOMY 3HaueHHIO t (f = 0) BimnoBinae equne 3HaueHHA S i, HABOAKU, KOXK-
HoMy 3HaueHHIO S (S = 0) BigmoBimae equHe 3HaAUEHHA t.

Poasriarmemo mporenypy oiep:kaHHS obepHeHOI (PYHKIIII B 3araJbHOMY
BUTJISAI].

Hexait ¢pyukiis f (x) HabyBae KOKHOrO CBOTO 3HAYEHHS B €IUHINA TOUIIL
ii obsacti BuBHaueHHsA (Taka (PYHKIIA HasuBaeThbcAa obopommuor). Tomi mia
KOXXHOTO umucaa y, = b (3 obsacti sHauenb dyHKHii f (x)) icHye enune 3Ha-
YeHHA X, = a, TaKe, IO f (a) = b. PosrinsHemo HOBY (QyHKIIiI0 g (x), AKa
KO:KHOMY umcyy b 3 obaacri sHauens GyHKIIT f (x) cTaBuTh y BiAmoOBiAHiCTH
qucao a, Tooto g (b) = a nua KokHOro b 3 obnacti sHaueHb QyHKIL [ (x).
Y npomy Bunaaky GyHKISA g (¥) HasuBaeThCsa obepHeHOo n0 GyHKIT f (x),
a @yuknisa f (x) — obepHeHow 10 GyHKIIIT g (x).

3 o3HaUeHHs o0epHeHOoI (PYHKIIII BUILINBAaE, 1110 00JIACTh 3HAUEHDb MPAMOI
dyuxkiii E (f) € obsmacTio BusHaueHusa obepuenoi pyukiii D (g), a ob6aacTs BU-
saHauenusa npamoi GyukIiii D (f) e obaacTtio 3HaueHb o0epHeHoI GyHKIIT E (g).

Oroxe,

E({=D(g,D{=E(@g.
2. BmacruBocti 00epHEHOI (PyHKITIT
I Bnacmuseicmo 1. I'pagixu npamoi i o6eprenoi pynkyii cumempuy-
Hi 6i0HOCHO NpaAmMOL y = X.
® VYpaxoByoum HaBeleHY BUIIe MPOIeAypPYy MoOymoBu (PpyHKIIiI, obepHEHOT
no @yHKIil y = f (x), maemo: AKIo f (a) = b, To 3a o3HaUeHHAM rpadika

dyHuKIii Touka M 3 KoopauHatamu (a; b)

HaIeKuTh rpadiky ¢yeRIii y = f (x). y

Amnajoriumo, ockinekum g (b)=a, TO

Touka M, 3 KoopauHaramu (b; a) Hame-

KUTh rpadiky GyHKRIIl y = g (x). Touku

M (a; b) i M, (b; a) posmimieni Ha Koop-

OIUHATHIA IJIOMMHI CMMETPUYHO BigHOC-

HO mpamoi y = x (puc. 49).

HificHo, mpamMa y = x € Biccio cuMeTpil

cucremu KoopaumHat. OTike, mpu cume-

Tpii BimHOCHO mpsAMOi y = x Bick Ox Bizmo-

Opakaerhes Ha Bick Oy, a Bich Oy — Ha Puc. 49
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3.

Bice Ox. Tomi (mampukiman, npu a > 0 i b > 0) npamoryruux OAMD
i3 cropoHamu OA = a i OD = b Ha ocAX KOOpPAMHAT BimoOpaskaeThbCcs Ha
npAMOKYTHUK OA M D, i3 cTOpoHaMu Ha OCAX KOODAWHAT, y SKOTO
OA =0A = a i OD, = OD = b. Takum 4yuHOM, NPU CHMeTPil BimHOC-
HO mpAMOi y = x Touka M (a; b) BimoGpaxkaeTsca B Tourky M, (b; a)
(a Toura M, — y Touxky M). Orike, Ipu cUMeTPil BifHOCHO MpaAMOi y = X
Ooynb-sika Touka M (a; b), mio HameKuTh rpadiky pyukriii y = f (x), mae
BixmoBigHy Touky M, (b; a), AKa HanexuTh Tpadiry QyHKUii y = g (x),
a Oyab-aka Touka M, (b; a), o HaJeKuTh rpadiky QyHKIL y = g (x), Mae
BigmoBizmHy TouKy M (a; b), Aka HamexkuTth rpadiky GyHKIil y = f (x).
Orpumyemo, 1110 rpad)iky B3aeMHO 00epHEeHUX (PYHKIIiNI CUMeTPUYHI Bif-
HocHO mpaAmMoi y = x. O

Bracmusicmo 2. Axuo gyunkyia f (x) sapocmae (cnadae) na deaxo-
MY NpPOMiHCKY, MmO 60HA ma€e obepHeHYy (QYHKUII0O HA YbOoMYy NPO-
mincky, aka 3pocmae, axuwo f (x) 3pocmae, i cnadae, axwo f (x)
cnadae.

Hiticuo, akmio GyHKIisA f (x) 3pocrae (cuazae) HA JeAKOMY IPOMIMKKY,
TO 3a BJIaCTUBiCTIO 3pocTaruoi (crmamHoi) (GyHKIIl KOKHOTO CBOTO 3HA-
YeHHs BOHA HaOyBa€ B €QUHII TOUIl 3 I[LOTO MPOMLKKY (AuB. mpuKaaz 6
mo nyuHkTy 2.1), oTsKe, BOHA Mae ob0epHeHy (PyHKIIiio g (X) HAa IIbOMY HPO-
Miskky. OGrpyHTyBaTH, 1110 QPyHKIiA g (x) 3pocTae, AKIo f (x) 3spocrae,
MOKHA METOJOM BiJl CYIIPOTHUBHOTIO.

Hexaii uucia a, i a, BXogaTs g0 obaacti BusHaueHHA GYHKNIL f (x) i

a,>a,. (1)
IMosmauumo f (a,)=b,, f(a,) =b,. fAxmo dysrmia f (x) spocrae, TO
f(a,) > f (a,), T06TO b, > b,. 3a O3HAUEHHAM ObGepHeHOI QYHKIii g (x)
uncia b, i b, BxonaTs mo ii ob6nacTi BUsHAUEHHA i
g)=a,g®,)=a, (2)
Ao mpunyctuTH, 10 QYHKIIA g (X) He € 3pocTalnyoio, TO 3 HEPiBHOCTI
b, > b, He MoxKe BUILIMBATUA HepiBHICTE g (b,) > g (b)) (iHaKme QyHKIiA
g (x) Oyme 3pocTarou0i0), OTHKe, MOXKe BUKOHYBATHUCA TiJIbKM HEPiBHICTH
g (b)) < g (b)). Ane Toni 3a Qpopmynamu (2) ogepKyeMO a, < a,, 110 Cy-
nepeunTb yMoBi (1). OT:Ke, Hallle IPUITYIIIeHHS HeIIPpaBUJIbHE, i QyHKIIiA
g (x) s3pocrae, aximo f (x) spocrae.

Amnanoriuuo o0I'PyHTOBYETBCS, 1[0 Y BUIAAKY, Koau (QyHKIA f (x) coa-
Iae, obepHena mo Hel QyHKIiA g (x) Tex crmagae. O

IIpakTuuHMii cmocid 3HaxomskeHHs (opmynau QyHKIiI, o6epHEHOI IO

dynruil y = f (x). 3 osHauenHa obepHeHOI (PyHKII] BUnIMBaE, 110 AT OTPU-
MaHHS 00epHEHOI 3aJIeKHOCTI He0OXiHO 3HATH, AK 3HAUEHHS X BUPAIKAETHCA
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uepes 3HaueHHs y. [le Mo:KHa 3po0uTH, Po3B’sas3aBiiu piBHAHHA y = f (x) Bia-
HOcHO 3MiHHOI Xx. fAKIMo 3amaHa (GyHKIiS 000pPOTHA, TO PiBHAHHSA MaTHUMe
e€IMHUI PO3B’A30K IJIA BCiX y 3 00sacTi sHaueHb GyHKIII f (x), 1 Mu ogep:ku-
Mo dopmyay x = g (y), AKa 3azmae o0epHeHy (GyHKIIiT0. AJse B 11iti hopmyti ap-
TYMEHT IIO3HAUeHO uepes Y, a GyHKIiI0o — uepes3 x. FKIMO moMiHATHU MTO3HA-
YeHHS HaA TPaSUIlifiHi, TO ofepKuMO 3ammc (PyHKI[iI, o0epHeHOI 10 PyHKIII

y=T1(x).

IIi mipkyBaHHA pasoM i3 BiAMOBiZHWMM aJaropUTMOM HaBeIeHO B Ta0JIU-
mi 7 i 3pearisoBaHO B HACTYNMHUX IIPUKJAIaX.

HE [lpuknagwv po3B’'s3yBaHHS 3aBAaHb

purkaang 1

Poszs’asanna
P O6sacTts BusHaueHHA: x # 1. Toxi
. . 1
3 piBHOCTI y=—— MaeMmo
x-1
y+1
Yy

Ilosrauaemo aprymeHT duepes X,
a (yHKIiIO — dYepe3 Yy 1 OJep:KyeMO

xy—y=1l,xy=y+1, x=

. x+1
dbyHKIi0O y=——, 00epHEHy 10 3aja-
X

HOi. <

IIpurkaag 2

Poszg’szanns
> 3 pienocri y = x% npu y > 0 oxep-
JKYEMO X =J_r\/§. Toai mpu y > 0 oxHoO-
My B3HAUeHHIO U BiAmoBizaioTh [Ba
sHaueHHa x. OT)Ke, Ha Bcili o6GJacri
BUBHAUEHHA X € (—oo; +oo) (QYHKIIiA
y = x2 He € 00OPOTHOW0, i st Hel He-
MOJKJIMBO 3HAUTH 00epHEHY (QYHKIIifO.

<

3HanmiTh QYHKIIiI0, 00epHeHY M0 (GYHKILIT yzL.

x-1
Komenmap
Ha Bciiti o0OmacTi Bu3HAUEHHS

(x # 1) Bagama GYyHKIiA 000pOTHA,
. . 1

OCKLJIBbKH 3 PIBHAHHA y:_l MOMXHa
x—

OOHO3HAYHO Bupasutu x yepes y (y = 0
Ha objsracTi 3HAUYEeHb 3aMaHOI PYHKITIT).

y+1

Opep:xana (Qopmynra x= 3ajae

obepHeHY (YHKIIiIO, ajle B Hi#l apry-
MEHT II03HAYeHO dYepe3 Yy, a QyHK-
Mito — yepes X. SMiHIOIOUM ITO3HAYECHHSA
Ha TPagUIiliHi, ONEP)KYyeEMO KiHIIeBUI
pesyJbTar.

SHaaiTe QyHKIi0, 06epHEeHY M0 QYHKIII y = x2.

Komenmap

O6sacTh 3HaUeHb 3aJaHOl (PYHK-
mii: y =2 0. Ane npu y > 0 3 piBHOCTI
Yy = x? He MOKHAa OJHO3HAYHO BUPA3U-
™1 x 4yepeld y. Hampukriaazx, npu y = 4
omep:KyemMo x = 2. Yepes 1e Mu He
MOYKeMO 3HAUeHHIO Yy = 4 TIOCTaBUTHU
y BiATIOBiZHICTS €nMHEe UMCIIO0, 11100 I10-
oyayBaTu o6epHEHY (PYHKILiIO.
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IIpukaan 3
Pos36’sa3annsa
> 3 pisnocri y = x% mpu y > 0 ogxep-
JKYEMO x=i\/;. YpaxoByiouu, 10 3a
ymoBoio x = 0, maemo xz\/;.

IlosHaumMoO aprymMeHT uepe3 X,
a (QYHKII0O — yeped Yy i omep:kumo,
110 PyHKIIi€t0, 06epHEHOI0 10 (PYHKILiT
Yy = x%, axa sajmana Tiapku npu x > 0,
Oyzme QyHKIA y= Jx. <

3ayBakeHHsd. Y OIpukIazax 2 i 3 mu dax- y
TUYHO PO3TJISAAEMO PisHi QYHKIII (BOHHM MaoOTh
pisHi obyiacTi BusHaueHHs), X0ua B 000X BHHOA/I-

Kax i ()yHKIIiI 3amaroThcsa OOHI€IO I Ti€l0 caMoro
dopmynoro. Ak Bimomo, rpadikom GyHKIIT y = x2
(mpukgan 2) e mapabosia, a rpadikom QyHKIil
y=x% nmpu x > 0 (upukyaazn 3) € TiIbKU mpaBa

BiTKa 11iei mapabosu (puc. 50).

Ell 3anuTaHHS gns KOHTPOJo

HeHy (PYHKI[i0?

y = [ (x), aKa 3amaHa TabIUIEIO:

BHaliaiTe QyHKIi0, 06epHEeHy a0 QYHKIl y = x% npu x > 0.

Komenmap

MHuoxuHa 3HaYeHb 3a4aHOI (PYHK-
uii: y = 0. IIpu x > 0 3agana QyHKIisA
y = x% 3pocrae, OT:Ke, Ha IPOMIKKY
x > 0 BoHA Mae obepHeHY (PYHKIIiiO.
Tomy Ha IIbOMY HPOMIKKY DiBHAHHSA
x? =y MU 3MOKEMO OJHO3HAUYHO PO3-
B’szatu: ipu x = 0 maemo x=\/§.

IIa dopmysna Bsamae obepHEHY
dyHKIIiT0, aje B Hili apryMeHT IIO3HA-
YeHO uepes Y, a QYHKI[I0O — uepes X.
3aMiHIOOUM ITO3HAUEHHS HA TPaanITiii-
Hi, 0epP:KYyEMO KiHIeBUII Pe3yabTarT.

Puc. 50

1. 3a axoi ymoBu 1ia 3aganoi GyHKIil y = f (x) MmokHA mOoGyAyBaTH 06€D-

2. TlosicuiTh mobOymoBy rpadixka obepHeHol (GyHKIII Ha mpuKJIami QyHKIII

x 0

2

4 6

f(x) 1

3

5 7

3anaiiTe obepHEHY QYHKIIiIIO iy = g (x) 3a

JOIIOMOT'OI0 TabOJIMITi:

X

g (x)
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3. Sk posmimreno rpadixku mpamoi i obepHeHOI QYHKIIIHA, AKIINO IX M00yI0-
BaHO B ofHill cucremi Koopauuat? IlpoimiocTpyiiTe BiamoBimHy BJacTu-
BicTh rpadikis Ha mpuKJIaIi.

4. OOr'pyHTyliTe B3acMHe po3MilleHHA rpadikiB mpAaMoiiobepHeHOI PYHKITIH.

5. Yy icHye dyHKIia, obepHeHa H0 DyHKIII y = x2, ne x < 0? IToscHITE 1e,
CIIMPAIOUNCh Ha BiAMOBiAHI BaacTuBOCTi o6epHeHOl pyHKIiI. AKIITO 00ep-
HeHa (PyHKIIig icHye, To BazaiiTe ii hopmysioio Buny y = g (x).

I Bnpasu

1. 3Banumrits popmynry, AKa 3amae QyHKIi0 y = g (x), 00epHEeHY 10 3aJaHOI.
YraxiTe obsacTh BUBHAUEHHA i MHOKUHY 3HaUeHb PyHKITIT g (x):

1y=3x-6; 2)y=-3x—-6; 3) y:%; 4) y:_i; 5) y:\/;_

2. Ha ogmomy pucyuky moOyayiitTe rpadik mamol QyHKIII i pyHKIIii, 00ep-
HeHOI o JaHoi:
Vy=2x  2)y=x-2 3 y=—3 4)y=—" 5) y=Ja+L
X X —
3. 3malimiTe QyHKI[iI0, 00epHEHY [0 JAaHOI Ha 3aJaHOMYy HPOMIiKKY, i mo0y-
Iy#ATe Ha OJHOMY PUCYHKY rpadik manoi ¢yHKIl i pyHKIii, obepHeHOI

IO Hei:
1) y=ix2 npu x > 0; 2) y=ix2 npu x < 0;
3)y=(x— 22 upu x > 2; 4)y=x%—- 2 upu x < 0.

§ 3 PIBHAHHA

3.1. PiBHAHHA-HACAIAKM Ta PiIBHOCUABHI NEPEeTBOPEHHSA PiBHAHDb

Tabaumsa 8
1. NMoHATTA PiBHAHHA Ta MOrO KOPEHIB
OszHaueHHs IIpuxaan
PisHicmb 3i 3MiHHOW Ha3usacemo- | 2x = —1 — JnimiliHe piBHAHHS;

cs pi6HAHHAM. Y 3araJIbHOMY BUTJIALL
piBHAHHA 3 oxHiero sMiHHOI X samu- | x2 — 3x + 2 = 0 — KBagpaTHe

cyoTh Tak: f (x) = g (x). piBHAHHS;

Ilig ©¥M KOPOTKUM 3amucoM DPO- | \/x+2=x — ippamionambHe
3yMiIOTh MATeMATUYHUN 3amuC 3a7adi piBHSEHS (MicTHT
PO 3HAXOMKEHHS 3HAUeHb apryMeH- 3MiHHY T 3HAKOM
Ty, TIPU AKUX 3HAUYEHHA ABOX MAHUX KOpeHs)

¢dyHKIiN piBHI
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IIpodosicenns mabn. 8

Kopenem (abo pO3B’A3KOM) pis-
HAHHSA 3 OOHiIE€IO 3MIiHHOI HA3WBAETBHCS
3HAUEHHA 3MiHHOI, AKe NepeTBOPIOE
Ile PiBHAHHA Ha IPaBUJbHY DiBHICTH.

Po3B’a3aTi piBHAHHA — 0O3HAYAE
3HAWTH BCi Hioro KopeHi abo momecTH,
o IX Hemae

X = 2 — KOpiHb pPiBHAHHA VJx+2 =X,
OCKiJIBKU TIPpHU X = 2 OJEepP:KyeMO Ipa-
BUJIbHY DiBHiCTB: Ja =2, To0TO 2 = 2

2. 06AacTb AONYCTH

MKX 3HaueHb (OA3)

Ob6nacmio donycmumux 3naiend (ado
0071acTI0O BU3HAYEHHA) Di6HAHHA Ha-
3MBA€ETHCA CIIiJIbHA 00JaCTh BHU3HA-
yeHHd Aasa QyHKUii f (x) i g (x), mo
CTOATH y JIiBiil i mpaBiii yacTuHAX pPiB-
HAHHA

Onsa piBHAHHA VX +2 =X

O3: x+2 > 0, TobTo x > -2,
OCKIJIbKM 00JiacTh BU3HAUEHHS (QPYHK-
il f(x)=+x+2 BU3HAYAETHLCSA YMOBOIO
x+2 > 0, a obsacTi0 BUBHAYEHHA
dyuKIII g (X) = X € MHOKUHA BCixX miii-
CHUX YHCeJ

3. PiBHAIHH

fA-HaCAIAKK

AKmo KoKeH KOpiHb IepuIoro pis-
HAHHA € KOPeHeM IPYroro PiBHIHHI,
TO Apyre PiBHAHHA HA3UBAETHCA HA-
ci0KoMm TepIIoro.

SIKm0 3 mWpPaBMIBHOCTI mepmIol
piBHOCTI BUNINBAaE NPABUIBHICTH
KOKHOI HACTYIHOI, TO OJEep:KyEMO
PiBHAHHA-HACTITKH.

Ilpu  eukopucmaHHi  pi6HAHbL-
HacaiOkie He 8mMpauarmbvCs KOPeHi
nowamrK06020 DiIBHAHHA, AJAe MONCIU-
6a nosaea cmopornHix kopernie. Tomy
IIPY BUKOPHMCTAHHI PiBHIAHB-HACJIIIKIB
mepeBipKa oJepsKaHUX KOPEHiB mmij-
CTAaHOBKOI0 B NMOYATKOBE DPiBHIHHSA €
CKJIA/IOBOI0 YACTHMHOIO PO3B’SI3yBaHHHA
(ouB. IyHKT 5 1iel TabauIii)

Nx+2=x.

p  IlizHecemo o0uABI yYacTMHHU piB-
HAHHA A0 KBajpara:

(Vx+2) = x?,
x+ 2 =x2

x>-x—-2=0,

x,=2,x,=-1.
Ilepesiprka. x = 2 — KOpPiHb (qUB. BUIIIE);
x = —1 — cTopoHHil KopiHb (ipu x = —1
OfEP:KYEMO  HEIPaBUJIbHY  PiBHICTH

=-1). <

Bionogiov: 2.
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ITpodosicenns maobn. 8

4. PiBHOCW/IbHI PiBHAHHS

O3HaueHHS Haitnpocrimri Teopemu
/lBa piBHAHHSA HABUBAIOTBECA Pi6-|1, $IKmo 3 ogHi€! YaCTHHHM PiBHAHHS
HOCUNbHUMU HA OedKiil MHOKHHI, NepeHecTH B iHNOIy YACTHHY O-
AKINO Ha Iili MHOKMHI BOHM Ma- JAaHKM 3 TPOTHIEKHMM 3Ha-
I0Th OJIHI ¥ Ti cami KopeHi. KOM, TO OJep:KMMO piBHAHHA,
ITe osHauae, IO KOJNMEH KOPiHb piBHOCHUIBHE 3amaHOMY (HA OyIb-
nepuiozo piBHAHHS € KOpeHem OpYyzozo AKIM MHOSKMHI)

i, Ha8NAaKuU, KoXeH KOpiHb Opy2020 € KO-
peHem nepwozo (cxema po3B’sA3yBaHHA
piBHHHL 3a OOIIOMOI'OIO piBHOCI/IJII:HI/IX
ImepeTBOPeHb HaBeAeHa B MYHKTI b 1riel
TabJInIIi)

2. Sxmo o0uaBi YacTUHM PiBHAHHSI
INOMHOKHTH a00 IOJiJINTH Ha
OogHEe W Te caMe YHMCJIO0, AKe He
IopiBHIOE HyII0 (a00 Ha OFHY W
Ty camy (PyHKI[if0, [0 BU3HAUEHA
i He mopiBHIOE Hymo Ha O/I3 3a-
JAHOTO PiBHAHHA), TO OIEPKUMO
piBHAHHSA, PiBHOCUJIbHE 3aJaHOMY
(ua O/I3 3amaHOrO0 PiBHAHHA)

5. CxeMa NoLUyKy nnaHy po3B’'a3yBaHHSA PIBHAHb

[POSB’HSYBaHBﬂ piBHHHI:]

3a JIOIIOMOT0X0 3a JOTIOMOT0I0
PiBHAHb-HACTITKIB PiBHOCHMJIBHUX II€PETBOPEHb
@ ITepeTBOpEHHH, 110 Bpaxysanua OJ13
i [apaHTyIOTh 36ePesKeHHs IIOYaTKOBOT'O PiBHAHHSA
@ IPaBUJILHOI piBHOCTI
36epexkennsa Ha O13
HepeBipKa KOpeHiB HpaBI/IJIBHOi piBHOCTi

IPU IPSAMUX i 3BBOPOT-
HUX II€PETBOPEHHAX

TiCTAHOBKOIO
B IIOYATKOBE PiBHAHHSA

Op4C)

[saCTocyBaHHﬂM BJIACTHBOCTeH (PYyHKITiH' J

@ — MOYaTKOBe PiBHAHHS;
@ — piBHAHHA, OJlePsKaHe B Pe3yIbTaTi IepeTBOPEeHHS IOYaTKOBOTO;

1, T — cumBomiuHe 306paskenHsa HATPAMKY BUKOHAHWX IIePETBOPEHD

! 3acTocyBaHHs BiacTUBOCTeN (YHKIIN [0 pPO3B’s3yBaHHSA PIBHAHBL POSIVIAHYTO
B OYHKTI 3.2.




§ 3. PiBHsIHHA 69

EEl [MosicHeHHs 1 OOrPYHTYBaHHS

1. IloHarra piBHAHHA Ta Oro KopeHiB. PiBHAHHA B MareMaruIli Haiuac-
Tillle PO3yMilOTh AK AHAJNITHUYHUUA 3amMC 3a7aui IPO 3HAXOMKEHHA 3HAUEHb
apryMeHTy, IpU AKUX 3HAUEHHA ABOX JaHUX (yHKIii piBai. ToMy B 3aranib-
HOMY BUTIJIAJ1 PIBHAHHSA 3 OLHiI€I0 3MiHHOIO X 3alIUCYIOTH TaK:

f(x) =g (x).
Haiiuyacrinre piBHAHHS 03HAYalOTh KOPOTIIe — AK PiBHICTH i3 3MiHHOIO.
Haragaewmo, 110 xopenem (a60 po3g’s3kom) pi6HAHHS HA3UBAEMBCS 3HA-
YeHHs 3MIHHOL, npu nidcmarnosyi 1K020 6 PiBHAHHS YMBOPIOEMbCS NPABUILL-
Ha pisHicmyv. Po3g’sa3amu pi6HAHHA — 03HAYAE 3HAUMU BCi 11020 KOpeHi abo
dosecmu, wo ix HeMmae.

: . . 1 .
Hanpuknan, piBuaaaa 2x = —1 Mae eTUHUEA KOPiHb x=—§, a piBHAHHSA

| x | = —1 He Mae KopeHiB, OCKiNbKM 3HAUEHHA | X | He Moxke OyTH Bia eMHUM
quCIOM.

2. Oomxacts gomyctumux 3Hauensb (0/13) piBuanud. K0 3amaH0 PiBHAHHA
f (x) = g (x), To cmibHA 06GJIaCTh BU3HAUEHHA AJA GYyHKINH f (x) i g (x) HA3HU-
BA€ETHCA 00acmio 0ONYCMuMuXx 3Ha4eHsb boro pieHaHHsA. (IHOAI BUKOpUCTO-
BYIOTH TAKOK TePMiHH «00JIaCTh BU3HAUEHHS PiBHAHHA» a00 «MHOMKHHA J[0-
IIyCTUMUX 3HAUEHb PIBHAHHS».) Hampurnazm, nasa piBHAHHSA X2 = X 00J1aCTIO
IOIyCTUMMUX 3HAUeHb € Bci miticHi umcia. Ile MmosKHaA 3anmmcaTy, HAITPUKJIAL,
rak: O3: x € R, ockinmbku QpyHKIii f (x) = x2 i g (x) = x maTh 00JaCTi BU-
3HaueHHA R.

3po3yMiso, II0 KOKeH KOPiHb 3aJaHOTO PiBHAHHS BXOAUTH AK A0 00-
Jacti BusHaueHHs GyHKILI f (x), Tak i 70 obyacTi BusHaueHHA PYHKII g (x)
(imakmre MM He 3MOKE€MO OTPUMATU HPABUJIbHY UYHCJIOBY piBHicTh). OTike,
KOX}CeH KOPiHb PiBHAHHA 0008’ 13K080 8x00umb 0o O[3 uvozo pieusHHa. Lle
IO3BOJISIE B MeAKUX BUIAJKaxX BUKopHcToByBaTu aHanid O3 piBHAHHA mpu
oro po3B’A3yBaHHI.

Hanpukaan, y piBasauHi Vx—2++V1—x =x QyHKIig g (x) = X BU3HAUEHA
IIpU BCixX mificHMX 3HAUEHHAX X, a QyHKiis f(x)=vx—2++1—x — TiapKu 3a
YMOBH, II0 IIiJl 3HAKOM KBaJPaTHOTO KOPeHs OyAyTh CTOATH HeBim eMHi Bupa-

. x—220 .
3u. Otixe, OI3 11pOro PiBHAHHSA 3aa€THCA CUCTEMOIO > 3 aKoi ozmep-
1-x>0,
x =2, , .
JKYEMO CHUCTEMY <1 1o He Mae po3B’saskiB. Takum umHom, Ol13 3amaHoTO
Xl

PiBHAHHA HE MICTUTH JKOTHOTO YWCJA, i TOMY Iie PiBHAHHA HE Ma€ KOPEHiB.

3asnauumo, 1o sHaxomxenua OJI3 3amaHOro piBHAHHA MOKe OYTH KO-
PUCHUM [Jis MOTO PO3B’A3yBaHHS, ajle HE 3aBKAU € 000B’SA3KOBUM eJIEMEH-
TOM pPO3B’A3yBaHHA.
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3. Meroau po3B’sa3yBaHHA PiBHAHB. [y Po3B’sA3yBaHHA PiBHAHb BUKOPUC-
TOBYIOTh METOIU MOYHO020 i HAOLUNMEHO020 P038°A3Y6AHHA. 30KpPeMa, IJIA TOU-
HOTO PO3B’A3yBaHHA PiBHAHDL Y Kypci MaTeMaTuKu 5—6 KJaciB BUKOPUCTOBY-
BaJIU 3aJIEKHOCTI MisK KOMIIOHEHTaM! Ta pe3yJIbTaTaMu Jiii i BJIaCTUBOCTI UuC-
JIOBUX piBHOCTEI; ¥ Kypci anredopu 7—9 KjaaciB — piBHOCUJIBbHI TepeTBOPEeHHS
PiBHAHB, a A HAOGJM)KEHOTO PO3B’s3yBaHHA PiBHAHL — rpadiuyHmil MeTOx.

T'padiuauii MeTon pos3B’A3yBaHHS PiBHAHDL HE Ja€ BUCOKOI TOYHOCTi 3HA-
XOI:KeHHsS KOPEeHiB piBHAHHS, i 3a OT0 JOIOMOTOI0 HaliuacTillle MOKHAa Jic-
TaTu Jiuiie rpyoi HaOauKeHHs KopeHiB. IHoai 3pyuHo rpadiyHO BUSHAUUTHU
KiTbKicTh KOpeHiB piBHAHHA abo 3HAUTH MeKi, y AKUX 3HAXOOATHCA ITi KO-
peHi. ¥V meAakmx BUIIAIKax MOYKHa rpa()iuHO ZOBECTU, IO PiBHIHHS HE MAae
KOpeHiB. 3 yKazaHUX NPUUYMH Yy HIKIJIbHOMY Kypci aiaredpu i mouaTkiB aHa-
JIi3y i BUMOTOIO «DPO3B’A3aTH PiBHAHHA» PO3YMi€ThCS BUMOTA « BUKOPHUCTO-
BYIOUM METOAY TOUYHOT'O PO3B’SA3YBaHHA, 3HAWTH KOPEHi JaHOTO PiBHAHHA».
Habam:xerEnMu MeTomaMu DPO3B’sA3yBaHHA PiBHAHb MOYKHA KOPUCTYBATUCHA
TiTBKY TOMi, KOJU Ile 3a3HAYEeHO B YMOBi 3amaui (HaupuKJIam, SKIO CTaBUTh-
cdA 3a7avua po3B’sA3aTH PiBHAHHA rpadivHo).

ITepeBaskHO Tpu PoO3B’sA3yBaHHI PiBHAHBL Pi3HMX BUMIIB HaAM JOBEIETHCS
BUKOPUCTOBYBATH OJIVH i3 IBOX METO/iB pO3B’A3yBaHHs. IlepIuii i3 HUX mOJIA-
ra€e B TOMY, II10 3a/laHe PiBHAHHA 3aMiHIOIOTH OiJIbIIT IPOCTUM PiBHAHHAM, SKe
Mae Ti caMi KOpeHi, — PiBHOCUJIBHUM DiBHAHHAM. ¥ CBOIO Uepry, oJlepKaHe
PiBHAHHA 3aMiHIOIOTH IIPOCTIININM, PiBHOCUJIBHUM oMy, i T. A. ¥ pesdyjabTa-
Ti OMEePIKYIOTh HANMIPOCTiIlle PIBHAHHA, AKe PiBHOCUJIbHE 3a/laHOMY 1 KOpeHi
sAKoro Jerko 3HanTu. 1{i KopeHi i TIIbKY BOHU € KOPEHAMU AAHOTO PiBHAHHA.

Opyruii mMeTon poO3B’sA3yBaHHA PiBHAHb MOJATAE B TOMY, IO 3ajJaHe
PiBHAHHA 3aMiHIOIOTH IIPOCTIMIMM DPiBHAHHAM, OO KOPEHIiB AKOTI'0 HaJeXaTh
yci KopeHi gaHOro pPiBHAHHSA, TOOTO 3aMiHIOIOTHL TAK 3BAHUM PiBHIHHAM-
HacJiKoM. ¥ CBOIO Uepry, ojep:KaHe PiBHAHHS 3aMiHIOIOTH OiJIbII IPOCTUM
PiBHAHHAM-HACJIAKOM JOTHU, ITIOKU HE OJlep:KaTh HAWUMIPOCTillle PiBHAHHS, KO-
peHi AKoro Jerko sHauTu. Toni Bci KOpeHi 3aaHOTO PiBHAHHA 3HAXOAATHCA
cepell KOpeHiB ocTaHHLOTO piBHAHHA. OTiKe, 1100 3HAWTH KOpPeHi 3aJaHO-
ro piBHAHHSA, JOCTATHLO KOPEHI OCTAHHLOTO PIBHAHHS MiJCTABUTH B 3aja-
He PiBHAHHS. 3a JOIOMOIOI0 TaKOl MepeBipKM BiamiisgioTh KOpeHi 3amaHOTO
PiBHAHHA (BUJIYYaIOTh TaK 3BaHi CMOPOHHI KOpeHi — Ti KOpeHi OCTaHHBOTO
PiBHAHHA, AKiI He 3aJ0BOJBHAIOTH 3aJaHOMY).

Y macTymHOMY MYyHKTiI OyZe TaKOK ITOKAa3aHO 3aCTOCYBAaHHS BJIACTUBOC-
Tell GYHKIHN 40 po3B’sA3yBaHHA PiBHAHB IIEBHOTO BUIY.

PiBHAHHSA-HACNioKM

Posrnsmemo mokJjanHiiie, AK MOMKHA PO3B’s3yBaTHM PiBHAHHA 3a [O-
IIOMOI0I0 pPiBHAHB-HacHinKiB. Ilpu po3B’aA3yBaHHI pPiBHAHB TOJIOBHE — HE
3aryOUTU KOPEHi 3aJaHOr0 PiBHAHHSA, i TOMYy B HepINy 4Yepry MU HOBUHHI
CTEKUTH 3a THUM, II00 KOKEH KOPiHb IIOYATKOBOTO DPiBHAHHSA 3aJIMIIaBCSA
KopeHeM HacTymHOro. @aKTHYHO Ile i € O3HAUEeHHAM pPiBHAHHSI-HACIIAKY:
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I Yy momy éunadxy, KOLU KOHHUL KOPIHb NepuLozo Pi6HAHHA € Kope-
Hem 0pYy2z020, Opyze PI6HAHHA HA3UEAEMbCA HACAIOKOM NepuLozo.
ITe o3HAUEeHHA J03BOJISAE OOI'PYHTYBATH TaKUH OPi€HTUD: AJIA OePIKaHHSI
PiBHAHHA-HACIIAKY JOCTATHHO PO3IJITHYTHU 3aJaHe PiBHIHHS K IIPABUJIBHY
YHCJIOBY PiBHiCTH i rapaHTyBaTH (TOOTO MaTH MOKJIUBICTh OOIPYHTYBaTH),
[0 KOJKHEe HACTYIIHEe PiBHIHHSI MU MOKEMO OIepPKaTu SAK IIPABUJIBHY YUC-
JIOBY PiBHiCTB.

HificHO, AKIIIO JOTPUMYBATHUCS IIHOTO OPi€EHTHpPA, TO KOXKEH KOPiHb IIep-
IITOT0 PiBHAHHSA IIEPETBOPIOE Ie PiBHAHHS HA MPAaBUJLHY UHCJIOBY PiBHIiCTh.
Aune Toxmi mpyre piBHAHHS Te)X Oyle IpaBUJILHOIO UMCJIOBOIO PiBHiCTIO, TOOTO
posriiAyBaHe 3HAUeHHA 3MiHHOI € KOpeHeM i Apyroro piBHAHH:A, a Iie U
O3HaAUae, 110 APyre PiBHAHHA € HACJIiTKOM IIEPIIIOrO.

3acTocyeMo HaBeleHUH OPi€HTHUD A0 PO3B’A3yBaHHS PiBHAHHS ’;2;11 =0
(TIOKU 1110 He BUKOPHCTOBYIOUM BiZIoOMYy YMOBY PiBHOCTI Apo6y HYJIIO).

fAxiio mpaBuabHO, IIO0 AP0 JOpPiBHIOE HYJIIO, TO 000B’SA3KOBO HOr0 Uu-
CeJIbHUK OOpiBHIOE HyJ 0. OT:Ke, 3 JAHOTO PiBHAHHS OAEPIKYEMO DPiBHAHHS-
Hacaimok x? — 1 = 0. Axne roxi mpasuiabHO, 1o (x — 1) (x + 1) = 0. Ocraune
piBHAHHA Mae ABa KopeHi: x = 1 ta x = —1. IligcraBadioouu iX y 3agaHe piB-
HAHHS, 0a4UMO, 110 TiIbKKM KOPiHb X = 1 3a0BOJIbHSIE TOYATKOBOMY PiBHAH-
uio. Yomy 1e cramoca?

Ile BigOyBaeThcss TOMY, IO, BUKOPUCTOBYIOUM pPiBHAHHSA-HACIIIKHU,
MU TapaHTYEMO TiJIbKU Te, IO KOPEeHi 3aJaHOTO PiBHAHHSA HE BTPAYAIOTh-
cAd (KOKHUI KOPiHBb MIepIIoro PiBHAHHA € KOpeHeM aApyroro). Aje apy-
re piBHAHHSA, KPiM KOpeHA IIEPIIOT0 PiBHAHHS, Ma€ Ie W iHIWHA KOpPiHb,
AKUN He € KOPeHeM IIepIIoro piBHAHHA. [l1a mepIiroro piBHAHHA el KOPiHb
€ CMOpPOHHIM, i, 11100 ¥OoTO0 BiACiATH, BUKOHYEMO MEPEBiPKY MiCTaHOBKOIO
KOpeHiB y mouaTKoBe piBHAHHA. (Bijabml meTasbHO MPUYUHU ITOSBU CTOPOH-
HiX KopeHiB posrasuyTto B Tabauili 9.) Orike, 1100 IPaBUIbHO BUKOPUCTOBY-
BATU PiBHAHHA-HACHIAKY IJIA PO3B’A3yBaHHs PiBHAHBb, HEOOXiAHO mam’ATaTn
e OAWH OPi€HTHD: MPH BUKOPHUCTAHHI PiBHAHB-HACTIAKIB MOKJIMBA IMOSIBA
CTOPOHHIX KOPEeHiB, i TOMy IlepeBipka IiCTAHOBKOIO KOPEHIiB y IMOYATKOBE
PiBHSIHHA € CKJIaJ0BOI0 YaCTHHOIO PO3B’A3yBaHHA.

Cxema 3aCcTOCyBaHHSA IIUX OPi€eHTUPiB momaHa B Tabuauii 8. YV myHKTI 3
miei TabauIli HaBeJeHO PO3B’A3aHHA PiBHAHHS

Jx+2=x. (1)

s Toro 1106 po3B’A3aTu 1e PiBHAHHS 3a JOTIOMOTOI0 PiBHAHB-HACJITIKiB,
IOCTAaTHBO 3ajlaHe PiBHAHHSA PO3TJISHYTH AK IPABUJILHY UHCJIOBY PiBHICTH
i sagHaumTH, 110 Yy BUOAJAKY, KOJHX ABa UMcJa PiBHi, TO i iXHi KBagpaTu Tex
OyayTh piBHI:

(Vx+2) = x2. 2)
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Or:xke, MU rapaHTyeMO, IO y BUIIAAKY, KoJu piBHicTh (1) mpaBuibHa,
TO i piBHicTb (2) Tex Oyme IpaBUJIbHOIO, a Iie I o3Hauae (AK OyJI0 IMOKa3aHO
BuIIe), 110 piBuaAHEA (2) € Hacaigxkom piBuaAHHA (1). AKI0 Mu xoua 6 oguH
pas3 BUKOPUCTAEMO PiBHAHHS-HACHiAKY (2 He PiBHOCUJIbHI IepPeTBOPEHH), TO
MOK€eMO OTPMMATH CTOPOHHI KOpeHi, i Toxi 10 po3B’sa3aHHA 000B’I3KOBO BXO-
IUTH MepeBipKa oJep:KaHuX KOPEHiB MifICTAHOBKOIO iX y 3asaHe PiBHAHHA.

3ayBakeunusda. [lepexin Bim 3amaHoro piBHAHHA O0 PiBHAHHSI-HACTIAKY
MOKHA MOBHAUUTHU CHEI[iaJIbHUM 3HAUKOM —>, ajieé MOTO0 BUKOPUCTAHHS A
3amucy po3B’A3aHHSA He € 000B’sA3KOBMM. PasoM 3 THUM, AKIIO Ieil 3HAUOK
BUKOPUCTAHO, TO Il€ CBiIUMUTHL PO Te, IO MU CKOPUCTAJINCA PiBHAHHAMU-
Hacjaigkamu, i ToMy 060B’A3KOBO IO 3alUCy PO3B’A3aHHA HEOOXiTHO BKJIIO-
YUTHU TEePEeBipKy ofeprKaHUX KOPEHiB.

PiBHOCWNbHI PIBHAHHA

3 HDOHATTAM PiBHOCHJIBHOCTI BM 3HaloMi 3 Kypcy ajredbpu 7 KJjacy, e
PiBHOCHJIBHUMY HA3UBAJINCSA PiBHAHHS, AKi MaJau OogHIi i Ti cami Kopeni. 3a-
YBasKUMO, II[0 PiBHOCMJILHUMHU BBaKaJIMCA i Taki [Ba PiBHAHHS, AKiI He Maan
KopeHiB. @opmaabHO OyaeMO BBasKaTH, IO i B IIbOMY BUIIAAKY PiBHIHHS
MaloTh ONHI ¥ Ti caMi KOpeHi, OCKLIbKY BiAIIOBiAi 10 TaKMX PiBHAHB OJHAKO-
Bi: «piBHAHHS He Ma€ KOPEHiB» (TOUHIiIlIe: OMHAKOBUMU € MHOMKUHU KOPEHiB
TaKUX PiBHAHL — BOHU OOMIBI MOPOXKHI, IO MO3HAYAIOETH CUMBOJIOM ).

Y kypci anredbpu i mouaTkiB aHaNidy MH OyZeMO PO3TIAmATH OiJIbII 3a-
rajbHe IOHATTS PiBHOCUJIBLHOCTI, a caMe PiBHOCUJIbHICTEH HA MEeBHill MHOMKUHI.

Jl6a piéHaHHA HA3UBAIOMbCA PIEHOCULbLHUMU HA 0eAKil MHONCUHL,
AKWO0 Ha Uil MHOMCUHL 60HU MalOmMb 00HI UL mi cami KopeHi, mo6-
mo AKW,0 KO¥}eH KOPiHb nepulozo Pi6HAHHA € KOpenem 0pYyz020 i,
HA6NAKU, KOJ}CEeH KOPiHb 0PY2020 PI6HAHHA € KOPEHeM NnepuLozo.

Hnsa piBHAHB, AKi 3aJaH0 Ha MHOMKHHI BCix mificHMX uwucesa (HAIIpHU-
KJam, OJd JiHiHHWUX), MU MOXKEMO JaT! OJHO3HAUHY BiATIOBiAh HA 3alUTaH-
HA «Yu piBHOcuIbHI 3amani piBHaHHa?». Hanpukiaazn, piBuanaasa x + 3 =0
i2x + 6 = 0 piBHOCUJIBHI, OCKiIbKHU 00UABA MAIOTh OSJHAKOBUUA KOPiHb X = —3
i iHmIuxX KopeHiB He MaioTh. OT:Ke, KOKHE 3 HUX Ma€ Ti caMi po3B’sa3KHU, IO
u gpyre.

ITpu posrasai piBHOCHILHOCTI PiBHAHBL HA MHOMKUHI, KA BiApisHAeThCS
Bil MHOXKMHM BCiX AiMiCHUX UMCeJ, BIAIOBiab Ha 3anUTAHHS « YU PiBHOCHUJIb-
Hi 3a7aHi piBHAHHA?» MOKe CYTTEBO 3aJIe’KaTH BiJg TOro, Ha AKill MHOMKUHI
MU PO3IJIAgaeMo IIi piBHAHHSA. Hampukiaam, AKIO PO3TIAHYTH PiBHAHHS:

xz—l_

—=0, 3)
x+1
x2-1=0, (4)

TO, AK OyJIO TTOKa3aHO BUINE, PiBHAHHA (3) Mae TiIbKM OAWH KOpPiHBL X = 1,
a piBHaHHA (4) — nBa KopeHi: x = 1 ta x = —1. Takum unHOM, Ha MHOMKWHI
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BCiX mificHMX umceJI I1i piBHAHHA He € PiBHOCUJIBHUMM, OCKIJIBKU y PiBHAHHSA
(4) € kopiub x = —1, AKoro HeMae y piBHAHHA (3). AJle HA MHOMKUHI momar-
HUX MiACHUX UYMCeJ IIi PiBHAHHSA PiBHOCHJIbHi, OCKiJIbBKM Ha IIili MHOKHHI
piBHaAHHA (3) Mae egmHUI AONATHUUA KOpPiHb X = 1 i piBHAHHA (4) TeXX Mae
TiIBKYU OOUH momaTHUN KOpiHb x = 1. OTiKe, Ha MHOMKUHI JOJATHUX YHUCEJ]
KOJKHe i3 mMux piBHAHBL Mae€ Ti cami pos3B’sA3KHU, IO i Apyre.

3asHauuMoO, IO MHOKHWHA, HAa AKiM pPOSTISAAl0Th PiBHOCUJIBHICTH PiB-
HAHb, SK IIPABUJIO, He 3aJa€ThCSI MITYYHO (IK B OCTAHHBOMY BUIAAKY).
Hatiyacrimie 3a Taky MHOKuHY BubupamoTh O3 samanoro piBHsHHsA. [[fomo-
BUMOCH, II[0 Hajasi

Bci pPiBHOCUJIbHI IIePEeTBOPEHHS PIiBHAHBL (@ Mmakxox HepiBHOCTei
i cucreM piBHAHB Ta HepiBHOCTeil) Mu OyaeMo BukoHyBatu Ha 013
3aJJaHOT0 PIBHAHHSA (HEPiBHOCTI UM CHCTEMH).

3azHauuMmo, 110 B TOMY BUIIaAKY, Koau OJ13 3amaHoro piBHAHHA € MHOMKH-
Ha BCixX AifiCHMX 4ymcesl, MU He 3aBXIu Oymemo ii 3anucyBaTu (IK He 3aIucCy-
Basu OJI3 npu po3B’sA3yBaHHi JiHIHHUX UM KBaJpPaTHUX PiBHAHB). | B iHIMIHX
BUIaAKax rojsoBHe — He 3amucatu O[3 1o po3B’saA3aHHA PiBHAHHSA, a Peajb-
HO BpaxyBaTH ii, BUKOHYIOUY PiBHOCHUJIbHI IIEPEeTBOPEHHA 3aJaHOTO PiBHAHHA.

Hampuknan, paa piBuanua ~x+2=x OJ[3 3amaeTbca HepiBHiICTIO
x + 2 > 0. Kosu My mepexomuMo I0 PiBHSAHHA X + 2 = x2, TO IydA BCix #oro
KOPEHiB Ile PiBHAHHS € NPaBWJIbHOIO piBHicTIO. Tomi Bupas x2, AKMI CTOITH
y mpaBi#t vactuHi 1iel piBHOCTI, 3aB:kAM HeBin emuuit (x2 > 0), a oTiKe, piB-
HUil fiomy Bupas x + 2 tex Oynxe HeBinm emuuM: x + 2 > 0. AJe 1e i1 o3HaUae,
mo OJI3 samanoro piBHAHHA (x + 2 > 0) BpaxoBaHa aBTOMATHUYHO IJIS BCiX
KOpPEeHiB Apyroro piBHAHHS i TOMy Ipu Iepexoii Bif piBHAHHS Vx+2=Xx 1m0
piBHaHHA x + 2 = x2 O[3 3amaHOro PiBHAHHSA MOXKHA He 3alUCyBaTH [0
pos3B’A3aHHS.

1 BUKOHAHHA PiBHOCWMJIBHUX II€PETBOPEHb CIIPOOYEMO BUIIJIUTU 3a-
rajbHi OpPi€HTUPUW, aHAJOTIUHI BIiAHOBiZHUM Opi€HTHUpPaAM AJA OAep:KaHHS
PiBHAHBb-HACTiIKiB.

Sk yKasaHO BUINlE, BUKOHYIOUM PIiBHOCUJbHI NepemeOpeHHS DiBHsHb,
HeoOximHo BpaxyBatu OJI3 3amaHoro piBHAHHA — Ile IEPIIUM OpieHTUp Aid
BUKOHAHHSA PiBHOCUJILHUX II€PETBOPEHb DiBHAHB.

3a 03HAUEHHSAM PiBHOCHJIBHOCTI PiBHAHL IMOTPiOHO rapaHTyBaTH, II[00
KOKEH KOPiHb IIepIIoro piBHAHHSA OyB KOpeHeM APYroro i, HaBIaKu, KOXKeH
KOPiHb APyroro piBHAHHA OYB KOpeHeM IepIroro. JJis mepIiioi yacTuHU Iriel
BUMOTHY MU ByKe BUIIJININ 3araJIbHUI OPi€EHTHUDP: JOCTATHRO TapaHTyBaTH 30epe-
*KeHHs IPaBUJIbHOI PIBHOCTI IIpH Iepexo/Ii Bij mepInoro piBHAHHSA 10 APYTOro.

IITo6 BUKOHATU APYrYy YacTUHY Iliel BUMOTH, JOCTATHBO APYyre PiBHSH-
HS POSTJIAHYTH SAK IIPABUJIbHY PiBHiICTH (TOOTO B3SATHM TaKe 3HAUEHHS 3MiH-
HOI, sIKe € KOpeHeM IPYyroro piBHAHHA) i rapaHTyBaTH, IO HIPU IIEPEeXO0Ai 10
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IepIIoro PiBHAHHSA IIpaBUJIbHA PiBHICTH 30epiraerhcs (Iieil KOpPiHBb 3aJIuIma-
€ThCS i KOpeHeM MepIIoro piBHAHHSA). PaKTUUYHO 3 O3HAUEHHSA PiBHOCUJIb-
HOCTi PiBHSHB OIEPIKYEMO, IO KOMCHE 3 PIBHOCULbHUX PIBHAHb € HACALOKOM
0pyzozo pieéHsaHHA. TaKUM UMHOM, BUKOHYIOUM DPiBHOCHIIBHI ImMepeTBOPEHHI,
MM IOBHMHHI rapaHTyBaTH 30epesKeHHS INPABUJIBHOI PiBHOCTI Ha KOSKHOMY
KpOIli pO3B’sI3yBaHHSA HE TiIbKM IPHU NMPAMHUX IEePEeTBOPEHHAX, a i IPU 3BO-
POTHUX — Ile APYruii OpieHTHD IJA PO3B’sA3yBaHHA PIBHAHB 3a JOIIOMOTOIO
piBHOCMJIbLHUX IiepeTBopeHb. (BiamoBimHi opieHTHMPM cXeMaTHYHO MTOIaHO
B OyHKTi 5 Tabauii 8.)

Hanpukaan, 11106 poss’sizaTu 3a JOIIOMOTOI0 PiBHOCUJIBHUX IIE€PETBOPEHD

xz—l

PiBHAHHA =0, mocraTHbo BpaxyBatu itoro OII3: x + 1 # 0 i ymoBy piB-

x+1
HOCTi Apoby HyJ 0 (Opi6 MJOpPiBHIOE HYJIIO TOAL i TIIBKU TOMi, KOJU UNCEIbHUK
Ipo0y DOPiBHIOE HYJIIO, a 3HAMEHHUK He JopiBHIOE HYJ0). Tako:K ciim 3Bep-
HYTHU yBary Ha Te, 1o Ha OJI3 Bci moTpiOHi mepeTBOpPeHHA MOYKHA BUKOHATU
AK y IPSIMOMY, TaK i y 3BOPOTHOMY HaNpAMKax i3 30epe:KeHHAM IIpaBUJIbHOL
piBHOCTI.

3amnuc po3B’sI3aHHA B IILOMY pasi MOKe OyTH TaKKUM:

2
’;—;11:0. O3: x + 1 # 0. Toxmi x2 — 1 = 0. Orxe, x = 1 (3a40BOJIbHSIE YMOBi
0OI13) abo x = —1 (ue 3amoBoabHse ymoBi OI13). Biodnosios: 1.

1 BUKOHAHHS PIiBHOCUJIBHUX IIEPETBOPEHBb PIiBHAHL MOKHA TaKOMK
KOPHCTYBATUCSA CHEI[iaJlbHUMHU TeopeMaMH’ IIPO PiBHOCHUJIBHICTB. ¥ 3B’fA3KY
3 YTOUHEHHSM O3HAUeHHSA PiBHOCHJIbHOCTI PiBHAHB y3araJbHUMO TaKOXK (Op-
MYJIIOBAaHHSA HANUIIPOCTIIINX TEOPEM IIPO PiBHOCHJIBHICTB, BiJOMHUX 3 KypcCy
ajredopu 7 KJjacy.

Teopema 1. Axwo 3 00HiI€l LacMUHU PI6HAHHA NepeHecmU 6 IHLY
wacmuny 000aHKU 3 NPOMUNLEHHUM 3HAKOM, O 00epHUMO Pié-
HAHHA, pi6HOCUNbHE 3a0anomy (Ha 6Y0b-aKill MHOMCUHL).

Teopema 2. Aku0 06udei wacmunu Pi6HAHHA NOMHONCUMU 6O
nodinumu Ha o0He i me came 4Yucno, ake He dopienioe Hyato (abo
Ha 00HY U my camy PYHKYII0, U,0 6U3HALEHA | He JOPIEHIOE HYNIO
Ha O3 3a0ano020 piéHAHHA), MO 00epPHYEMO Pi6HAHHA, Pi6HO-
cunvhe 3adanomy (na O3 3a0ano20).

OOTrpyHTYBaHHA IIMX TEOPEM IIOBHICTIO aHAJIOTiuHe OOI'DYHTYBaHHIO Opi-
€HTUPIB IJIA PIBHOCUJIBHUX IIePEeTBOPEeHb 3aJJaHOTO PiBHAHHI.

3ayBakeHHA. [ mMO3HAUEHHA HePeXoAy Bifi 3aJaHOTO PiBHAHHS 10
PiBHOCUJIBHOTO IIOMY PiBHSHHS MOYXHA BUKOPKMCTOBYBATH CHIEIliaJbHUI 3HA-
YOK <>, ajie B 3aIuci po3B’sI3aHb Iie He € 000B’s13K0oBUM. (Xoua iHomi Mu #oro
OyzeMo BHKOPHCTOBYBATHU, 100 HiJKPECINUTH, IO O0yJIO BUKOHAHO caMe PiB-
HOCHUJIbHI ITepeTBOPEHHA.)
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Ipuxkaax 1  Poss’skiTh piBHAHHSA

Pos3e’a3annsa
b O3:x—-2=#0ix—-1=0.
Ha niit O13 3agane piBHAHHSA PiB-
HOCUJIbHE PiBHAHHSIM:

5 3
2 21 % 1)
5(x-1)-3(x-2) _
(x-2)(x-1) =0, (2)
2x+1 _
(x—2)(x-1)_0’ (3)
2¢x+1=0, (4)

TOOTO x:—l.
2
VYpaxyemo OJ13: ipu x=—%
2 2
x-1=--1=-11%0.
2 2

1 .
Orxe, x=—5 — KOpiHb.

Bidnosiov: —%.

X —

3
x-1
Komenmap

Bukopucraemo piBHOCUIBHI IIepe-
TBOPEHHS AJIA PO3B’A3yBaHHS 3aaHO-
ro piBHAHHA. [yia 1boro HeoOXimHO
BpaxyBatu OII3, Tomy sadikcyemo ii
0o0Me:KeHHs Ha IIoYaTKy PO3B’s3aHHSA.

3a3HAYUMO, 1110 8 PIBHAHHAX 00Me-
acenns O3 moxncHa minvku 3apikcy-
eamu, aje He po3s’a3ysamu, a 6 KiHui
nepesipumu, 4u BUKOHYWOMbCA Ui 00-
MeHceHHs 0N 3HAU0eHUX KOpeHia.

IIpu mepeHeceHHi ujeHa 3amaHOrO
PiBHSHHS 3 OJHi€l YAaCTHUHU PiBHAHHS
B iHITYy 3 IPOTUJIEKHUM 3HAKOM OZep-
sKyemo piBuaHHSA (1), piBHOCHIILHE 3a-
IaHOMY.

3BOAAYN IO CIILJILHOIO 3HAMEHHU-
Ka, PO3KPUBAIOUM IY/KKHU 1 3BOIAYU
moxibHi uneHu, 3HOBY OEePKYyEMO Ipa-
BUJIBHY PiBHiCTH i MOKeMO OOT'PYHTY-
BaTU, 1[0 IIPM BUKOHAHHI 3BOPOTHUX
mifi piBHICTH TeX He MOPYIIYETHCHA,
oTiKe, omepskaHi piBHaHHA (1)—(3) pis-
HOCHMJIBbHI 3agaHomy (Ha foro OI3).

Ilpi6 dopisHioe Hysto modi i minb-
KU mo0di, Koau yucenibHuK 0poby dopis-
HI0E HYJAW, & 3HAMEHHUK He 00pPi8HIE
Hy.Jt0. Asle mpyra ymMoBa BiKe BpaxoBaHA
B oomesxkeHHAX Ol13, oT:Ke, omepiKye-
MO piBHSHHSA (4), piBHOCUJIbHE 3aJaHO-
My piBHAHHIO Ha #oro O03. OcKinbKu
BCi mepeTBOpPeHHA Oy PiBHOCUJIBLHU-
Mu TinbKu 3 ypaxyBanuam O3, To mu
MOBUHHI mepeBipuTH, 4 3aJ0BOJILHSIE
omep:kaHe umcao obmesxkemHsam OJ[3.

4. TIpuuvHU IOSBM CTOPOHHIX KOPEHiB Ta BTPATU KOPEHiB IpH PO3B’I3yBaHHI
piBuans. HaiiGinpin TUIOBI BUIIaJKMW IIOSBM CTOPOHHIX KOPEHIiB Ta BTpaTH
KOpeHiB piBHAHHA HaBemeHo B Tabauii 9. Tam ke BKasaHO, K Y KOXKHOMY
3 WX BUNAAKIB olepsKaTy MpaBubHe (YU IIOBHE) PO3B’sI3aHHS.
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MepeTBOpPEHHS,
Mpuknan HenpaBWILHOMO
Mpn4mHa npu 9K1X Le Moxe ,
; (44 HEnoOBHOr0) PO3B’A3aHHS
BinOyBaTmcs
1. lNosiBa CTOPOHHIX KOPEHIB
x2+Jx—-2=6x+x-2.
Ilepenecemo 3 mpaBoi 4YacCTUHU
OflepmaHHﬂ __ | piBHAHHA B JMiBYy HOZaHOK +/x—2
PIBHAHB- 1. Ssenenms '110;(16- 3 MPOTUJIEKHUM 3HAKOM i 3Bejie-
HaCTiAKiB 3a HUX YJIEeHIiB MO TIOZI6H] UIeH™.
PaxyHOK:

a) mepexomy a0
PiBHAHHSA,
y akoro O/13
mupIIa, Hix
Yy 3aJIaHOTO
PiBHAHHSA;

Opep:xumo x2 — 6x = 0,
x,=0,x,=6

2. 3BemgeHHa 000X
YAaCTUH PiBHAH-
HA [0 CILJIBHO-
ro 3HAMEHHHKa
(mpu BigrumauHi
3HAMEHHUKA)

4 7 4
+ = .
X+2 x+3 x245x+6
ITomHOXUMO 00HABI wacTu-
HU PiBHAHHA HA CHLIBHUN 3HA-
MEHHUK ycix mpobiB
(x + 2) (x + 3).
OmepRuMO
4(x+3)+7((x+2)=4,
11x =-22, x=-2

3. IIignecenns
000X YaCTHH
ippanioHaJbHO-
r0 PiBHAHHA 0
KBaJpara

V2x +1=+x.

Iligmecemo 00mMABI uyacTUHU
PiBHAHHSA 0 KBaapara.
2x + 1 = x,
x=-1

0) BHMKOHAHHA
nepeTBo-
peHsb, nIpu
AKMX Bif-
OyBa€eThCA
HEesABHEe MHO-
SKeHHS Ha
HYJb;

MHuoskeHHa 000X yac-
TUH PiBHAHHA HA BU-
pas 3i 3MiHHOIO

x>+ x+1=0.
ITomHOXTMO 00MABL
piBHAHHA Ha x — 1.
(x-1)(x*+x+1)=0.
Opepoxumo x2 — 1 =0,
x=1

JacTUHUN
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Tabaumsa 9

Y yomy nongrae
nomunka

Ak opepxaTtn
npasuibHe (4K
NOBHE) PO3B’A3aHHS

Mpuknan npaBuabHOro
(41 NOBHOr0) PO3B’A3aHHS

npv po3B’A3yBaHHi p

iBHSAHHS

x, =0 Be e Kope-
HeM 3aJaHOro pis-
HAHHSA

x = —2 He € Kope-
HeM 3aJaHOoro pis-
HAHHSA

Buxonatn
nepeBipKy

x = —1 He € Kope-
HeM 3aJaHOoro pis-
HAHHSA

MiICTaHOBKOIO
KOpEeHiB y 3ajjaHe
piBHAHHSA

x =1 He € Kope-
HeM 3aJaHOro piB-
HAHHA

22 4Jx-2=6x+Vx—-2.
» x*-6x=0,x,=0,x,=6.
IIepeBipka mokasye, 110

x, = 0 — cropoHHill KOpiHb,

x, = 6 — KopiHb.
Bidnosgidv: 6. <|

4 7 4
+ = .

x+2 x+3 x24+5x+6
P 4(x+3)+ 7T (x+2)=4;

11x = -22, x=-2.
IlepeBipka mokasye, 1110
X = —2 — CTOPOHHIi# KOPiHb.
Bionosiov: xopeHiB Hemae. <]

Jaxr1=vx.
b 2x+1=x, x=-1.
IlepeBipka mokasye, 1110
X =—1 — CTOpPOHHIiI KOPiHb.
Bidnogiov: kopenis Hemae. <

st po3B’si3aHHSA IIHOTO PiBHAH-
HsA He OyJa0 HeoOXimHoCTi MHO-
KuTH Ha x — 1.

x>+ x+1=0.
> D=-3<0.
Bidnosidv: Kopenis Hemae. <
SKII10 TOMHOKUTI OOMIBi YACTUHIT
piBHAHHA Ha X — 1, TO mepeBipKa
moKasye, 1Mo X = 1 — CTOPOHHIit
KOpPiHb, TOOTO PiBHAHHS He MAae
KOpeHiB.
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YacTHUH PiB-
HAHHA (PYyHK-
uii, axa He
€ 3pocTa-
0UYOI0 a6o
CIaTHOIO

[0 TMAPHOT0 CTemeHs
a060 3aCTOCYBaHHS T0
000X YAaCTHH PiBHSIH-
HA TPUTOHOMETPHUY-
HuUX (byHKIii
(muB. c. 365)

MNepeTBOpPEHHS,
Mpuknan HenpaBWILHOMO
Mpr4mHa npu SKUX Le MoXe ,
. (41 HENOBHOrO) PO3B’sI3aHHS
BinOyBaTucs
1. lMosiBa CTOPOHHIX KOPEHIB
B) 3acrocymau- | IlizHeceHHs 060x
Hs 710 000X | YaCTUH piBHAHHSA x—1=2x+ 1.

ITigHecemo oOMABI yacTUHU PiB-
HAHHA 10 KBajpara:
(x—-—1)2=2x + 1)2
Opepsxumo 3x2 + 6x = 0,
x,=0,x,=-2

2. Btpara kopeHis

SIBHe yu HesABHE
3eyscenna O3
3a0ano020 pie-
HAHHA, 30KpeMa
BUKOHAHHSA Iepe-
TBOpPEHb, y IPO-
meci AKUX BimOy-
Ba€ThCS HEeSIBHE
TiJTeHHS Ha HYJIb

1. [dinemna  o60x
YacTUH PiBHAH-
HA Ha BHUpa3 3i
3MiHHOIO

x%=x.
IToginusinu o6uABI YacTUHU PiB-
HAHHA Ha X, OJEPKUMO

x=1

2. JlomaBauHsaA, Bing-
HiMaHHA, MHO-
JKeHHda abo mi-
JIeHHS 000X uac-
TUH PiBHAHHS Ha
BHpas, y SKOro
0O/13 By:kua, Hix
y 3aJaHoOro piB-
HAHHA

x2=1.
Axiio o 060X YacTUH PiBHAHHSA
IoIaTn \/;, TO OJEP:KUMO piB-

22 +Vx =1+x,

y SKOTO TiJIBKHM OJWH KOPiHb
x=1

HAHHA
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IIpodosicenns maba. 9

Y yomy nongrae
nommJsika

Ak ooepxatu
npasuiibHe (4n
NOBHe) PO3B’sI3aHHS

Mpuknan npasuibHOro
(41 NOBHOrO) PO3B’A3aHHSA

NP PO3B’A3YBaHHI PIBHAHHS
Y npamomy piBHAHHI He O0yJIO
HeoOXximHocTi  mimHOCHMTH [0
KBajpara.
Bukxonatu
o x—1=2x+1.
x, =0 He e Kope- | mepeBipry b x -2 =141 x=-2
. . ’ .
HEeM 3aJaHOT0 PiB- | MiICTAHOBKOIO ) .
HHHHHH ’ ROJI eHiB y 3agaHe Bionosidv: ~2.
i]fHHHH: A SAKIo BUKOpUCTATH ITiJHECEHHS
p 0 KBajgpaTra, TO IEepeBipkKa Io-
Kasye, o X,=—2 — KOpiHb, a
x, =0 — cTOpOHHIl KOPiHb
npv pO3B’A3YBaHHi PiBHAHHA

Brparunu Kopinb
x =0, ocKinbKu
micaa giJieHHSA Ha
X (PaKTUUYHO OJiep-

JKaJIu PiBHAHHA
2

x _x
X X ’
y axoro OJ13:

x # 0, To6TO 3BY-
suiu OI13 3amano-
Tro PiBHAHHSA

Ti 3sHaueHHsa, Ha
AKi 3By3uJIacs

Brpartunu KopiHb
x =—1, ockinbKu
OJ13 3amamoro pis-
HAHHA: X — OyIb-
sKe YHCJIOo, a Jx
icHye TinmbKU TpHU
x =0

O/13, HeoOXimHO
POSIISIHYTH OKPeMO

x? = x.
1. IIpu x = 0 oxgepsxyeMO
02 = 0 — mpaBuUJIbHA piB-
HicTb, oTxe, x =0 — Ko-
piHb.
IIpu x # 0 omep:KyeMO

>

x2 x
==, x=1.
x

X
Bionosidv: 0; 1. <
(S3asBuuait 3pyuHiwe po3s’a3y-
samu max: x> —x =0,
x(x—-1)=0; x=0,x=1.)

Y mamomy piBHAHHI He OyJio He-
obximHocTi momasaTtu IO 000X

gacTuH Vx.

b ox2=1, x =+1.

Bionosidw: +1. <|

(AAx6u goBesocst momaBaTH IO
000X YacTwH \/;, To ipu x < 0
3aJjlaHe PiBHAHHA MOTPiOHO OyJIO
0 PO3TIAHYTH OKpeMo, i Tomi
omep:kaimu O 1e I KOpPiHB
x=-1.)

79
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E 3anuTaHHS A1 KOHTPOo

1. Illo masuBaeThcsaA KopeueM piBHsHHsA? HaBemiTh mpuraagu.

2. [laiiTe o3HaueHHA oOsiacTi momyctumux sHaueHb (Ol13) piBHamua. Ha-
BeIiTh IPUKJIALU.

3. [laiiTe o3HaueHHA PiBHAHHA-HACJHIAKY 3amaHOro piBHAHHA. HaBemiTh
npukjganu. IIoscHiTh, y SKOMY BUOAAKY MOYKHA rapauTyBaTH, II[0 B pe-
3yJILTATI IIEPETBOPEHHS PiBHSHHS OJep:KaJjli PiBHAHHSA-HACJIIIOK.

4. [aiiTe o3sHaueHHA piBHOCUJIBbHUX pPiBHAHb. HaBenits mpuriganu. Ilosc-
HiTb, Y SIKOMY BUIIAAKY MOKHA rapaHTyBaTH, II[0 B Pe3yJbTaTi I1ePeTBO-
PeHHSA PiBHAHHSA Ofep:Kali PiBHSAHHS, PiBHOCHJIbHE 3aJaHOMY.

5. CdopmyoiiTe OCHOBHI TEOpEeMH NPO PiBHOCHJIBHICTH PiBHSAHL. HaBemiTh
MIPUKJIAAY X BUKOPUCTAHHSI.

6. IlosicHiTh, y pes3yabTaTi AKHUX IIePeTBOPEHb 3aJaHOT0 PiBHAHHS MOKHA
oJlep:KaTU CTOPOHHI JJIsI 3aaHOT0 PiBHAHHA KopeHi. K MorkHa Bifciaru
cropoHHi Kopeni? HaBeniTs mpuxaagm.

7. IloscuiTh, y pesyJbTaTi SKUX II€EPETBOPEHb 3aJaHOrO PiBHAHHSA MOYKHA
BTPATUTU KOPEHi mporo piBHaHHsA. Hasemite mpuxiaanu. IloscHiTe Ha
OpuUKJIagax, SK HeoOXiTHO JOIMOBHUTHU BiJIIOBifHI IIepeTBOPeHHs, 1100 He
BTPATUTU KOPEHi 3aJJaHOT0 PiBHAHHAI.

I Bnpasu
1°. Bmaiigite ob6aacTs gomycrumux 3HadeHb (OI03) piBHAHHA:
1) x—5_2x—3:0; 3) \/;:ﬂ;
x+2 x x-1
9) ZX__x o 4) Jx? 45220,
3 x“+1 x+4
2. 3’acyiiTe: a) uu € Apyre PiBHAHHA HACJIIJKOM HIEPIIIOrO;
0) uu € I[i PiBHAHHA PiBHOCUJIBHUMU (BiAMIOBiAb OOT'PYHTYITE):
2
1)2x2-8x—-9=0ix2-4x-4,6=0; 2) 236—_4=0 ix?-4=0.
x"—-5x+6
3°. O6r'pyHTyiiTe piBHOCHIBHICTSL PiBHAHD:
1)5x—-8=7T-3x i bx +3x =7 + 8;
2)2x—-1)(x2+5)=x(x2+5) i 2x - 1=x.
4°. O6rpyHuTyiiTe, 110 3aJaHi PIBHAHHA He € PIBHOCUJIbHUMU:
a2+t =0+ ix=9; 2@x-1)(*-5)=x(*-5)i2x—1=x.
x+3 x+3
5°. TIosAACHITD, SAKi MepeTBOPeHHsA GyJI0 BUKOPUCTAHO IPU MEepPexoni Bif mep-

II0T0 PiBHAHHSA [0 APYroro i UM MOXKYTh BOHU MPUBOAUTH [0 IIOPYIITEHHS
PiBHOCHJIBHOCTI:
1) 3x+1,1=6,8-2x i 3x + 2x=6,8 —1,1;
2
2) x—‘21+3x2—1=0 i x-9+3x2-1=0;

X+
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10.

11.

5
3x-1
4) Jx?-1=x-2 i x2—1=x2—4x + 4.

Yu e piBHOCUIBbHUMU 3ajaHi piBHAHHA Ha O3 mepIiroro 3 HUX:

3) +x=3 i 5+x@Bx—1)=338x - 1);

1) b—x=x+T71i boxt—t —x+r7+-L
X — X —
) 1222x _*=5 3 19 _ox—x-5;
x—2 x—-2

3) 6-x=10 i 6-x+x—Jx=10;
4) (x2+2x—-3)(x2+6)=5(x2+6) i x2+2x -3 =205;
5) x - 1-6x-1 i £ -Ll_6x-1,
X X
Po3B’a:KiTh PiBHAHHA 1 BKAKITh, AKe IEPETBOPEHHS MOIJIO IIPUBECTH 0
THOPYIIIeHHs PiBHOCUJIBHOCTI:

2
_ _ 4—x)(2—
1) 8 5 x=8+3x_x; 2) X, (x-2)+8_(4-x)( x);
x 2 x 4 x x
7 1 6 x—4 1 x-6 1
— — — . + — —
3) x+3 3-x x%2_9 3+x’ 4) x-2 3x2-12 2-x

Po3B’aKiTh piBHAHHS 3a JOIOMOTOI0 PiBHAHB-HACJIAKIB i BKaMiTh, AKe
IIePeTBOPEHHS MOIJIO IPUBECTHU A0 IOPYIIEHHS PiBHOCUJIBLHOCTI:

1) 3x+Jx-2=5x—-1+Jx-2; 2) V2x+5=x+1;
3) N3-2x=1-x; 4) \5+x%=x—4.

3a AKO0l yMOBU PiBHAHHA € PiBHOCUJIbHUMMN:
f

D L@ if@)=-g @ @x-3)

2) f(@)+Vx=g@+Vx if(x) =g (2)?

Yu moxxe BimOyTmcsa BTpaTa KOpeHiB ab0 mosBa CTOPOHHIX KOPEHiB,

SIKIIO:

1) piBaanusa (x2 + 7) f (x) = 4x? + 28 samiuuru piBHAHHAM [ (X) = 4;

2) piBusuusg (x — 1) f (x) = (x — 1) g (x) 3aminuTu piBusuaasam f (x) = g (x);

@ _8g@

x+3 x+3
f(x)

3x2+5

Po3B’saKiTh piBHAHHSA i OOI'PYHTYIHTE, 1[0 IIOOYAOBAHO JAHITIOMKOK PiBHO-

CUJIbHUX PiBHAHB:

D13 -(x—-12+R2x—-1)(x + 1) =(x + 2)%

2) (x — 1)® — (x — 3)% = 3x + 26;

Nx+1P-(x—-12=6(x2+x+1);

4)Bx -1+ 6x—-3)2x+1)=(x—- 12+ 5 (2x + 1)%

3) piBHAHHSA saminuTu piBHAHHAM [ (x) = & (x);

4) piBHAHHSA =0 saminuTu piBHaaHaM [ (x) = 0?
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3.2. 3acTtocyBaHHA BAaCTUBOCTEN GYHKLIM A0 PO3B’AA3yBaHHA PiBHAHb

Tabaumsa 10

OpieHTnp

Mpuknapg,

1. CkiHueHHa OA3

Axmo 006JacTh TOIYCTUMMX
snauenb (0O3) piBHAHHA
(uepiBHOCTI a00 cucreMu)
CKJIAJACThCA 13 CKiHUEHHOro
yyclia 3HA4eHb, TO IJIA PO3-
B’SI3yBaHHA [OCTATHHO IIepe-
BipuTH BCi 11i 3HAUYEHHS

Va2 —1+x=1++/2-2x2.

x2-1>0,
> OI3: |2-2¢*>0
Ilepesipka.

x =1 — xopiab (VO+1=1++0,1=1),
x = -1 — He KOpiHb (Vo-1£1++0).

Bidnogiov: 1. <|

x?>1, ,
SATN Sxt=lox=41.
x°<1

2. OujiHKa 3Ha4YeHb AiBOi Ta NPaBOi YaCTUH PiBHAHHS

f(x)=g(x)

f(x) > a,
g§(x)<a

{f(x)=a,
g(x)=a

AK110 MoTPiOGHO PO3B’A3aTH PiBHAHHS
Buny f (x) = g (x) i 3’acysanaocsa, mo
f(x) > a, g (x) < a, TO piBHiCTD MiK
JIiBOIO i MPaBOIO YaCTUHAMY MOKJINBA
ToAi i TimpkM Toxi, Koau f (x) i g (x)
OTHOYACHO JOPiBHIOIOTH @

1-x2 =1+ fx].

b fx)=1-x2<1,

g (x)=y1+,x] >1 @o fx[>0).

Or:ke, 3amaHe pPIBHAHHS PiBHOCHJIbHE

cucreMmi
1-x%=1,
<x=0
1+|x| =1

Bidnosgiov: 0. <|

f,(x)+ 1, x+
+.4+f (x)=0

f, @) >0,
f, (x) >0,

OdopigH0OI0OMb HYJLIO

f; (x)=0,

f; (x)=0,
o

f,(x)=0

Cyma Kinvkox Hegid eMHUX QYHK-
uiit dopieHioe HYaw modi i MiabkKu
modi, Koau 6ci QYHKUII 00HOYACHO

Vax—2+|x% - 2x|+(x* -4)* =0.

P f(x)=vx-2>0, f,(x)=|x* - 2x[>0,
fy (x) = (x* — 4)> > 0.
3alaHe pPIiBHAHHA PiBHOCUJIBbHE

Jx-2=0,
|x2—2x|=0,
(x*-4)*=0.

3 mepIrnoro piBHAHHA OJEPIKYEMO X = 2,
10 3aJ0BOJIBHSAE BCill cucTeMi

Bionosgiodv: 2. <

Oroxe,
cucreMi
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IIpodosicenns maodn. 10

3. BUKOpUCTaHHS 3pOCTaHHA Ta cnapaHHA GYHKLIN

Cxema po3B’si3yBaHHSA PiBHAHHSA

1. ITio6upaemo o0uH a6o OeKiNbKa KOPeHi8 PiBHAHHA.
2. Toeodumo, uio iHwux KOperié ye pi6HAHHA He Ma€e (BUKOPUCTOBYIOUU Teope-
MU IIPO KOpeHi piBHAHHS abo OIiHKY JiBOi Ta mpaBoi YacTUH PiBHAHHS)

' A

Y
y=a |a N

TeopeMu Npo KOpeHi PIBHAHHSA

1. Axmo B piBHauHi [ (x) = a yHKIiT

f (x) 3pocrae (cmamae) Ha aeAKOMY
IPOMIiKKY, TO Il PIBHAHHS MOKe
MaTH He OiIbII HijK OTUH KOPiHHb HA
IIBOMY IIPOMIKKY.
Mpuknag

PiBusinHA Jx +2x3=3 Mae exu-
Huii Kopimp x =1 (\/i+2 -13=3,
T06T0 3 =3), OCKiIbKM QYHKIIiA

f(x)=+x +2x® spocrae Ha Bciii 06-
JacTi BusHaueHHa x > 0

/

Axmro B piBHAHHI f (x) = g (x) dyHK-
uisg f (x) 3pocrae HA TIeAKOMY IIPOMIK-
Ky, a PyHKIig g (x) cmajgae Ha oMY
caMoMy NPOMi:KKy (a00 HaBIIAKH), TO
e PiBHAHHA MOKe MATHU He Oiibin
Hi’K OMH KOPiHb Ha IIbOMY IIPOMIiSKKY.
Mpwuknag
Pisusmaa Jx+x°=3-x wmae enu-
(Vi+12=3-1,
T06TO 2 = 2), ocKimpKu [ (X) = Jx +x°
3pocTae Ha BCiit 00sacTi BU3HAUEHHSA

x 2 0, a g (x)=3— x cmagae (ma
MHOKUHI R, a omeke, i mpu x = 0)

HuUl Kopiep x =1

EEl [osiCHeHHS 1 OGrPYHTYBAHHS

1. Ckinuenna O/I3. Haragaewmo, 110 y pasi, Kou 3agaHo piBHAHEA f (x) = g (x),
ciijsibHa o0JslacTh BU3HAUEHHA M QYHKIH f (x) i & (x) HasuBaeThCs o0.1ac-
mi donycmumux 3HAYeHdb IMHOTO PiBHAHHA. 3pPO3YyMiJio, 110 KOXKEH KOPiHb
3aJaHOTO PiBHAHHA BXOAUTH AK M0 00JacTi BusHaueHHA QYHKINI f (x), Tak
i mo obGsacti BusHaueHHsa GYHKIII g (x). OTiKe, KOJ}CeH KOPiHb PiBHAHHA
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0008’513K080 8x00umbv 0o O3 yvozo pieHsaHHsA. Ile m03BOJIsAE B NeAKUX BU-
nmagkax, aHainisyioun OJl3, omep:KkaTu po3B’sI3KU PiBHAHHA.

Hampurnaazn, akmo 3agaHo piBHaHHA Vx—2++4-2x=3x-6, TO ioro

x—-220,
O13 mosKkHa 3ammcaTu 3a JOIOMOTOIO0 CUCTEMU PosB’sasyoun 1110
4-2x>0.
x>2, .
CUCTEeMY, OIePIKyEMO <9 To6TO X = 2. OT:RKe, O3 3amaHOro PiBHAHHSA
XS 4,

CKJIa[Ja€ThCA JINIIE 3 OTHOTO 3HAUEHHA X = 2. AJjie AKIIO TiTBKU IS OZHOTO
yycjaa MOTpidHO 3’sAcCyBaTH, YU € BOHO KOPEHEM 3aJaHOr0 PiBHAHHA, TO AJA
IIbOTO JOCTATHHO IIiICTABUTH Ile 3HAUEHHA B PiBHAHHA. ¥ PE3YJbTaTi ofep-
JKyeMO TpaBUJIbHY uucaoBy piBHicTh (0 = 0). OTiKe, x = 2 — KOpPiHBb IIHOTO
pPiBHAHHA, iHIUX KOpPeHiB OyTM He MO’Ke, OCKiJIbKM BCi KOpeHi piBHAHHA
3HaxomAThbCca B ioro O[3, a Tam HeMmae iHINTMX 3HAUEHb, KpiMm x = 2.

PosraaryTuit npukaajn 103BOJIA€ BULIINTH OPi€HTUD IJIA PO3B’ A3yBaHHA
AHAJOTIUYHUX PiBHAHB:

axkwo O3 pienanna (a maxox Hepienocmi abo cucmemu) CKaa-
daembcea i3 CKIHUEeHHO020 HUCLA 3HAYEHb, MO 0nA pPO36 A3Y6AHHA
docmamubo nepegipumu 6¢i Yi 3HAUEHHA.

3ayBaxeHnHusa. Y momy eunadkry, koru O3 — nopoxcHns mHoxcuna (He
MiCTUTBH KOTHOT'O UWCJIA), MU MOX}eMOo 3pa3y damu 6i0nogidv, w0 3adawne
PIBHAHHA He MAE KOPEHIE.

Hampuxian, AKIo DOTpiOHO Po3B’A3aTH PiBHAHHA VX —3 =+2-x +5x,

. x—-320, x =23,
To #ioro OJI3 BamaeTbcsa cUCTEMOIO TOOTO AKa He Mae
2—-x20, x<2,

posB’as3kiB. Omxe, OI[3 s3amaHoro piBHAHHS HE MICTHUTH KOSHOTO YMCIA,
i TomMy Ile PiBHAHHA He Ma€ KOPEHiB.

2., Omuinka 3HauYeHb JiBOI Ta mpaBol yacTuH piBHAHHA. [leaki piBHAHHA
MOJKHAa PO3B’A3aTH 3a JOIOMOTOIO OIiHKM 3HAUYeHb JIiBOI Ta mpaBOi YacTUH
PiBHAHHA.
Hexait Mmu poss’sa3yemo piBHAHHA [ (x) = g (x) i HaM ymaaocsa 3’sacysatu,
170 JJIA BCiX JOTMYCTUMUX 3HAUEHb X 3HaueHHd f (x) > a, a 3HaueHHA g (x) < a.
® Posrasmemo asa Bumagku: 1) f (x) > a; 2) f (x) = a.
Axmo f (x) > a, To piBHicTh f (x) = & (x) He MOKe BUKOHYBATUCSI, 0O
g (x) < a, TobTo ipu f (x) > a 3amame PiBHAHHA KOPeHIB He Mae. 3aau-
mIaeTheA TiMBKU BUNALOK [ (X) = a, aje, ypaxoByoouu HeoOXimHiCTH BU-
KoHauHA piBHOCTI f (x) = g (x), Maemo, 110 Toxi g (x) = a. OTiKe, MU 00-
I'PYHTYBaJIu, 110 BUKOHAHHA piBHOCTI f (x) = g (x) (3a ymoB f (x) = a
i g (x) < a) rapaHTye OAHOYAaCHe BUKOHAHHA piBHocTell f (x)=a i
g (x) = a (i HaBmaxku, AKIIO OJAHOUYACHO BUKOHYIOTHbCS piBHOCTI f (x) = a
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i g (x) = a, To BUKOHYyeThCA i piBHicTE f (x) = g (x)). AK Gya0 mMoKasamo
B nyHKTi 3.1, 1e i o3HAauae, 1110 piBHAHHA [ (x) = g (X) piBHOCHIbHE CHC-

. Jf(x)=a
Temi { " KOpOTKO Ile MOXKHA 3aIMCATH TaK:

g (x)=a.
fo=gm | e /@
le@=a
f(x)>a,
gx)<a 'e)

IIpukiag BUKOPUCTAHHS TAKOT'O CIOCO0Y PO3B’sA3yBAaHHS DPiBHAHDL HaBe-
neHo B myHKTi 2 Tabauii 10.

Amnajioriuno 10 momepenHix MipKyBaHb MOXKHA OOI'PYHTYBATH i OpieHTHD
IS po3B’A3yBaHHA piBHAHHA [, (x) + f, (x) + ... + [ (x) =0, y axomy Bci
Gbyurnii-noganku mesin’emHi (f, (x) = 0; f, (x) = 0; ...; f, (x) = 0).
® fIxmo mpumycrurtu, mo f, (x) > 0, To cyma Bcix GYHKNii, I[0 CTOATH

y JIiBi#f yacTHHi IIbOr0 PiBHAHHSA, MOKe HOPiBHIOBATHU HYJIIO TiJILKU TOXI,

komu cyma f, (x) + ...+ f (x) Oyme Bin’emHOI0. Asle Ile HEMOKJIHUEBO,

OCKiNBbKM 32 yMoBoIo Bci (yHKIiI HeBix emui. Orxe, mpu f, (x) > 0 sza-

naHe piBHAHHA He Mae KopeHiB. I1i cami MipKyBaHHA MOYKHA TOBTOPUTU

s Oynb-AKoi iHIIOI (YHKIii-momamka. 3ajluINIAEThCA €IMHA MOKJIM-

BicTh — yci QyHKIII-TOZaHKU JOPiBHIOIOTH HYJO (0UYEBUIHO, IO B IIHO-

My BUIAAKy piBHicTh [, (x) + f, (x) + ... + [ (x) = 0 06oB’sa3K0BO Oyne

BUKOHYBaTucs). TakuM 4YMHOM, CYMa KilbKOX He8i0 eMHUX PYHKUIL 00-

pisHioe HYyto modi i miavku modi, Koau 8ci QYHKYiLi 00HOLACHO 0OPiBHIO-

tomv Hyaw. O

Hanpugaaz, mo6 poss’sizatu piBaanasa x* + | x — 1 | = 2x? — 1, mocrar-
HbO TEepeHecTH BCi ujJeHM B OamH OiK, 3amucaTH PIiBHAHHA Yy BUIJIAIL
(x2—1)2+|x — 1| = 01iBaaru go ysaru, mpo (x> — 1)%i|x — 1| — Hesix’emni
x%2-1)%=0
|x-1|=0.
TOTO PiBHAHHSA OAep:KyeMo X = 1, IIf0 3aJJ0BOJIbHSIE BCili cucTeMi, TOOTO 3a-
IaHe PiBHAHHS Mae€ equUHNIT KOpiHb x = 1.

.en . . . b
dyurmii. Orke, 3amaHe PiBHAHHS PiBHOCHJIBHE CHCTEMi 3 npy-

3. BukopucTaHHA 3pPOCTAHHA Ta CNaJaHHA (PYHKIi# DO pO3B’sA3yBaHHA
PiBHAHB CUHpAEThCA HA TAKy BJIACTUBICTB: 3pocmaryua abo cnadna QyHKYis
Ha0YyB8a€e KONMCHO20 C6020 3HAUEHHSA MIAbKU 6 00Hill mouyi il obracmi eu3na-
YeHHS.

Kopucuao mam’siTtatu creriiajabHi TeopeMu PO KOPeHi piBHAHHA.

Teopema 1. Axmio B piBuaAnHI [ (x) = a pyukiia f (x) 3pocrae (cmagae)
HA JeAKOMY MPOMIiMKKY, TO Iie PiBHIHHA MOKe MAaTH He OiJbII HisK OTUH
KOpPiHb Ha I[bOMY IIPOMIiKKY.
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T'padiuno TBepAKeHHS TeopeMU MHpOoijifocTpoBaHO Ha pucyHKy 51. Ilpsa-
Ma y = a nepetTuHae rpadik 3pocraiouoi Ha npoMikKy [o; B] dyHKIiT y = f (x)
TinbKU B omHii Touri. Ile i osHauae, 110 piBHAHHA f (X) = @ He MOKe MaTHU
6ispiie oHOTO KOpeHA Ha mpoMikKy [o; B]. [oBemeMo me TBep:KeHHA aHAa-
JiTUYHO.
® SIxkmo Ha npomixkKy [o; B] piBHAHHA Mae KOpiHb X, To [ (x,) = a. In-
mIinX KOpeHiB OyTu He MOKe, OCKiJIbKH A 3pocTapdol (GyHKITIT
f(x) mpu x > x, omepskyemo [ (x) > [ (x)=a, a npu x < x, MaeMo
f(x) <f(x,) =a.Omxe, npu x # x, [ (x)# a. AHamoriuyuo mus crnapHoi
GbysKOii npu x # x, oneparyemo [ (x) # a. O

Teopema 2. fAxmo B piBHAHHI [ (x) = g (x) dyHkHia f (x) 3pocrae Ha
JesIKOMy IPOMIiKKY, a (pyHKIisg g (x) cmagae Ha IIbOMY caMOMYy IIpO-
MisKKy (a00 HaBIaKu), TO Ile PiBHAHHA MOKe MaTH He OLIbII HiK OgUH
KOPiHb Ha IIOMY IIPOMIiKKY.

T'padiuro TBepIKEeHHS TEOpEeMHU IIPOiTIOCTPOBAHO HA PUCYHKY H2.

y D y
&/ y=g@x) &

_ / \/
y=a a N / Vi
N
a
b

—_—
(=)
Q

K
S
-+
&

X

o & =
Puc. 51 Puc. 52

® SIxmo ma npomixkky [o; B] piBHAHEA Mae KOpiHb X, TO f (X)) = & (x,) = a.
Iamux KopeHiB OyTH He MOXKe, OCKiJIbKHU, HAIPUKJAL, OIS 3POCTAI0UOI
bysrnii f (x) i cmagaoi @ymkmii ¢ (x) npu x > x, maemo f (x) > a, a
g (x) < a, orxe, [ (x) # g (x). Anasnoriuno i npu x < x, f (x) # g (x). O
Kosxna i3 mux TeopeM CTBEPIIKYE, W0 8 PO32AAHYMOMY NPOMIHKY 3a0a-

He PIBHAHHS MOJce mamu He Oiabul Hid 00UH KOPiHb, TOOTO abo ye PiBHAHHS

308cim He MAE KopeHnig, ab0 60HO Ma€ MilbKU €0UHULL KOpPiHb. SIKIO HaAM

yaajocs migiopaTty oAMH KOPiHb TAKOro PiBHAHHSA, TO iHIINX KOPEHiB y 3a-

IaHOMY MPOMIMKKY PiBHSHHS He MAae.

Hanpuraan, mo6 poss’sizatu piBEsuHs x° + x = 10, mocTaTHLO IOMi-

T™ITH, 10 PyHKIig [ (x) = x3 + X € 3pocTanuor Ha BCill UMCIOBiN mpaMii

(7K cyMa ABOX 3pocTarunx (PYHKINiH) i 110 X = 2 — KOpiHb! 1IOr0 PiBHAHHS

! Kopiab x = 2 ozepsxano migbmpanuam. Ik mpasuio, migbip mouymHawoTs i3 I1i-
aux 3HaueHb: x = 0, £1, +2, ..., aKi migcTaBIAOTL y 3ajjaHe PiBHAHHSI.
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(23 + 2 =10; 10 = 10). Omxe, sagane piBHaHEHA [ (x) = 10 Mae eguHUN Ko-
piEb X = 2.

3asHauuMo, 1110 KOKHA 3 IIMX TeopPeM rapaHTye €INHICTh KOPeHs PiBHSAH-
HA (AKIIO BiH €) TiJIbKM Ha MPOMIiKKY 3pocTaHHA (UM cIaJaHHsA) BigmoBigHOI
GyukIii. AKimo QyHKIIA Mae OeKiJbKa IIPOMiXKKIiB 3pocTaHHSA i crmagaHHsd,
TO TOBOAUTHCSA POITJIANATUA KOYKEH 3 HUX OKPEMO.

. 2
IIpuraanx Po3B’a:%eMo0 3a JOIOMOIOIO TeopeMu 2 piBHAHHA x°+x==.
X

P Coouarky ciaix ypaxysatu iioro OJ13: x # 0 i sragaTu, mo QyHKIia y -2
X

Ha Bcifi o0sacTi BU3HAUEHHS He € Hi CIIagHOI0, Hi 3pocTaiouoio (IyHKT 2.2),
ajie BOHA CIIaJa€ HAa KOXKHOMY 3 HPOMIiKKIB (—eo; 0) i (0; +eo). Tomy poaris-
HEMO KOJKeH IIPOMi’KOK OKpeMo.

1) IIpm x > 0 3amaHe piBHSHHSA Ma€ KOpiHb x = 1 (13 +1=%, 2=2).
dOyuknia f (x) = x® + x 3pocrae nmpu x > 0 (K IIOKa3aHO BUINE, BOHA
3pocTtae Ha MHOKUHI R), a QyHKIig g (x)= 2 crajgae Ha IPOMiKKY x > 0.

X

Omxe, 3amame piBHanHA [ (x) =g (x) mpu x > 0 Mae eIUHUHA KOPiHb
x=1.

2) IIpux < 03agaHe piBHAHHA Ma€ KOpPiHbx = —1 ((—1)3 +(-1)= %, -2= —2).

®yukmia [ (x) = x® + x spocrae npu x < 0, a PpyHKIia g‘(x)zg crazae
X

Ha mboMy npoMizkKy. Tomy 3amate piBuaHHA f (x) = g (x) pu x < 0 mae
eIMHUN KOpiHb x = —1.

Y BiamoBingb caix sammcaTu Bei 3HalimeHi KOopeHi (X0U HA KOMKHOMY 3 IIPO-
Mi’KKiB KOpPiHb €IMHUIH, ajle BChOTo KOopeHiB — aBa). OT:Ke, 3amaHe piB-
HAHHA Ma€ TiIbKK aBa Kopeni: 11 —1. <

H [lpuknaau po3B'a3yBaHHA 3aBAaHb

s . . 4, 1 2
Ilpuknaxg 1  Posp’suxiteh piBHAHHEA X° + i 2—-(x-1)".

Pos3e’a3annsa Komenmap

> OI3: x = 0. Ha O3 x* > 0. Toxi
dyarnia  f(x)=x* +xi4>2 (ax cyma

JBOX B3a€MHO OGEPHEHMX JOJATHUX UM-
cen), a pysKIia g (x) =2 — (x — 1)2< 2.

SKII0 PO3KpUTH AYKKH i 3BecTu
00MIBi YaCTUHU PiBHAHHSA OO CHiJIBHO-
ro 3HAMEHHUKA, TO IJIA 3HAXOMIMKEeHHS
KOPEeHiB 0Jep:;KaHoro PiBHAHHSA LOBe-
IeThCcsA PO3B’sA3yBaTH MOBHE PiBHAHHS
BOCBMOI'O CTeNeHs, yCi KopeHi AKOro
MU He 3MOYKeMO 3HANTH.
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TakuM uyWHOM, 3aJaHe DPiBHAHHA DiB-
) x* +i4 =2,
cucreMmi x
2—(x-1)2=2.
3 Ipyroro piBHAHHSA CUCTEMU OLEPIKY-
emo x = 1, 110 3a7]0BOJIbHSAE i TEPIITO-
My piBHAHHIO, TOOTO cucteMa (OT:Ke,
i BamaHe piBHAHHA) Mae €IUHUN
posB’sa30K x = 1.
Bidnogios: 1. <]

HOCUJIbHE

IIpukaang 2

Poszs’szanns

x=20,

> 0I3: {
Y

mito f(#)=+t+%. Ha csoiii obmacTi
BusHauenHus (¢ > 0) ma GpyHKIig € 3poc-
TaUon (AK CcyMa [OBOX 3POCTAIOUUX
¢yuxkiiit). Toxi mepiiie piBHSHHA 3a-
IaHoOI cucTeMHu, sKe Mae€ BUTJIAL
f (x) =7 (y), piBHOCHIBHE pPiBHAHHIO
x =y. Omxe, Ha OlI3 3amaHa cucrema

x=y,

x%+3y* =36.
IligcraBiasaroun x =y y Opyre piBHAH-
Hs cucremu, maemo 4y? =36, y?=9,

Poasraaremo ¢yHK-

\%
=)

piBHOCHJIBHA cucCTeMi

y =13. VYpaxomywouu, mo Ha O3
y =2 0, omepxxyemo y=3. Toxui
x=y=3.

Bionosiov: (3; 3). <l

Po3B’sKiTh cucTeMy PiBHAHD

Copobyemo orminuTu objsacTi 3Ha-
yeHb (QPYHKIIH, AKI cToATh y JiBif
i mpasiit yactTuHax piBHAHHA. OCKijab-
Kz Ha O3 (x # 0) x* > 0, To B JiBiit
YacTUHI PiBHAHHA CTOITH cyma 060x
83a€MHO 00epHeHUuXx 000amHuXx duceJ,
aKa 3aexnclu Oiavuwia abo OopieHioe 2.
Y mpasBiit wactuHi Bix 2 BigHiMaeThca
HeBix emue umcio (x — 1)%. Orixe, mpu
BCiX 3HAUEHHAX X OJEePyKyEMO 3HAUEH-
Hs, MeHIi abo piBui 2. PiBHicTh Mimxk
JIiBOIO i MpaBOI0 YACTHHAMU MOKJIUBA
Toxi i TiMbKM TOxi, Koam oOHABI uac-
TUHU OOPiBHIOIOTH 2.

Ve +x8 = Jy + 1%,
x%+3y* =36.

Komenmap

Imoxi BmacTmBocTi (yHKIiN yaa-
€ThCsI BUKOPUCTATH IIPU PO3B’sA3yBaHHI
cucTeM PiBHAHBL. JKIO momiTuTH, IO
B JIiBi#i i mpaBifi uvacTuHAX IIEPIIO-
ro PiBHAHHA 3aJaHOI CHUCTEMU CTOATH
3HaUeHHA onHiel i Tiel K QyHKIII,
AKa € 3pocTaruoio (AK cyMa OIBOX
3pocrarounx QYHKIiH), TO pieHicmb
f(x) =7 (y) Ons 3pocmaruol QyHryil
moxcauea modi i minvku modi, Koau
X =Y, OCKIIbKU O00HAKOBUX 3HAUEHb
3pocmarnia QYHKYis Moxe Habysamu
miavku npu 00HOMY 3HAUEHHi apey-
meumy. (3ayBasKuMo, IIIO TaKa cama
BJACTHUBiCTL MaTHMe Miclie i s crag-
HOI (pyHKIIii.)

3ayBaxenHsda. TBepa:KeHHsd, AKe 0yJI0 00T PYHTOBAHO B KOMEHTAapi 10 IIpu-
KJjany 2, Moike OyTH BUKOPKCTAHO IPU PO3B’A3yBaHHI aHAJOTIUYHNX 3aBAAHb.
KopoTko iforo MmoxkHa chopMyTI0BATU TaK: AKUW0 QYHKYiA [ (x )€ 3pocmarouorn
(abo cnadnomw ) Ha negriit MHONCURL, mo Ha yill mHoxcunif (o) = (B)=a = P.
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ITosacHiTs Ha MpUKJIagax, AK MOYKHA BUKOPUCTATHU BJIACTUBOCTI QYyHKIIIH

*. OOGrpyHTyiiTe NTpPaBUJLHICTH OPi€HTUPIB 1A PO3B’A3yBaHHA pPiBHAHB
3 BUKOPUCTAHHAM BJAacTHUBOCTeil GyHKIIil, AKi HaBemeHo B Tabuuii 10.

Posp’axiTh piBHAHHA (1—4), BUKOPUCTOBYIOUYU BJIACTUBOCTI BiAIMOBiMHUX

3) V1—x2 +\V1+3x +/4x? +y? —2y—3=+/x* —-1-2y+3.

2) 1+|x5+3x|=\/ﬁ;

4 2x +——=2-|2x-1].
2x

=

2) x+Jx+x°=3;
4) Jx—2+x="2,

x-1

6) 2x+vx =+10-x.

HEl 3anuTaHHS ons KOHTPOo
1.
JI0 pO3B’sA3yBaHHSA PiBHSAHD.
o
I Bnpasu
GYHKITIA.
1°. 1) Jx—-2+x2=V8—-4dx+x+2;
2) 2x++x? -9 =x2+18—-2x2
2% 1) Va+x?=2-x%
3% x6+i6:1—2x—x2;
X
3. 1) |x2—-Tx+12|+|x2—-9|+]|6-2x|=0;
2) |x+2|+|y-5|+]|2x2-8]|=0;
3) JI—y+Vx2-9+VJx?—3x =0;
4) Vx® -4 +Jx-2+Vx*-x =0;
5) x2+y?+5=4x+ 2y;
6) 3x2+ y?+ 222 =4y — 6x — 12z — 25.
4. 1) Jx-2+Jx-6=2;
3) 2Vx+1+x+9=5-x;
5) V2x+5+vJx+2=22;
X
5°. PosB’siKkiTh cucTeMy DiBHAHB:

x+x’=y+y°,
x*+3y=10;

) {\/J—F Y-y,
x®+y® =-16;

4) { —3x—\/@=x—y,
3x?—y*=8.
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§4

HEPIBHOCTI: PIBHOCUAbHI NEPETBOPEHHA
TA 3ATAAbHUIA METOA IHTEPBAAIB

Tabaumsa 11

1. MOoHATTA HEPIBHOCTI 3i 3MiHHOIO Ta il PO3B’A3KIB

O3HauyeHHs

Mpuknap

SAxmo mgBa Bupasw 3i 3MiHHOIO
CIIOJIYYUTU OJHUM i3 3HAKiB >, <,
2, <, TO OJEP:KYEMO HepieHicmb
30 3BMIHHOI0.

¥ 3arajbHOMY BUIJIAAL HEPiBHICTH
3 OHi€I0 3MiHHOIO X (HAIpUKJIaI,
IS BUMAJKY «OijbIlie») samucy-
oTh Tak: [ (x) > g (x)

3x <1 — sinifina HepiBHICTB;

x? — 3x + 2 > 0 — KBajgpaTHaA HEPiBHICTB;
x—5
2x+4

<1 — npoboBa HepiBHiCTHL

Po3sé’askom Hepiénocmi 3 00Hi€H0
3MiHHOI0 HA3MBAETHCA 3HAYEHHS
3MiHHOI, fKe IIePeTBOPIOE 3aJaHy
HePiBHiCTh HA MPABWJIbHY YUCJIOBY
HePiBHICTb.

Poss’sssamu nepigHicmb — 03HA-
yae 3naiimu 8ci il po3s’sa3xu abo
dosecmu, wo ix Hemae

x=4 — omuH 3 PO3B’A3KIiB HepiBHOCTI
2x — 3 > x, OCKiIbKU TIPU X = 4 OJEePIKYEMO
IpaBUJIbHY HepiBHicTB: 2-4 — 3 > 4, TOGTO
5>14

2. 06AacTb AONYCTUMUX 3HaUYeHb (OA3)

Obnacmio donycmumux 3HAYEHb
(abo ob6nacTiO BUBHAUYEHHA) Hepie-
HoOcmi Ha3UBA€ThCA CIJbHA 00-
JIACTh BU3HAYEHHA I (PYyHKILii
f(x) i g (x), mo croare y xiBiit
i mpagiii yacTuHaxX HEPiBHOCTI

Iliisa mepiBuocTi Vx+2<x OI3:
x+ 2 20, TobTo ¥ > —2, OCKiIBLKU 00JIaCTH

Bu3HaUeHHs (PyHKIiI f(x)=+vx+2 BusHaua-

eThesA yMoOBoIO x + 2 > 0, a objacTio BU3HA-
yeHHSI (PYHKII g (x) = X € MHOXMMHA BCixX
OiACHUX YICeJI

3. PIBHOCUABLHI HEPIBHOCTI

O3HaueHHs

HannpocrTiwi Teopemu

JBi HepiBHOCTI Ha3MBAIOTHCA Pig-
HOCUNbHUMU HA JeAKill MHOMKHHI,
AKIIO HAa Ii MHOKMHI BOHHM Ma-
I0Th OTHIi M Ti caMi pPO3B’A3KH

Axmo 3 omuiei wacTMHM HepiBHOCTI
mepeHecTH B IiHIIY YaCTHHY XOJTAaHKHU
3 MPOTUJIEKHUM 3HAKOM, TO OXEPKHMO
HepiBHiCTH, piBHOCHJBLHY 3amaHiii (Ha
Oyab-AKi MHOSKWHI)
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TOOTO SAKIIO KOMKEH pPO3B’sI30K
mepIrioi HEePiBHOCTI € Po3B’A3KOM
apyroi i, HaBmaku, KOMKeH
PO3B’sA30K  ApPyroi  HepiBHOCTI
€ PO3B’SI3KOM IMepIIoi

2.

Axmo o0uaBi YacTUHHM HEPiBHOCTI ImO-
MHOKMTH a00 NOTIiJIUTH HA OJHE # Te
came momaTHe umuciao (abo Ha o0HY U my
camy QyHKyio, wo eusnavena i dodam-
Ha Ha O/]3 3a0anoi HepieHoCcmi), HE 3Mi-
HIOIOYM 3HAK HEPiBHOCTi, TO OZEePSKHUMO
HepiBHiCTH, piBHOCHIBHY 3amaHii (Ha
OI3 3amanoi)

Axmo o0uaBi yacTUHM HEPiBHOCTI mO-
MHOKMTH a00 MOTiJIUTH HA OJHE # Te
came Bix’emHue umciao (a6o Ha 00HY UL my
camy QyHryilo, wo euznavena i 6i0°em-
Ha Ha O[3 3adanoi HepiéHocmi) i 3mi-
HUTH 3HAK HEPiBHOCTI HA MMPOTUJIEKHUM,
TO OJEPSKMMO HEPiBHICTb, PiBHOCHIIbHY
3ananii (Ha O/13 3aganoi)

4. MeTog iHTepBanis
(po3B’a3yBaHHs HepiBHOCTeN BuAy f (x) = 0)

MaaH

Mpuknaa

[u—y

3uantu 0/13.
2. 3maiitu HyJi QyHEKIIT
f(x)=0.

3. Ilozmauutun wyai wHa O3
i sHayiTh 3HaK f (x) y KOKHO-
MYy IPOMIiKKY, Ha AKi po30u-
Baethea O/13.

4. 3ammcatu BigmoBimb, ypaxo-

BYIOUM 3HAK 3aJaHOI HepiB-

HOCTi

—t

3.

2

x” -1

I N X o>
Po3B’axiTh HepiBHiICTH (x+3)°

o x2-1
Hexait f(JC)—m.
O3: (x + 3)% = 0, orsxe, x # —3.
Hyuni dyuxrmii: f (x) = 0.
L—lzzo, x2—-1=0,
(x+3)
x, =-1, x, = 1 (Bxogats no O[13)

Bidnosidv: (—; —3) U (=3; —1] U [1; +o0).
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5. Cxema NoLyKy nraHy po3B’a3yBaHHSA HEPIBHOCTEN

[PO3B’H3YB3HHH HepiBHoc'reﬁ]

3a JOIIOMOT'OI0 3a JOTIOMOT'0I0
PiBHOCUJILHUX IIEPETBOPEHD merony inrepsaiis (f (x) 2 0)
Bpaxysatu O13 1. 3uaitTu O/13.
TIOYaTKOBOI HEPiBHOCTI 2. Buatitu myai pyakrii: f (x)=0.
3. IlosuaunTu myai Ha OJ13 i 3Haii-

@ B6epiraru ma O3 TH 3HaK QYHKLII f(x) y KOMXKHO-
i T IpaBUIBHY HEPiBHICTE My IPOMIKKY, Ha AKi po3buBa-

IIPH IPAMUX i BBOPOTHHUX erbest OJ13.
@ [epeTBOPEHHSAX. 4.3anucaTu BifmoBiab, BpaxoByIO-

Yu 3HAK 3aaHOI HepiBHOCTI.

@ — IIOYaTKOBA HEPiBHICTBH;
@ — HepiBHiCTB, ofepsKaHa B pe3yIbTaTi IepeTBOPEHHI IOUYaTKOBOI;

{, T — cumBoiunHe 306paskeHHA BUKOHAHUX II€PETBOPEHb
(i3 BKa3iBKOIO HAIIPSAMKY iX BUKOHAHHS)

EEl [losiCHeHHS 1 OOrpyHTYBaHHS

1. Tlomarta HepiBHOCTI 3i 3MiHHOI0 Ta Ti po3B’aA3KiB. SIKITO ABa Bupasm 3i
3MiHHOIO CHOOJIYUUTH OJHUM i3 3HaKiB >, <, >, <, TO OJeP:KMMO HepiBHiCTh 3i
3MiHHOIO.

Amnajyoriuno m0 piBHAHHA, HEPiBHICTHL 31 3MiHHOIO (HAIPUKJIAJ, i3 3HA-
KOM >) HaWyacTiile po3yMilOTh AK aHAJNITUYHUNA 3amuc 3a7adi Ipo 3HAXO-
I)KeHHS THUX 3HAUYeHb apryMeHTiB, IpPM SKUX 3HAUeHHSA ONHiel i3 3amaHmx
¢dyHKIi OinbIille 3a 3HAUEeHHs APyroi saganol pyHKIii. Tomy B 3araibHOMY
BUIJIAAI HEPiBHICTH 3 OAHi€I0 3MiHHOIO X (HAIIPUKJIAJ, IJII BUNAAKY «OiJb-
me») 3anucyiors Tak: f (x) > g (x).

Haramaemo, 110 po38’a3kom HepieHOCMi HA3UBAEMbCA 3HAUEHHSA 3MiH-
HOI, AKe nepemeopioe Yo Hepi6HiCMb HA NPABULbHY LUCL068Y HepiéHiCcMb.

Posé’sssamu HepigHicmb — 03Hauae 3nailmu 6ci ii po3s’a3xku abo dosec-
mu, wo ix HeMmae.

Hanpuraazg, poss’sskamMu HepiBHOCTI 3x < 6 € Bci x < 2, pos3B’aA3KamMu
HepiBHocTi x% > —1 € Bei miticui uwmesna (R), a HepiBHicTs x%2 < —1 He Mae
PO3B’A3KiB, OCKIJILKM 3HAUeHHS X° He MOKe OyTH BiJ’€MHMM 4YMCJIOM, MEH-
mum 3a —1.
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2. O6aacrp gomyctrumux 3HaueHb (0OJ[3) HepiBHOCTI 03HAYAIOTHL aHAJIOTiU-
HO mo OII3 piBHaHHA. K0 3amaHo HepiBHicTH f (x) > g (x), TO cuinbHa
obsacTh BU3HAUeHHA OaA (QyHKIiH f (x) i & (x) HasuBaeThcAa 00JACTIO JO-
IyCTUMUX 3HAaUeHb Iliel HepiBHOCTI (iHOAI BUKOPUCTOBYIOTH TAKOXK TEPMiHU
«0bJiacTh BU3HAUEHHS HEPIiBHOCTi» ab0 «MHOMKHMHA IOMYCTUMUX 3HAUEHDb
HepiBHOCTi»). Hanpukian, mia HepiBHOCTI X2 < X 00J1aCTIO JOIYCTUMUX 3HA-
YeHb € Bci mificHi yucia (1le MOKHa 3anmucaTu, HanmpukJjiang, Tak: OI03: x € R),
ocKinmpku pyHKIIL [ (x) = x? i g (x) = x maroTh obJacTi BusHaueHHsa X € R.

3po3yMmiso, 1110 KOKeH Po3B’sI30K 3aJaH0l HEePiBHOCTI BXOAUTH SK M0 00-
Jacti BusHaueHHs GyHKILI f (x), Tak i 70 obyacTi BusHaueHHA PYHKINI g (x)
(imakime My He 3MOXKEMO OTPHMMATHU MIPABUJIBHY UHCJIOBY HepiBHicTb). OTiKe,
KOJXCeH p038° 130K HepieHocmi 0608°13K0680 8xodumb 0o O3 uyiei HepieHoCMI.
ITe mosBosisie B AessKUX BUMNAAKaX BUKopucToByBaTu auaiisd OII3 HepiBHOCTI
Is1 il po3B’sA3yBaHHA.

Hamnpurinan, y HepiBHOCTI +Jx—3+vV2—x >x OyHKIiZ g (x) = x Bu3HAa-
YyeHa IPM BCiX OificHMX 3HAYeHHAX X, a QyHKIia f(x)=vx-3+v2-x —
TiTBKM 3a YMOBHU, IO HiJi 3HAKOM KBaJpaTHOTO KOPeHA OyAyTh CTOATHU
HeBim’emui Bupasu. Orike, OJI3 1iei HepiBHOCTI 3aJaeTbcA CHUCTEMOIO

x—-320, . x 23, , .
3 AKOI OJIeP’KYEMO CUCTEMY 110 He Mae posB’A3KiB. OTiKe,
2—-x2> 0, X< 2a
Ol13 3amaHOi HEPiBHOCTI HE MiCTUTH KOJHOTO YKCJA, Uepes3 Te I HEPiBHICTH
He Mae Po3B’A3KiB.

Vzarami nmpu pos3B’sa3yBaHHiI HepiBHOCTell pi3HUX BHUAIB HaM JOBEIETHCS
BUKOPHUCTOBYBAaTH ONWH i3 ABOX METOXAIB PO3B’sI3yBaHHA: PiBHOCWJIBHI mepe-
TBOPEHHS HepiBHOCTell a00 TaK 3BaHUI MeTOJ iHTepBaJiB.

3. PiBHocuabHI HepiBHOCTI. 3 MOHATTAM PiBHOCUIBHOCTI HepiBHOCTell BU
3HaoMi 3 Kypcy anrebpu 9 kaacy. AK i A1 BUIagKy PiBHOCUJILHUX PiBHAHbD,
PiBHOCHJIBHICTH HepiBHOCTe!l MU OyIeMO PO3IJIANaTU Ha MeBHI MHOMKUHI.

6i nHepienocmi Ha3uearomwvca Pi6HOCUNBHUMU HA OeaKill MHO-
JHCUHI, AKWO HA Uil MHONUHI 60HU Mmalomb 00Hi U mi cami
po36’a3ku, mobmo AKW,0 KOjieH PpPO36’A30K nepuloi HepieHocmi
€ po3é’asxom Opy20i i, HABNAKU, KOX}CEH PO36° 130K OpY20l HepPiéHO-
cmi € po36’a3Kom nepuLoi.

IomoBUMOCS, IO HAZAji Bei pPiBHOCHIbHI IMEepPeTBOPEHHS HepiBHOCTeH
oymemo BuronyBatu Ha QJI3 3amaHoi HepiBHOCTi. 3a3HAUMMO, II[0 y BUMIA-
Ky, kKoau OJI3 samamoi HepiBHOCTI € MHOMKMHA BCiX MificHUX YucesJ, MU He
3aBkau Oymemo ii sanucyBaTtu (A He 3anucyBanu O3 mpu poss’sasyBaHHI
JiHIAHUX UM KBaApaTHUX HepiBHocTeit). I B iHmMIMX BuUmagKax roJOBHE —
He sanucatu OJI3 mo po3B’sa3aHHA HEPiBHOCTI, a AificHO BpaxyBaTH ii, BUKO-
HYIOUU PiBHOCUJIbHI IepeTBOPEHHS 3aJaHOl HepiBHOCTI.
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3arajbHi Opi€EHTUPU IJIsT BUKOHAHHS PiBHOCUJBHUX IIEPETBOPEHDb HEPiB-
HOCTell aHAJIOTiuHi MO BiAMOBiAHWX OPI€EHTUPIB AJIS BUKOHAHHS PiBHOCHUJIb-
HUX IIePEeTBOPEHb DPiBHAHD.

fAx Oyso ykasaHo BUIlle, BUKOHYIOUUN PiBHOCUJbHI NepemeopeHHs Hepis-
Hocmell, HeoOxinmHo BpaxyBatu O[3 3amaHoi HepiBHOCTI — Ie i € mepIuit
Opi€eHTUD AJA BUKOHAHHS PiBHOCUJIBHUX IEePEeTBOPEHb HEPiBHOCTEI.

3a o3HaueHHAM PiBHOCHUJIBHOCTI HepiBHOcTell mOTPiObHO 3abesmeuunTu,
1100 KOKeH PO3B’A30K IepIrnoi HepiBHOCTI OyB po3B’A3KOM Apyroi i, HaBia-
KU, KOKEH PO3B’sI30K APYroi HepiBHOCTiI OyB po3B’A3KoM mepimoi. s mbporo
IOCTATHHO 3a0e3meuuTu 30epesKeHHs IMPABUJIbHOI HEPIiBHOCTI Ha KOKHOMY
KpoIli po3B’sA3yBaHHS He TiJIbKM IIPH NPAMHUX, a W IIPUM 3BOPOTHHUX Iiepe-
TBOpeHHAX. Ile i € apyruii opieHTUp IJA pPO3B’sA3yBaHHS HepiBHOCTeIl 3a
IOIIOMOI'0I0 PiBHOCUMJIBHUX IepeTBopeHb. [lificHo, KOKeH PO3B’s30K HepiBHO-
cTi mepeTBOpIioe il Ha IMPaBUJABHY UYHCJIOBY HEPiBHICTH, i AKIIO IpaBUJIbHA
HepiBHiCTL 30epiraeThcs, TO PO3B’A30K KOMKHOI 3 HepiBHOCTEH Oyae TaKOMK
i posB’ss3KoM iHIIOI, a OTiKe, HepiBHOCTI OyAyTh piBHOCHJIBLHI (Bimmosimmi
OpieHTHPU CXeMaTHYHO IIOJAaHO B IYHKTI 5 Tabmauii 11).

Hanpukaan, 11106 poss’sizaTu 3a JOIIOMOTOI0 PiBHOCUJIBHUX IIE€PETBOPEHD
HepiBHICTH

350, (1)
x+1

mocraTHLO BpaxyBatu il OI3: x + 1 # 0 i ymoBy momaTHOCTi 1poby (0pi6 6yde
0dodamuum modi i minvku modi, KOLU YUCEAbHUK | 3HAMEeHHUK 0po0y MAmb
00HAKO08] 3HAKU), a TaKOK 3BEPHYTHU yBary Ha Te, 1o Ha O3 Bci morpibHi
TepeTBOPEeHHA MOYKHA BUKOHATH AK Y IPAMOMY, TaK i Y 3BOPOTHOMY HAIIPAM-
Ky 3i 36epesKeHHAM MPaBUJILHOI HEepPiBHOCTI.

Poszé’s3annsa Komenmap

P 3azana HepiBHicTH piBHOCHIBHA
CYKYITHOCTi IBOX CHCTEM:

x—-3>0, 60 x—-3<0, @)
x+1>0 x+1<0.
x>3’ x<3,

Toxi omepxyemo abo
A1 OLEePHKY x>-1 <1

Oroxe, x > 3 abo x < —1.
Bionogiov: (—; —1) U (3; +0).<]

3ayBasKuMoO, 10, 3aIUCYIOUN YMO-
BY [JOJAaTHOCTI Opo0y — CYKYHOHiCTH
cucreM (2), MU HeABHO BpaxyBaIu
O3 wmepiBuocti (1). [lificHO, AKIITO
x+1>0abox+1<0,Tox+1=0,
Tomy B ABHOMY BuraAni O[3 samanoi
HepiBHOCTL He 3ammcaHa Ipu odopm-
JIeHHi pPo3B’sA3aHHI.

Kpim BupineHnx sarajJbHUX OPi€HTUPiB, BUKOHYIOUMW DPiBHOCUJIBHI IIe-

PETBOPEHHS HEPiBHOCTEH,

MOMHa TaKOMX KOPUCTYyBaTUCA Cl'IeI_Iia.TIbHI/IMI/I

TeopeMaMM TIPO PiBHOCWJIBHICTH. ¥ 3B’ABKY 3 YTOUHEHHAM O3HAUEHHA DPiB-
HOCUJIBHOCTi HepiBHOCTell y3arajJbHUMO TaKO0XX (POpPMYyJIIOBaHHSA HANUIIPOCTi-
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IIMX TeopeM IIPO PiBHOCHMJIBHICTH HepiBHOCTe#, BimoMux 3 Kypcy anredbpu
9 kJiacy.
1. Axwo 3 00Hi€l wacmuHnu Hepi6HOCMI NepeHecmMU 6 IHWY “acmu-
HY 000aHKU 3 NPOMUNLEeHHUM 3HAKOM, MO 00epiumo Hepis-
Hicmb, pieHocunbry 3adanitl (ha 6y0v-akill MHONCUHL).

2. Axwo o6udei wacmunu HepieHOCMi NOMHONCUMU a60 nodirumu
Ha o0He Ui me came dodamHe wucno (abo na 00HYy U my camy
dynkyiio, wo eudnavena i dodamua na O3 3adanoi HepiéHo-
cmi), He 3MiHI0IOWU 3HAKA HepPiGHOCMIi, MO 00epicumo Hepié-
Hicmb, piénocunvry 3adaniti (Ha O3 3a0anoi).

3. Axw,0 06udei racmuHnu HepiéHocmi nomMHONcCUMU Ab60 nodirumu
Ha o0He Ui me came 6i0’emne wucno (a6o Ha o0ny i my camy
pynryiro, wo eusnaiena i 6id’emna na O3 3adanoi HepieHo-
cmi) i 3miHumMuU 3HAK HepiéHOCMi HA npomunexdcHuil, mo odep-
HUMO HepiHicMmb, pi6HOcunbRY 3adanii (Ha O3 3adanoi).

OOrpyHTYBaHHA IIUX TEOPEM IIOBHICTIO aHAJOTiUHe [0 OOIPYHTYBaHHS
OpPi€EHTUPIB AJA PiBHOCUJIBHUX IIEPETBOPEHDb 3aJaHOI HEPiBHOCTI.

3ayBakeHHdA. {19 mo3dHaueHHA IIepexXONy Bij 3amaHol HepiBHOCTI m0
PiBHOCHJIBHOI iii HEepiBHOCTI MOKHA BUKODPUCTOBYBATU CIEIiaJbHUN 3HAYOK
&, aje 10ro BUKOPUCTAHHS IIPYU 3alllCyBaHHI PO3B’A3aHb HE € 000B’ I3KOBUM
(xoua iHomi Mu OymeMO HUM KOPUCTYBATHCH, 11100 IIiIKPECJIUTH, 1110 OYJIO BH-
KOHAHO caMe PiBHOCUJIbHI MepeTBOPEHHH).

4. Meron inTepBaxiB. Po3B’a3yBaHHA HepiBHOCTEHl MeTOAOM iHTEpBaJIiB
CIIMPAEThCA Ha BJIACTUBOCTI (PYHKIIil, TTOB’s3aHi 3i 3MiHOI0 3HaKiB (PyHKITii.
ITosscruMo 1i BiacTUBOCTi, BUKOPUCTOBYyIOUM rpadiku BimoMux HaM (GyHK-

i, HATPUKJIALT y:l iy =2x - 2 (puc. 53).
X

Yy y

Puc. 53
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Posramanpaioun mi rpagiku, momivaemo, mio GyHKI[isT MOXKe 3MiHUTH CBilt
3HAK TiIbKU y ABOX BUIAIKaX:

1) saxmo rpadik po3puBaEThCA (AK Y BUMAAKY QYHKIL y= 1 (puc. 53, a) —
X

rpadik pospuBaeThea B Toulli 0, i 3HaK QyHKIII 3MiHIOETHCA B TouIi 0);
2) saxmo rpadik 6e3 po3pUBY MEPEXOAUTh 3 HUIKHBOI MMiBIJIOIUHA y BepX-
Hio (a00 HaBImaxkm), ajge ToAi rpadik mepermHae Bich Ox (AK y BUNAAKY
dyuruii y = 2x — 2) (puc. 53, 6). Ha oci Ox 3HauenHA GyHKIII fOpiBHIO-
otk Hyd0. (Haramaemo, 110 3HaueHHsA apryMeHTy, OpU AKUX (QYHKIiA
IEPEeTBOPIOETHCSA HA HYJb, HAa3UBAIOTh HYJamMu QyHKyii.) OriKe, Oyab-
AKa (PYyHKIig MOJKe IMOMIiHATH CBill 3HAK TiJILKU B HYJAX a00 B TOUKAX,
e pospuBaeThed rpadik GyHKIIT (Y TaK 3BAHUX MOUKAX PO3pusy QyHK-
miil).
Touku, y AKUX po3puUBaEThca rpadik GyHKINL f (x), MU BUAIIAEMO, AK
MpaBUJIO, KOJU 3HAXOAUMO 00JacTh BU3HaAUeHHA ITiel pyukiii. Hampukaan,

SAKIITO f(x):l, To ii o0sacTe BusHauenHs x # 0, i came B Toumi O rpadik
X

dyuKII pospuBaerheda (puc. 53, a). AKIO K Ha AKOMYCh IPOMiKKY 00JacTi
Bu3HaueHHA rpadik GyHKIII He podpuBaeThea 1 GYHKIIA He NOPiBHIOE HYJIIO,
TO 3a HaBeJEHUM BUIIle BUICHOBKOM BOHA He MOKE€ B IIbOMY IPOMIiKKY ITOMi-
HATU cBill smak?. OTKe, AKINO BigMiTuTy Hyai QyHKIIT Ha i1 obsacTi BusHA-
YeHHsA, TO 00JIaCTh BU3HAUEHHA PO3i0’€ThCcA HA MPOMIiXKKU, YCEepenMHi AKUX
3HaK (yHKIII 3MiHuTHcA He MoKe (1 ToMy Ieil 3HAK MOXKHA BU3HAUUTU
B OyIb-AKi# TOUIIi 3 IIHOTO MPOMIMKKY).

Y rabauni 12 maBemeHO Po3B’A3aHHS APoOOBO-pallioHaIbLHOI HepiBHOCTL
2x+4
x_
pPO3B’A3YBaHHA; NJAAH P038° A3Yy6aHHs HepieHocmell eudy f (x) = 0 memodom
inmepsaJis.

>0 wMmeTomoM iHTepBaJiB; KOMEHTAp, SKHNI IIOSCHIOE KOXEH KpPOK

Tabnumsa 12
Mpuknapg, KomeHTap lMnaH po3B’a3yBaHHS
9%+ 4 Posraaremo (hyHKI1LiIO,
-1 >0 fAKa CTOITh y JiBiit yvacTuHi miel
%% +4 HepiBHOCTI, i mo3HaYUMO il ue-
> = -1 2x+4
pes f (x): f(JC)=ﬁ

! NokJjagHile 1me HOHATTA Oyge posryianyTo B 11 kiaci.

2 B 11 knaci Mu yTouHHMO (DOPMYJIIOBaHHS IIi€l BJacTUBOCTI (Tak 3BAHUX He-
nepepBHuUX GyHKIii). Haa Bcix Bimomux Bam GYHKIIN (NiHIAHMX, KBaIpaTUUYHUX,
CTENeHEeBUX, NPOOOBO-PAIliOHAJIBHUX) I BJACTUBICTH Mae Miciie.
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IIpodosicenns mabn. 12

1. OI3: x—-1=0,

PosB’sa3xom HepiBHOCTI
f (x) > 0 MoxKyTh OyTH TiIBKU
yucsaa, IM0 BXOAATH M0 obJjac-
Ti BusHauenHs QyHKIII [ (x),
TOOTO umcJia, AKi BXOAATH IO

1. 3naittu 0/13

. . i i
Tobro x * 1 O3 wuepiBuocri. Tomy mep- HepIBHOCT
UM eTaloM pO3B’A3yBaHHS
HepiBHOCTI MeTomOM iHTepBa-
JaiB O6yzme 3HaxomkenHusa i1 O3
2. Hyuni f (x): Hac mikaBaaTs Ti mpomi-
(f (x) = 0). Ku obJiacTi BU3HAUEHHS (PYHK-
mii f (x), HA SKUX 1A QYHKINS
2x+4 -0, momatHa. SIk OyJo 3a3HAYeHO
x-1 BuIe, PyHEKIia [ (x) MOsKe IoMi- o 3uai
TOAL X = —2. HATHU 3HAK y CBOIX HYJIAX, TOMY | " Iid;ltx)
IPYTUM eTaroM pO3B’s3yBaHHS (}]{’y(Jolc) - 0)
HepiBHocti f (x) > 0 Oyme 3Ha- h
XOMXKeHHA HYJTiB QyHKI (1ma
IbOT'0 IIPUPIBHIOEMO (PYHKIIIIO
f(x) mo myasa i posB’a3yemo
oJleps;KaHe PiBHAHHS)
Axmo Temep BigmiTuTH
HyJi Ha o0sacTi BU3HAUEHHA
HKI1 f (x), TO 00JacTh BU- .
Gymnii £ (x), 3. Ilosmaumtu HyIi
3HaUeHHSA pPO30MBAETHCA HAa .
. Ha O3 i 3Ha-
MIPOMIiKKU, IPUIOMY BCEpPeu- . sHaK yHK-
+ - + Hi KOKHOTO IPOMIKKY (DYHK- o y
b . . - mii B KOMKHOMY
3 -9 1 x |mia f (x) me smiHIOE cBill 3HAK .
3 MPOMIiKKiB, HaA
(puc. 1). Tomy sHaK QyHKITiI .
B KOKHOMY IPOMIXKKY MOKHA Axi posGuBaETL-
ca 013

BU3HAYATHA B OyIb-AKil TOUIIL
mporo npomizkky. Ile i € Tpe-
TiM eTamoM po3B’sI3yBaHHS

Ha pucysKy mo myHKTY 3

. . , . |4. 3amnmcaru Bigmo-

4. Bionosidv: BUIHO, II[0 PO3B’SIBKOM HEpPiB- BITE. VDAXOE VIO

(—o0; —2) U (1; +o0).<||HOCTi € 00’eHAHHA NPOMiKKiB 3HI:1}?;?e iBHf)CTi
(—e05 —=2) U (15 +<0) b

Hasememo MNpuKJIagy pPO3B A3yBaHHS OlJBII  CKJIAAHOI  Apo0OBO-

paiioHaJbHOI HEPIBHOCTI METOAOM iHTepBaJIiB Ta 3a MOIIOMOT'0I PiBHOCUJIB-

HUX IIepeTBOPEHb.
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IIpuxaan

PosB’sa:xiTh HepiBHICTH

2
x“+2x-3 <o0.

(x+1)2

I cmioci6 (MeTon imTepBaJIiB)

Pos3eé’azannasa

2
Hexain f(x) — w

(x+1)2
ol3: x = —1.
2
Hv i x): x +2x—3:0’
yai f (x) Tae)

x2+2x-3=0,

x, =1, x, = -3 (Bxogars go O[[3).
Bigmiuaemo myai pyukmii ma O13
i sHaxogumMo 3HaK f (X) Y KOXKHO-

My 3 OPOMiXKKiB, Ha AKi po3buBa-
erbea OJ13.

Bidnosiov: [-3; —1) U (-1; 1]. <

Komenmap

3amama HepiBHiCTHL Mae BUTJIAL
f(x) < 0, i gna ii poss’sa3yBaHHA
MOJKHA B3acTOCyBaTU METOJ| iHTepBa-
giB. IInsa 1mporo BUKOPHCTAEMO ILJIaH,
HaBeJeHUI BuIle Ta B Tadbaumi 11.

IIpu 3HaxomxeHnHi HyaiB f (x) cre-
JKHMMO 3a THM, 11100 3HaliJeHi 3HaUeHHs
Bxoguau o O3 (abo BUKOHYEMO Iie-
PeBipKy 3HaliIeHUX KOPeHiB PiBHAHHA
f(x)=0).

3anucyrouu 8i0nogidv 00 Hecmpo-
20l HepigHocmi, caid ypaxysamu, u,0
6ci HYyai QYHKUIT nosurHi 8silimu 00
8i0noeidi (y maHoMy BUIAAKy — YKC-
ada —31i1).

II cmoci6 (3a TOTOMOT0I0 PiBHOCUJIBHUX TEPETBOPEHB)

Komenmap
BubepeMo a1 po3B’s3yBaHHS METOJ PiBHOCHJILHHX II€PETBOPEHL HEepiB-
HOCTi. BuKoHyloun piBHOCHJIbHI ITepeTBOPeHHA, M1 NOBUHHI BpaxyBatu O3
3a7aH0l HepiBHOCTI, TO6TO BpaxyBatu oomeskeHHs (x + 1)2 # 0.
Auge axmo x # —1, To (x + 1)2 > 0, i Toxi B 3aganomy Apo0y 3HAMEHHUK
momaTHUi. SIKIMO BUKOHYETBHCS 3ajJaHa HEPiBHICTh, TO UYMNCEJIbHUK IpPO0Yy
x2 + 2x — 3 < 0 (i HaBOIAKM, AKIIO BUKOHYETHLCA OCTAHHA HEPiBHICTH, TO Ha

2
OI13 nmpid %<0} TOOTO 3ajlaHa HepiBHicTL piBHocuabHA Ha O3 He-
X+

piBHocTi %% + 2x — 3 < 0.

IITo6 posB’aA3aTu onAep:;KaHy KBaApaTHY HEPiBHiCTh, 3HAAEMO Kope-
Hi KBagparHOro tpuujeHa x? + 2x — 3 i mobyayemo eckis rpadika QyHKIii
y = x% + 2x — 3. Po3B’a30K KBaapaTHOl HepiBHOCTi: —3 < x < 1.
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OckinbKku Bci mepeTBopeHHs Oynau piBHOcuabHUMU TinbKu Ha O3, TO
MU IIOBUHHI BUOpaTH TiJIbKU Ti pPO3B’sI3KM KBaJAPATHOI HepiBHOCTi, AKi 3a70-
BOJIBHAIOTH o0Me:keHHA Ol13.

Posze’sa3anna

> 0OI3: (x + 1)> # 0, omxe, x = —1.

Tomi (x + 1)2> 0 i sagama HepiBuicTs ma ii O3 +\ / v
piBHocuibHa HepiBHOocTi X2+ 2x — 3 < 0. Ockinbku — —
x*+ 2x -3 =0mnpu x, = -3, x, = 1 (i 3HAUEHHA X BXO- 3\/1
nats 1o O03), ogepiryemo —3 < x < 1 (qUB. PUCYHOK).

Vpaxosyiouu O13, oTpumMyeMo BinmOBigb.
Bionosiow: [-3; —1) U (-1; 1]. <

HEl 3anuTaHHS ons KOHTPOIo

1. TloacuiTer Ha OpUKJIAZaX B3MiCT HTOHATH: «PO3B’A30K HEPIBHOCTI»,
«poO3B’sA3aT HEPiBHICTH», «00JIACTH AOTMYCTUMUX 3HAUEeHb HEPiBHOCTi»,
«piBHOCHUJIBbHI HEPiBHOCTI».

2. CdopwmyuioiiTe BimoMi BaM TeopeMM HpPO PiBHOCUJIBHICTH HEPiBHOCTEM.
ITpointocTpyiiTe ix Ha IMpUKJIazax.

3. CdopmyaioiiTe miIaH po3B’sA3yBaHHA HEPiBHOCTEN MeTOIOM iHTepBaJIiB.
ITpointocTpyiiTe BUKOPUCTAHHA IILOTO IJIAHY Ha IIPUKJIAL].

4. IlosacHiT, Ha HmpUKJIami, AK MOXXHA BUKOHYBATU DPiBHOCUJIBHI II€PETBO-
DPeHHA HepiBHOCTeU y TUX BUNAAKaX, AKi He ONUCYIOTHCA BiJOMUMU TeO-
peMaMu IIPO PiBHOCUJIBbHICTH HEPiBHOCTEM!.

I Bnpasu

Posp’axkiTe HepiBHicTh (1—-2) mBoMa cmocobamMm: 3a MOTOMOTOIO PiBHO-
CHUJILHUX II€PEeTBOPEHb i 3a JOIIOMOI'0I0 METOAY iHTepBaJiB.

2
. 1) 22 >0 2) 2 <1
x" -3x-4 x+2 x-38
2 2
3) ¥ -2 <y, 4) =12 _>q,
(x+5)(x—4) x2-2x-8
2%, 1) x* - 5x2+ 4 <0 2) 9x* — 10x2 + 1 > 0;
3) 81> 43, 4) (x2 + 4x — 5) (x* + 4x + 3) < 105.
X

3°. 3HaimiThL 001aCTh BU3HAUYECHHA (PYHKII:

2
1) y= /x—4. 2) y= /M;
)y -4 )y x2+3x+2
6 x2 —Tx+12
3) y=,[5-2-5; 4) y=, 12
)y . )y P
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§ 5 rPA®IKU PIBHAHb TA HEPIBHOCTEW
3 ABOMA 3SMIHHNMH

Tabaumsa 13

1. NobyaoBa rpadikis GyHKUIN BUAY iy = f (x) + g (x)

Arxwo nHam eidomi zpadiru Gynryitt y =f (x) ma y = g (x), mo eckis
epadira pynryii y =f (x) + g (x) moawcna nobydyeamu max: 306pazumu
6 00Hill cucmemi koopdunam zpagiru pynryii f (x) i g (x), a nomim 6ydy-
éamu WYKaHUl 2pagiK 3a moukamu, 6UKOHYIOLU ONA KOHHO2Z0 3HAYEHHA
x (3 obnacmi eusnavenna pynryii f (x) + g (x)) HeobxiOni onepayii nad
eidpisxamu, axi 306paxaomsv 6i0nosioni opdunamu f (x) i g (x).

AHanoziuno moxcHa 6ydysamu i cxemamuyri epaiku QyHKYiil

y=1(x)-g(x) ma y=%

Mpuknap KomeHTap

ITobynytiTe rpadik GyHKITIT Bynyemo B omHill cucTemi Koop-
y:xz +l muHaT Tpaikm  (PYHKIH-TOmaHKIB:

* y=x% Ta y:l (Ha PUCYHKY BOHU
X

moOy[oBaHi BiAMOBIAHO 3eJIEHOIO Ta
cuHimMu Jgimiamwm). [lid KoKHOro 3Ha-
y=x2 yeHHda X (kpim x = 0, iKe He BXOIUTH
o obJiacTi BUBHAUEHHSA 3aJaHOl PYHK-
1ii) momaemo BiAmoBimHiI  Bimpis-
KM — 3HaueHHA (QYHKIIN (crpaBa Bifg
oci Oy) abo BimHiMaeMmo, AKIIO 3HA-
venusa f(x) i g (x) mporunexkui 3a
3HaKOM (y JaHOMY BUIAAKy — B3JIiBa
Bix oci Oy). Ha pucyHKy poskeBOIO JIi-
Hiero 300pakeHo pe3yabTaT — rpadik

y=x+%

bysKIil y=x®+ L
X
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ITpodosicenns maba. 13
2. [padiku piBHAHb Ta HEPIBHOCTEN 3 ABOMA 3MiHHUMMU

OsuHaueHHd. I'papikom pienannsa (Lepiénocmi) 3 déoma 3MIHHU-
Mu X i y Ha3MBAa€THCA MHOMKHHA BCiX TOUOK KOOPAMHATHOI INIONIUHM 3 KOOD-

auHaTamu (x; y), xe mapa uuced (x; y) € po3B’sI3KOM BiIIOBiTHOTO PiBHAHHSA
(uepiBHOCTI).

lpadikn AesIKMX PIBHAHDb | HEPIBHOCTEM

3. feomeTpuuHi nepeTBopeHHA rpadika piBHAHHA F (x; y) =0
lMepeTBOPEHHS

Mpwuknag
(x-3P+(y-2?°=1

F(x—a,y—0b)=0

ITapanenvhe nepenecenmsi

rpadirka piBHAHHA
F(x;y9)=0

Ha 6eKmop r_l(a; b)
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IIpodosicenns mabn. 13

F(lxly=0 y y
Yactura rpadika piBHAH- xX=y
Ha F (x; y) = 0 npasopyu 6id
oci Oy (i ma camiit oci) 3a-

auuaemobes 0e3 3MiHU, | us 0 > -—) >
cama wacmuHa 6i000paicy- x| = y?
€MbCA CUMempPuUiHo 8i0HOCHO
oci Oy.
Fx|ly=0 Y Y
Yactuaa rpadika piBHAHHS 1 y=1-x 1| lyl=1-x2

F (x; y) = 0 suwe 6id oci Ox

(i Ha camiii oci) sanuwaemovcs| — /.\ —1/\

0e3 3minu, i Yy cama wacmu- o 1\ x — 0 x
Ha 8idobpaxcyemuvcs cume- / \ \ /

mpuiHo 8i0HOocHO oci Ox. -1

—

EEl [losiCHeHHS 1 OGrPpYHTYBaHHS

1. IloOymoma rpadikis ¢ynruii Buay y = f (x) + g (x). Axmo Bigomi rpa-
dirm pysruii y = f (x) Tay = g (x), To MOKHA TOOYAYyBaTH OPi€HTOBHUI BU[

. 1
rpadira dysrnii y =f(x) + g (x), abo y =1 (x)-g (x), abo V=T IR G
IIOTO JOCTATHHO 300Pa3UTH B ORHIiN cucTeMi KoopauHAT rpadiku QyHKILi
f (x)1ig (x), a morim mobynyBaTu mrykanuii rpadik 3a TOUKaMMU, BUKOHYIOUN
IJIs KOKHOTO 3HaUeHH:A X (3 o0sacTi BusHauUeHHA 3amaHol GyHKIiT) HeoOXix-
Hi omeparrii mag Bigpiskamu (abo Haja HOBKUHAMU ITUX BiApiskiB), AKi 306pa-
JKaIOTh BimmoBimui opauuatu f (x) i g (x).

ITpukmang mobymoBu rpadika dyeruii Bugy y = f (x) + g (x) HaBemeHo
B Tabauii 13, a rpadika ¢yHKII BUAY y:—f(1 y mami B mpukJgami 1

X
(B ocTaHHBOMY BUHNAAKY 3pyuHO OyayBatu rpadikm ¢yHRIid y=f(x) i
y:—f(1 ) He B OIHiIl cMCTeMi KOOpAWMHAT, a B Pi3HUX, PO3MII[eHUX TaK, IM00
X

iXHi oci opAMHAT PO3TAIIOBYBAJNCS Ha OMHIN IIPAMIiii).

3ayBasKuMO, IO TaKuUU cIoci6 mobymoBu rpadika (pyHKIIl He 3aBKIU
Ta€e MOJKJIMBICTL BHUSABUTU BCi XapaKTepHi oco0JiMBOCTI moBemiHKU rpadika
(uacTo IIe MOKHA 3POOUTH TiJIbKU B PE3yJabTaTi CIEIiaJbHOTO JOCJIiIKeHHI
dyuKILii, ake Oyme posrasauyTo B 11 Kiaci), ajse B 6araTbox BUMNAAKAaX HaBe-
IeHUuH crocid J03BOJIsIE OTPUMATH IIeBHE YSBJEHHS Mpo BuUZ rpadika 3amamoi

byHKIii.
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2. TI'padiku piBHAHH Ta HepPiBHOCTENH 3 ABOMAa 3MiHHUMM. 3 MOHATTAM I'pa-
dika piBHAHHA 3 JBOMA 3MiHHUMU BU O3HAMOMMUJINCA B Kypci anreopu. Ama-
JIOTiYHO BBOAUTHCA i MOHATTA rpadika HepiBHOCTI 3 ABOoMa sMiHHUMU. Tomy
MOKHAa JIaTH CIIiJIbHE O3HAUEeHHS IuX rpadikib:
I'pagirom pienanna (nepiénocmi) 3 déoma 3minHuMu X i y Ha3uBa-
€ThCS MHOKHMHA BCiX TOYOK KOOPAMHATHOI ILIOIIMHHU 3 KOOPAWHATAMMU
(x; y), ne mapa qucexa (x; y) € po3B’d3KOM BiIIIOBiTHOrO piBHAHHA (He-
piBHOCTI).

® [lna mobymoBu rpadika HepiBHoOcTi y > f (x) (um y < f (x)) mocraTHbO
matu rpadik GyHKIil y = f (x). [HificHo, 3a o3HaueHHAM rpadik QYHKII
y = f (x) criagaeTbesa 3 ycix Touok M KOOPAMHATHOL IJIOIIMHU 3 KOOPAWHA-
ramu (x; y) = (x; f (x)). Toxi nns KoKHOro 3HAUEHHS X TOUYKU, KOOPAWHATHU
SAKUX 3aJ0BOJILHAIOTH HepiBHOCTI y > f (x), OyAyTh pO3TAIlIOBAHi BUIIE TOU-
ku M (puc. 54, a), a TOYKH, KOOPAWHATH AKUX 3aJ0BOJbHAIOTH HEPiBHOCTI
y < f (x), 6ynyTh poaraiioBaHi Hu:Kue Touku M (puc. 54, 6). Takum yuHOM,

)

\J

Puc. 54 Puc. 55

rpadik HepiBHOCTI ¥y > f (x) cKIamaeThesaA 3 yCiX TOYOK KOOPAMHATHOL
ILTOIIWHMU, AKi 3HaX0omAThCS BUIe Bix rpadika dynruii y = f (x), a rpa-
ik HepiBHOCTI y < f (x) CKIaMAETHCS 3 YCiX TOUOK y
KOOPAMHATHOI IJIOIMHM, IKi 3HAXOIATHCA HUKUE
Bix rpadika dpysruii y = f (x). O

Hampukinan, Ha pUCYHKY 55 300paskeHo Tpadik
HepiBHOCTI y > x2%, a Ha pucyHKy 56 rpadik HepiBHOCTI
y < x2. Ockinpku Toukmu rpadixka y = x? He HaJIexaThb
rpadgiky HepiBHOCTI y > x2, TO Ha mepiIoMy rpadixy
mapaboJsia y = x? 306paskeHa IIITPUXOBOIO JiHi€0; aje
Touku Trpadika y = x? majemxars rpadiky HepiBHOCTI
y < x%, romy Ha apyromy rpadiry mapabosa y = x2? 30-
OpasxeHa CyIinbHOIO JiHi€I0. Puc. 56
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Amnajoriuno, AKIO HAa KOOPAWHATHIN IJIOIKHI € mIpAMa X = a, TO

rpadikoM HepiBHOCTI x > a OyAyTh yCi TOUKM KOOPAMHATHOI ILJIOUIUHHU,

fAKi po3TamoBaHi mpaBopyd Bim miei mpamoi, a rpacdikomMm HepiBHOCTI

x < a OyayTh yCi TOUKU KOOPAUHATHOI IJIOIUHH, IKi po3TamroBaHi JiBo-

Py4 Big miei nmpsamoi.

Hanpukaan, Ha pucyHKyY 57 300paskeHo rpadik HepiBHOcTi x > 2, a Ha
pucyHky 58 — rpadik mHepiBHOCTI X < —1.

y y
1o “1(0 x
Puc. 57 Puc. 58

3a3HAaYUMO, ITII0 B TOMY BUIIQAKY, KOJU Ha KOOPAWHATHIHN TJIOMINHI € 30-
OpaxkenHsa Koua x2 + y? = R?, To
rpacdikom HepiBHOcTi x* + y? < R? OyayTh yci TOYKM KOOPZUHATHOL
IJIOIWHM, AKi po3TalloBaHi BcepeauHi Kojga, a rpadgikoMm HepiBHOCTI
x? + y®> > R® OyayTh BCi TOUKHM KOOPAMHATHOI ILIOIMHM, AKi po3Tamio-
BaHi mMo3a KOJIOM.
® [liiicHO, AKINO HA KOOPAWMHATHIN IJIOIuHI posrasauyTtu Tourky M (x, y),
0 OM? = x% + y? (rouka O — mouaTok KoopauHat). Ko x? + y? = R?
(ne R > 0), o OM? = R?, otsxe, OM = R — Touka M JeXuTh Ha KOJIi
paziyca R i3 meHTpoM y mouaTKy KoopauHat (puc. 59, a).
Armo x% + y?2 < R?, to OM? < R?, orsxe, OM < R. Tob6To HepiBHOCTI
x? + y? < R? 3a[[0BOJBHAIOTH KOOPAWHATH BCiX TOUoK (i TibKM 1muX TO-
Y0K), AKi posTaloBaHi BcepeanHi Kpyra, o6Me:keHOro KoJyioM pamiyca R
i3 mMeHTpOM y mouaTKy KoopauHat (puc. 59, 06).

y y y
e o M (x5 y)
M (x; y) e S ,” (N
s N y N
4 \ / \
/ \ \
1 .
{ M (x; y)! I }
0 R «x \ 0 IR X ] 0 IR X
\ Vi \
\ /7 \ /
N / N y
\\\__”/ Seo |-
a 0 8
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w

Ao x% + y? > R?, to OM? > R?, orsxke, OM > R. Tob6ro HepiBHOCTL
x2 + y? > R? 3a[]0BOJIBHAIOTH KOOPAMHATH BCiX TOUOK (i TiIbKM X TO-
YOK), AKi 3HaXOmAThCA II03a KPyrom, oOMe:KeHUM KoJioM pamiyca R i3
IIeHTPOM y IouaTKy KoopauHaT (puc. 59, 8).

Amnajnoriugo, aKIO0 HA IUIOIMHI € 300paskeHHa Koaa (x — a)? +
+ (y — b)? = R?, To rpadikom HepiBHOCTi (x — a)? + (y — b)? < R? GynyTh
yci TOUYKM KOOPAMHATHOI IIJIOIMHU, SKi pO3TaIlloBaHi BcepeauHi KoJia,
a rpadikom HepiBHocti (x — a)? + (y — b)? > R? GyayTh yci TOUKKU KOOD-
IWHATHOI IJIOIIMHY, SIKi poaTalmroBaHi mosa Kojsiom. Hampukiaanm, Ha pu-
cyHKy 60 300paskeno rpadgik HepiBHOCTi X% + y? > 9, a HA pucyHKy 61 —
rpadik HepiBuocTi (x — 1)2 + (y — 2)2 < 16. O

T s g2so Yt (x-1)* (y-2)°<16

o TS
P N
N
\

4
7
7
/
\
\
\
~
A
(
=

Puc. 60 Puc. 61

I'eomerpuuni neperBopenHs rpadika piBuauua F (x; y) = 0.
3a o3HaueHHAM rpadik piBHAHHS
F(x;y)=0 (1)

CKJIaIa€ThCA 3 ycix TOUoK M (x5 Y,) KOODAWHATHOI IJIOUUHU, KOOPAHU-
HaTH (X5 Y,) AKUX € PO3B’AZKAMHU 1bOro piBHAHHA. lle o3navae, mo npu
IiZCTaHOBIL Mapy Yucen (X,; Y,) y 3aflaHe PiBHAHHS BOHO II€PETBOPIOETD-
CsA Ha NPaBUJIbHY YUCJIOBY DiBHiCTB, oTKe, F (x; y,) = 0 — mpaBunbua
piBHiCTB.
Posraanemo Ttourky M, (x, + a; y, + b). SIkmo roopauHaTu 1€l TOUKH
MifCTaBUTU B PiBHAHHS

F(x-a;y—-b=0, (2)
TO oflepsKuMO piBHiCTE F (x5 y,) = 0, AKa € npaBuabHow0. ToMy Koopau-
HaTu TouKu M, € posB’sasKamu piBHAHHA (2), a oTKe, Touka M, Hale-
HUTh rpadiry pisuauua F (x — a; y — b) = 0. Toury M, (x, + a; y, + b)
MOKHA ofepatu 3 Touku M (x,; y,) HapajeJbHUM IepeHeCeHHAM ii
Ha BeKTOp n(a;b). Ockinbkum KokHy Touky M, rpadika piBHAHHA
F (x —a; y—b)=0 moxkHa omepsxatu 3 ToukKu M rpadika piBHAHHA
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F (x; y) = 0 mapanenbHuM nepeHeceHHAM ii Ha BeKTOp 1 (a;b) (puc. 62),
TO i Bechb

epagir pienanna F (x — a; y — b) = 0 moxucna odepracamu 3 zpagi-

ka pienanna F (x; y) =0 napanenvrum nepenecennHam 1020 Ha

eexmop n(a;b). O

® s oO6rpyHTyBaHHSA 3B’ A3KYy Mix rpadikamMu F (x;y) =0iF ((x|;y) =0

IOCTATHBO MOMiTUTH, 110 Tpu x > 0 piBuauusa F (| x |; y) = 0 s6iraetscsa
3 piBaanuam F (x; y) = 0, oTke, sb6iratorbeca i ixHi rpadiku mpasopyu
Bix oci Oy i Ha camiit oci. Hexait rouka M (x,; y,) (ne x, = 0) — oxHa i3
crinbHUX TOYOK nux rpadikis. Toxi F (x; y,) = 0 — npasuiabHa PiBHICTD.
Posrusmemo Toury M, (—x,; y,)- SIKI0 KOOpAMHATH Iii€l TOYKHU mmimcra-
Butu B piBHsAHEA F (| x |; y) = 0 i BpaxyBaru, 1o x, =2 0, T0o omeparUMO
piBHicTb F (x; y,) = 0, sixa € npaBuibHow0. ToMy KoopauHaTu Touku M,
€ posp’siskamu pisHarHEA F (| x |; y) = 0, a orke, Touka M, nanexuTnb
rpadgiky IbOro PiBHAHHA. YpPaxoByouH, 1o Touku M i M, cumerpuuHi
BigHOCHO oci Oy (puc. 63),

zpaix pienanna F (| x |; y) = 0 mosxina odepicamu i3 zpagixa pienan-
wa F (x; y) = 0 mak: wacmuny zpagixa pienanna F (x; y) = 0 npasopyx
6i0 oci Oy (i na camiil oci) 3arnuwumu 6e3 3MiH i Y10 camy LACMUHy
6idobpazumu cumempuino idnocro oci Oy. O

y y
M S M, (xy+a; y,+b) A Yo 7
Yo M(xy; 1)
—x, |0 x4 x
0 x x,ta x
Puc. 62 Puc. 63

Amnajyoriuno MoKHa OOTPYHTYBATH, IO
dns no6ydoeu zpagira pienanna F (x; |y |) = 0 wacmuny zpagira
pienanna F (x; y) = 0 euwe 6i0 oci Ox (i Ha camiill oci) nompioHo
3anuwumu 6e3 3MiH i Y10 camy wacmuny 6i0obpa3umu cumempuy-
HO 6i0HOCHO oci Ox.

Y rabaumni 13 HaBegeHO HAKWIIPOCTIIN IPHUKJIALNM BUKOPHUCTAHHSA reoMe-
TPUYHUX IIepeTBOPeHb rpadikiB piBHAHBb. YKasaHi CIiBBiIHOIIIEHHS BUKO-
PHCTOBYIOTH Y 3aBAAHHAX TUITY: IOOyayBaTu rpad)ik piBHAHHS UM HEpPiBHOCTI
a00 300pasuTH HA KOOPAWHATHIN IJIOMMHI MHOMKHUHY TOYOK, KOOPAMHATU
SAKUX 3aJJ0BOJILHAIOTH 3aJJaHOMY PiBHAHHIO (HEPiBHOCTI).
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H [lpuknapn po3B’i3aHHA 3aBAaHb

>

IIpuxkaanx 1 ITo6ynytiTe rpadixk GyHKIil Y=

Pos38’a3aHnA

x2—9=0 opu x =+3. Tomy 06-
JIaCTh BU3HAUYEHHS 3a7aHOI (PYHK-
mii:

x2—9 # 0, TobTO X # +3.

Y

6 y=x2-9

o wi=
o=

x2—9'

Komenmap

ITobynyemo aBi cucTeMu KOOPAU-
HAT TaK, 1100 oci opAuHAT y HUX Oyau
Ha ONHiN mpaAMHUii. ¥ THX TOUKax, e
dyurmia f (x) = x2 — 9 opiBHIOE HYJIIO
(x = +£3), me icHye rpadirka QyHKIiI

__ 1 _
Yiw e
pes Ii TOYKW BepTUKAJBbHI IpaMi, II0
He TIepeTUHATh rpadik GyHKIl

Tomy mpoBememo ue-

1 .
yzm. IToTiM mysa KOYKHOTO 3HAUEH-
X

HA x wominmmo 1 Ha BigmosigHe
3HaveHHA opauHaTH [ (x) (BUKOpPHCTO-
Bylouu Te, 1o opauHatu f (x) Big-
MiueHi Ha BepxHbOMY Tpadiky).
Ha pucyHKy uepBOHOIO JIiHi€(0 300pa-
JKeHO pesdyabTaT — rpadik QyHKIiI

y= . (OIns mobymoBu IILOTO Tpa-

x2-9
¢ika BuOpaHO pisHWII MacmTad 1O
ocax Ox i Oy.)
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Ipuxaag 2 ITokakiTh IITPUXOBKOI HA KOOPAMHATHINA ILJIOIIWHI MHOMKU-
HY TOYOK, KOODAMHATH SAKUX 3aJO0BOJLHAIOTH CHCTEMi
x*+y <0,
x—y<2.
Poseé’asannsa Komenmap
P Bagama cucreMa piBHOCHMJIBLHA CHC- Ilepenumemo 3amaHy CcucTeMy

Temi
y< —x?,
y>x—2.
300pasumMo MITPUXOBKOIO rpadiku
HepiBHOCTell cucTteMu (IIepIiioi — Bep-
TUKAJIbHOIO, IPYT'0l — rOPU30HTATIBHOIO):

11 /7
Y ,/‘7)
7/
7/
5 7
0 7 N
7T1NS7 2 X
7
"
|
[T
7| T2
7|
l’ 2
L y=—-x
—
—d
7
Puc. 64

Toxmi MHOXKHMHA TOYOK, KOODPAU-
HaATU AKHUX 3aJ0BOJIBHAIOTH CHUCTEMIi,
OyZe Taxoio:

y ,;/‘7)
,
R
0 R A
—
7/ 2 x
7
//
7' =2
7
7 2
7 J——
v y=—-x
/7
,

Puc. 65 <

TakK, 11060 HaM OyJo 3py4YHO 300pa-
JKaTu rpadiku 3ajaHUX HepiBHOCTEN
(TOOTO 3amHUINIeMO HEPiBHOCTI y BUIJIA-
oiy > f(x)aboy < f (x)). MHOKUHOIO
TOYOK, KOOPAMHATHA SIKUX 3aJ0BOJIbHSA-
I0Th HepiBHOCTI y < —x2, € 00’ eqHAHHA
mapaboau y = —x2 i TOYOK KOOpIHU-
HaATHOI IIJIOIIMHU, SAKi poaTarmoBaHi
HUKYe Iiel mapabosu (Ha puc. 64 14
MHOKMHA II03HAUeHa BEPTUKAJIbHOIO
MITPUXOBKOIO). MHOMKMHA TOYOK, KO-
OpAWHATUA SAKUX 3aJ0BOJLHSIOTH He-
piBHOCTI y>x-2, CKJIaJA€ThCs
3 TOYOK KOOPAMHATHOI ILJIOIWHU, SKi
3HAXOAATbCA BHUINE HPAMOL y = x — 2
(Ha PUCYHKY Il MHOMKHHA IO3HAUeHa
TOPU30HTAJIBHOIO IIITPUXOBKOIO).

Cucremi HepiBHOCTEH 3a10BOJIbHA-
IOTh KOOPAUHATHU TUX i TiIIBKU THUX TO-
YOK, AKi HaJle:KaTh IEePETUHY MHOKUH
TOYOK, II[0 3aMal0OThCs KOKHOIO 3 He-
piBHOCTel 3amaHol cuctemu (Ha pu-
CYHKY IIepeTUHY MHOKUH BiAmoBimae
Ta 00J1aCTh, e IITPUXOBKU HAKJIAJIUCSA
oJlHa Ha OOHY).

3ayBa)KuUMO, II[0 B MONIOHUX
3aBIaHHAX MOKHa He BUKOHYBa-
T NPOMIiKHUX PHCYHKiB, a Bimpasy
HITPUXYBATU IIYKaHy MHOKUHY TO-
YOK KOOPAWHATHOI ILIONMHU (BUIIE
npsamoi y = x — 2 i HuKUe mapaboau
y = —x? pasoM 3 Ti€l0 YACTHHOIO IIa-
pabosu, AKa JEXKUTb BUIIE IIPAMOI;
puc. 65).
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Ipuknag 3 IloGyayiite rpadik pisaarma |x —y |+ 2| x +y|=x + 6.

Opienmup
g cupolreHHd BUpasy 3 KiIbKOMa MOAYJIAMU 3 ABOMA SMiHHUMU MOXK-

Ha 3HAWTU HYJI OiAMOAYJIBHMX BHpasiB (TOOTO IpuUpPiBHATH IX @O HyJIA) i
po36uTH 00J1aCTh BU3HAUEHHSI POSIJISAYBAHOTO BHUPA3y Ha MeKiJbKa YaCTHH,
Y KOXKHI 3 AKUX BCi MOAYJIi POBKPUBAIOTHLCA OJHO3HAYHO.

BuropucroByoun melr opieHTUD, OLEPKYEMO NJAAH PO36°A3QAHHA MPUKIALY.
IIpupiBHgemMo no mHyaa migmoxynbHi Bupasu x —y = 0 (3Bimcm y = x)

ix+y=0(sBigcu y = —x). lIpami y = x i y = —x po30UBaIOTH KOOPAUHATHY
IJIOIIMHY Ha 4YoTHPHM obJsiacTi. ¥ KOMKHIN i3 mux obJsiacteil Bci momyJi pos-
KPUBAIOTLCA OJHOBHAUHO, i IIic/IA IIePeTBOPEHHS OJEPIKaHOI PiBHOCTI MOKHA
OynyBaTu BiATIOBiAHY YyacTuHY rpadika 3aJaHOTO PiBHAHHA.

>

Posé’s3annasa
1. O6nacty BusHaueHHa: x € R, y € R.
2.x-y=0mpuy=x; x +y=0mnpu y=—x.
3. Ilpami y = x i y = —x po36UBAIOTH KOOPAUHATHY IIOIUHY HA YOTHUPHU
YAaCTHWHU, YV KOXKHINl 3 AKUX MO3HAUEHO 3HAKHU IIEPINOro i APYyroro mif-
MOnyJabHUX BupasiB (puc. 66, a). (Bymemo BBaskaTu, 1110 KOXKHa 00JaCTh

posramroBaui B obsacti I abo ma ii me:xi, To iXHI KoopAMHATU 3a7]0BOJIb-

. . . Jy>x
HAIOTHL CHUCTeMi HepiBHOCTEH { < ’ AKY MOKHA 3alucaTyd TaK:
y=—x,

x-y<0, . . o . o .

Toxni B o6snacti I mepmuii migMoayIbHUI BUpas € Bix eMHUM,
x+y=0.

a Ipyruii — nomaTHUM, i TOMY 3aJjaHe PiBHAHHA Mae BUriaazn: —(x — y) +

+2(x +y)=x+ 6. 3Bigcu y = 2. Bynyemo uactuny rpadika miei GyHK-

1ii, 1o posmimniyersca B obaacti I (puc. 66, 0).

I (+; -)

a 0
Puc. 66
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> X, 6 01
TOOTO i 0.

<
X
Amnajioriuso mis Touok oosacti I1: {y <

y X

Yy < —x,
Oroxe, B obsacti I 3agane piBHAHHA Mae Buraan: —(x —y) — 2 (x +y) =
= x + 6. 3Bigcu y = —4x — 6. Byagyemo uactuny rpadira miei pyHKIii,
IIT0 PO3TAaIIoBYyeThCS B obsacTi I1.

. . ysx, x-y
Axio Toukum poaramioBaHi B ob6macti III: TOOTO
ys—x, x+

i3 samaHOrO pPiBHAHHA ofep:KyeMo (x —y) — 2 (x + y) = x + 6. 3Bincu

y= —éx -2.
. ysx, x-y=>0,
SIK1ro Toukn Jeskars B obaacti IV: TOOTO i3 sagano-
y=-x, x+y=>0,

ro piBHAHHA Maemo (x —y) + 2 (x + y) = x + 6. 3Bigcu y = —2x + 6.
OcraTounuii Buraas rpadgika piBHAHHS HaBeIeHO Ha PUCYHKY 66, 6. <|

Hl 3anuTaHHS gns KOHTPOJo

1.

IToscHuiTs Ha mpuKIagax, K MOKHA, Maouu rpadiku QyHKIiH y = f (x)
Ta y=g (x), noGyayBaTn ecki3 rpadirka ¢pyeKUii y =7 (x) + g (x) Ta
byHKIil y= ( 0’
IITo masuBaeThesa rpadikom piBHSHHA 3 gBoMa smimaumu? Illo Hasupa-
eTheda rpadikom HepiBHOCTI 3 gBoMa 3MmimuauMu? HaseniTs mpukiamu.
Ax, suHatoum rpadik GysKIil y = f (x), modyayBaTtu rpadik HepiBHOCTI
Yy > f (x) ra mHepiBHOCTi y < f (x)? HaBexnits npukagu.

Ax, smaroum rpadik piBaarua F (x; y) = 0, moxxHa nobymgyBaTtu rpadik
piBuanaa F (x —a; y — b) = 0 Ta pisaans F (|x|; y) =0i F (x; |y |) = 0?
Hasenitey npukaagu.

OOr'pyHTy#iTe IIpaBHJja TeOMETPUUYHHUX IIepeTBOPeHb rpadika piBHAHHS
F (x; y) =0 npna opmep:xkaHHA rpadikiB piBHaus F (x —a; y —b) =0,
F(lx[;»)=0,F(x;|yh=0

IToscHiTh Ha mpuKJIami, SK MOMKHA 3HAWTHM HA KOOPAMHATHIN MIJIOITWHI
MHOKUHY TOYOK, KOOPAMHATUA SAKUX 3aJ0BOJIbHSIOTHL CHCTEMi HepiBHO-
creil i3 ;BOMAa 3MiHHHUMU.

I Bnpasu

1.

IToGynyiiTe eckis rpadika QyHKIIi:

1) y=x+1; 2) y=x-1; 3) y=a*+1; 4) y=x2-1.
X X X X
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2. TIlobGynmyiiTe rpadik piBHAHHS:

Di0yl=x-2; 2)|y|=x*-x; 3) | x|=-y%
H)x|+yl=2; 5)x[-|yl=2.
3. IloGynayiiTe rpadik HepiBHOCTI:
1)y >x2—3; 2) y<1i; 3) x2 + y? < 25;
X

4) (x— 22+ (y + 3)2 > 4.
4. TlokasKiThb INITPUMXOBKOI HA KOOPAMHATHIN IJOMMHI MHOKHHY TOYOK,
KOOPAMHATHA SKUX 3a0BOJBHSIOTH CUCTEMi:

P 5—ux,
Yyso—Xx,, x

2) 2 2

y 3)
y>x; x*+y

5 y<-%

’

x*+y? <4, x*+y*>09,
<2

N NV N

Yy
4) 1y

y<2x+4.
5. IloGynmyiiTe rpadik piBHAHHA:

D0x-yl|l-lx+yl=y+3;

2|x-2yl+]2x-yl|l=2-y

) |8x+y|+|x—-yl|=4.

§ 6 METOA MATEMATMYHOI IHAYKLI

IIpu posB’s3yBaHHi MaTeMaTHUYHUX 3aBAaHb iHKOJM BUHHUKAE IOoTpeda
OOI'PYHTYBaTH, IO II€BHA BJIACTUBICTH BUKOHYETHCS IJA AOBIILHOTO HATY-
paJIbHOTO Uumcja 7.

IlepeBipuTu 3amaHy BJACTHUBICThL OIS KOMKHOTO HATYPaJbHOT'O YIC-
Ja MH He MOKeMO — iX KijnbKicTh HeckiHuenHa. [loBoauMThCA MipKyBaTH
Tak: 1) 4 MOXKY IlepeBipuTH, IO I BJIACTUBICTHL BUKOHYETHCA Ipu n = 1;
2) sT MOJKY IIOKa3aTH, I10 AJIS KOKHOr0 HACTYIIHOI'0 3HAUEHHS 71 BOHA TeYK BU-
KOHYETBCS, OT?KE, BJIACTUBICTD Oy/e BUKOHYBATUCH IJIA KOMKHOTO HACTYIIHOTO
Yucaa MOUYMHAIOYMN 3 OSUHUILL, TOOTO IJIA BCiX HATYypaJbHUX UHCEJ.

Taxuii croci6 MipKyBaHb IIPpU HOBEAEHHI MaTeMaTHUYHUX TBEPIKeHb Ha-
3UBAETHCSA Memodom mamemamuynol indykuii. BiH € oquuM 3 yHiBepcab-
HUX METOMIiB JOBEJeHHS MaTeMAaTUUYHUX TBEPIKEHDb, Y SKUX MiCTSITbCSA CJI0BA
«JIJIA TOBiJILHOTO HATYPAJBbHOTO Nn» (MOXKJINBO, He chopMyaboBaHi ABHO). I[o-
BEJIeHHS 3a JOIOMOrOI0 I[LOTO0 METONY 3aBKIM CKJIAJAETHCA 3 ABOX eTAalliB:
1) nouamox iHOYKyii: MepPeBipAOTb, YN BUKOHYETHCA PO3TJIALyBaHE TBEP-

I)KeHHd pu n = 1;

2) indyxmueHuil nepexi0: TOBOAATH, 1[0 KOJU 3aJlaHe TBEDP/KeHHSA BUKOHY-
€ThCs OJid k, TO BOHO BUKOHYETbCA i gas k +1.

TaxuMm umHOM, MOUaABIIU 3 n = 1, MU HA OCHOBi JOBEIEHOIr0 iHAYKTHUBHO-
r'o Iepexoay OJeP:KYEMO CIIPaBeIINBIiCTL ChOPMYIHLOBAHOIO TBEPAKEHHS I
n=2,3, ..., ToOTO Aja OyAb-IKOT0 HATYPaJIbHOTO 7.
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Ha npaxTuni meili MeTos 3py4YHO BHUKOPHCTOBYBATH 34 CXEMOIO, HaBee-
HOIO B Tabauii 14.
Tabaumsa 14

Cxema noBefieHHS TBEPIKEHD
3a [0MnoMoro MetToay Mpuknag
MaTeMaTUYHOT iHOYKLji

JoBeniTs, 1110 A4 JOBiTEHOTO HATYPAJIBHOTO 1%

1-2+2-3+...+n(n+1)=%n(n+1)(n+2).

) P 14 3pydHOCTi 3amucy mO3HAYUUMO
1. Ilepesipaemo, uu BHKOHY- S =1+2+4+2:3+...+n(n+1).
€ThCA JaHe TBEPIKEeHHS || ’

. ! IIpu n = 1 piBHiCTH BUKOHYETHCA:
npu n =1 (iHogi mouumHa-

I0Th 3 L = p). 1-22%-1-2-3, TOOTO 2 = 2.
2. Ilpumyckaemo, 1110 3aJlaHa PiBHICTH € mpa-
2. [IIpunycraemo, mo 3aname BUJILHOIO IIPU 11 = k, fie B > 1, To6TO
TBEPIKEHHS CIpPaBeIJIuBe S,=1:2+2:3+..+k(k+1)=

npu n =%k, ne k > 1 (apy- 1
I‘I/I[)ﬁ BapiaHT — mpHU n <I;z); =§k(k+1) (k+2). (1)
3. [oBemeMo, 1[0 piBHiCTb BUKOHYETHCA
3. Joeodumo (cmuparouuch impu n =k + 1, To6TO mMOBemeMoO, IO
Ha TPUIYIIeHHS) CIIPaBel- S, ,=1:2+2:3+...+k(E+1)+
JMBICTH HANIOTO TEEP/KeH:- +(k+1) (k+2)=l(k+1) (+2) (k+3).
HIinmpun=Fk + 1. 3
Ypaxosyrouun, 110

4. Po6umo 6ucH0O60K, IO JaHEe Sk+ 1= Sk +(k+1)(k+2),
TBePIJKEHHS CIpaBeNInBe i mipcraBnawoum S, 3 piBrOCTi (1), ozmep-
IS Oyab-sIKOTO HATypaJb- KYyeEMO

- 1
Horo w4mcaa n (aas Oyas Sk+1=§k R+ (R+2)+(E+1)(E+2)=

SIKOTO N > P)
=§(k+1)(k+2)(k+3),

10 # moTpi6HO GYJI0 SJOBECTH.
4. Omxke, 3afaHa piBHiCTH MpaBUIbHA IJIA
O0yIb-AKOTO HATYPAILHOTO 7. <

H [lpuknagv po3B’'sa3yBaHHS 3aBAaHb

Ipurkaag 1  HoBenits, mo 10" — 9n — 1 ginurbesa Ha 81 mpu OyAb-AKOMY
HATYpPaJbHOMY 7.
Komenmap
OcCKinbKU TBepI:KeHHsS HeoOXimHO moBecTH AJA OyIb-AKOT0 HaTypaJbHO-
ro 7, TO BUKOPHUCTAEMO METOJ MaTeMaTUYHOI iHAyKIlil 3a cXeMO00, HaBeJeHO0
B Tabuuii 14. Bukonyouu iHAyKTHUBHUN mepexin (Bim n =k mo n =k + 1),
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moJlaMo BUpPas, AKUI ofep:KyeMo npu n = k + 1, AK cyMy ABOX BHUpasis: TorO,
110 OoJlep:KaJiu Mpu n = k, i 11e ogJHOrO BUpPAasy, AKUN AiauThes Ha 81.

Poszs’assanna

1. P IlepeBipsieMo, uu BUKOHYETHCA 3aJaHe TBePAKeHHA rpu n = 1. fIKmIo
n = 1, sagauuii Bupas mopiBHioe 0, To6To miauthea Ha 81. OTike, 3amaHa
BJIACTUBICTH BUKOHYETHCA TIpu 1 = 1.

2. TIlpumyckaemo, IO 3ajJaHe TBEPIKEeHHS BUKOHYEThCA TpU 1 = k, TOOTO
mo 10* — 9k — 1 minursca Ha 81.

3. [Hosememo, 110 3aJjlaHe TBEPAKEHHSI BUKOHYETHCA i mpu n = k + 1, To6TO
mo 10**1 -9 (B + 1) — 1 ginursca ua 81.
101 -9k +1)-1=10*10-92-9-1=10 (10* - 9k — 1) + 81k.
Bupas y nyKKax — Ile 3HAUEHHS 3aJaHOr0 BUpasy Hpu n = k, sKe 3a
MPUNYHIeHHAM iHAYKII ginurbea Ha 81. OTike, KOMKHUI JOTAHOK OCTaH-
HBOI cyMu gianThbed Ha 81, roxi i Bea cyma, ToéTo 1071 — 9 (B + 1) — 1,
minutbea Ha 81. TakuM YmMHOM, 3aJaHe TBePIKeHHA BUKOHYETHCS i IpHU
n=~kF+ 1.

4. Omxe, Bupas 10* — 9n — 1 ginursca Ha 81 npu OyAL-IKOMY HATYPaJIbHO-
My n. <l

IIpukaang 2 Hosexmits, mo 2" > 2n + 1, axmo n = 3, n € N.

Komenmap
OCKiMbKYM TBepIKeHHA MOBUHHO BUKOHYBATHUCA IMOYMHAIOUMN 3 1L = 3, TO
TIepeBipKy IPOBOAMMO caMe MJis IIbOTO YHcja. 3aluCyIud IPUIYIeHHA iH-
OYKIii, 3pyYHO BUKOPHUCTATHU, IO 32 O3HAUECHHAM MOHATTSA «Oijgbllie» a > b
Tomi i TinmbKu Tomi, Komum a — b > 0. loBomauwm HepiBHicTL mpu n =~k + 1,
3HOBY BUKOPHCTOBYEMO Te€ caMe O3HAUEHHS i JOBOAMMO, IO PiSHUIA MiXK
JIIBOIO 1 IIpaBOIO YacTHHAMHU BiAHOBiZHOI HepiBHOCTI mogaTHA.

Pose’a3annsa
1. Ilpu n = 3 oxepskyemo 23 > 2+3 + 1, To6T0 8 > 7 — mpaBuJIbHA HEPiB-
HicTh. OTiKe, Ipu 7 = 3 3a/laHA HEPiBHiCTh BUKOHYETHCS.
2. TIIpunyckaemo, 1110 3aJaHa HEPiBHICTL BUKOHYEThCA pu 1 = k (me k > 3):
2k > 2k + 1, To6TO 2F — 2k — 1 > 0. 1)
3. [HoBememo, 110 3aJaHa HEPiBHICTH BUKOHYEThCA i pu n = k + 1, To6TO
moBezmeMo, mio 2F 1 > 2(k + 1) + 1.
Posraaremo pisuuUIro
2041 -2+ 1)+ 1)=2F2-2k-3=2(2-2k-1)+2k-1>0
(ockinbKu Bupas y gyKKax 3a HepiBHicTiO (1) momatuuii i npu £k > 3 Bu-
pas 2k — 1 rtex momarmwmii). Orake, 2" 7! > 2 (kK + 1) + 1, To6TO 3amama
HEPiBHICTL BUKOHYEThCA i mpu n = k + 1.
4. Taxkum umHOM, 3aJaHa HEPiBHICTH BUKOHYETHCA IPU BCiX HATYPAIBHUX
n = 3.
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E Bnpasu

IoBeiTh 3a HOMOMOT0OI0 METOAY MaTeMaTuuHol iHgyKIii (1-12).
j PR S S —

=-" _ npu Bcix HaTypansHuUX 1 (n € N).

1.2 23 7 n@m+l) n+l
2. L1 4 ! =—"_,menecN.
1-5 59 (4n-3)(dn+1) 4n+1
2 2
1
3. 13+23+33+...+nszm, men e N.

4. 1-2-3+2-3-4+...+n(n+1)(n+2)=in(n+1)(n+2)(n+3), men e N.

5. Hobytok 1-2-3-... n mosHauaeTbcsa n! (uuraetbesa: «n daxTopiaa»).
Hoeenite, mo 11! + 22! + ... +nenl=(Mn+ 1) -1, nen € N.
6. 4" > Tn — 5, akmo n € N.
7. 2" > n3, axmo n = 10.
8. IHosenits, 1m0 9" — 8n — 1 ginurbes Ha 16 npu O6yab-AKOMY HATypPaJbHO-
My n.
9. Hosenits, 110 5" + 2+ 3" — 3 ginurhbed Ha 8 npu OyAL-AKOMY HATypPaIb-
HOMY n.
10. HoBenits, 1m0 7" + 3" — 2 ginurhes Ha 8 Ipu Oy Ab-AKOMY HATYPAJIBLHOMY 7.
11. osexnith, mo 23*3 — Tn + 41 pinurbesa Ha 49 mpu Gyab-AKOMY HATY-
paJLHOMY 7.
12. [losenits, mo Konu a, = 2,a,=8,a, ,,=4a,  , —3a,m0a =3"—-1, e
neN.

§ 7 MHOIOYAEHU BIA OAHIET 3MIHHOI TA Ali HAA HUMMU

7.1. O3HaYeHHA MHOIFOUYAEHIB Bip OAHIETI 3MiIHHOI Ta iIX TOTOXKHA PiBHICTb

PoarigaemMo omgHOUJEH i MHOTIoOUJIeH, AKi 3ajesKaTh TiJIbKU Bif omgHiel
3MiHHOI, HAPUKJAL Big 3MiHHOL X.

3a o3HAUEHHAM OJHOUJIeHA UYuca i 6ykBu (y HAIlIOMy BUHAAKY OaHA OYK-
Ba — X) y HbOMY IIOB’f3aHi TiILKU ABOMA MiIMU — MHOKEHHAM i migHeceH-
HAM [0 HATYPaJLHOTO CTeHeHs. SIKI0 B IIbOMY OJHOYJIEHI MOOYTOK ycix
Yuyces 3amUCaTH Iepe] 6YKBOIO, a JOOYTOK yCixX cTemeHiB OYKBU 3amucaTu AK
minuit HeBix eMHUI cTeminb 1iei 6ykBu (TOOGTO 3ammcaTu OSHOUJIEH y CTAH-
IapTHOMY BUIJIANi), TO OAEP:KUMO BUpPas BUAY ax", Ie 4 — JOeAKe UUCJIO.
Tomy o0Hounen 6i0 o0Hiel 3MiHHOI X — ye eupa3 8uldy ax", de a — Oeske
yucno, n — yine Hesgid’emune uucao. Aximo a # 0, TO NOKA3HUK CTEIeHs N
3MIHHOI X Ha3WBAEThCS cmenenem o0HouseHa. Hampurmaazn, 25x5 — ommo-

2
YJIeH IIIOCTOTO CTEMeHs, gxz — OJHOYJIEH APYIrOro CTereHsA. SIKI0 OqHOUIEeH

€ yucjaoM (He PiBHUM HYJIIO), TO HOTO CTEIiHb BBAXKAIOTH PiBHUM HYJIIO. /14
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o0HOuNeHa, axkuil 3adanuil wucaom 0, noHamms cmeneHs He 03HAYAIOMDb
(ockimbEn 0 = 0+x =0+x%2=0-x3...).
3a o3HAUEHHAM MHOTOUJIEH Biff OHiel 3MiHHOI X — IIe cyMa OJHOUJIeHiB
Bix oxmmiel saminuHOI x. Tomy
MHOZOUNLeHOM 610 0OHIEL 3MIHHOL X HA3UBA€EMbCA 6UPaA3 6udy
fx)=ax"+a x""'+..+tax*+ax+a, 1)
de koegiyienmu a,a, .. @ — deaki wucaa.

Axmo a, # 0, TO me#l MHOrOYJIEH HA3UBAIOTb MHOZOUJLEHOM N-20 CIMme-
neunsa Bix 3minHOI x. Ilpm mboMy ujeH @ X" Ha3UBAIOTb CMAPWUM YLEHOM
MHozouLeHa [ (X), 9UCI0 a, — KoeiyieHmoMm nNpu CMapwomy “ieHi, a dieH
a, — einvrum unrenom. Hampurmam, 5x° — 2x + 1 — MHOTOUJIEH TPETHOTO
CcTeleHdA, V SAKOTO BiIbHUI ujeH mOopiBHIOE 1, a KoedilieHT mpu cTapiIioMy
yJeHi JopiBHIOE 5.

3azHauuMmo, I1I0 iHoAi HyMepallito KoedilieHTiB MHOTrOUIeHA TOYNHAIOTH
3 mouaTKy samucy Bupasdy (1), i Toxi sarampuHuUit Bux mHOTOUIeHA f (x) 3a-
MMUCYIOTh TaK:

_x+b,

f(x)=bx"+bx"'+..+0b
e bo, bl, cees bn — JIedaKi umceia.

I Teopema 1. O0nounenu ax", de a # 0, ma bx™, de b # 0, momocHo
piéni modi i minvku modi, konu a =bin =m.
Oo0nounen ax" momoixcHo pi6nutl Hyao moodi i miavku modi, Konu
a=0.
® OckiJbKY PiBHICTH OZHOUJIEHIB
ax" = bx™ (2)
BUKOHYETBLCA IIPU BCiX 3HAUEHHSX X (32 YMOBOIO IIi OZHOUYJIEHU TOTOMKHO
piBHi), To, miAcTaBAAOYHN B If0 PiBHiCTL X = 1, oTpumyemo a = b. Ckopo-
yytoun oouaBi vactunu piBHOCTi (2) Ha a (e a # 0 3a yMOBOI0), OIEPIKY-
emo x"=x™ Ilpu x =2 i3 miei piBHocTi Maemo: 2" = 2™, OcKiJabKu
2"=2.2....-2, a 2"=2.2....-2, TOo piBHicTH 2" = 2™ MOMKJIWBa JIUIIIE
n pasis m pasiB
Tomi, Komu n = m. OTKe, 3 TOTOKHOI piBHOCTI ax" = bx™ (a # 0, b # 0)
OTPUMYEMO, 1110 @ = b i n = m.
fAxito Bimomo, 1o ax” = 0 gas Beix x, To mpu x = 1 omep:kyemo a = 0.
Tomy ogHOUJIEH aX" TOTOXKHO piBHUI HyJ0 npu a = 0 (Tomi ax” = 0-x" =
=0Y. O
Hagani 6yabp-axuit ogHouster suny 0« x" 3amimioBaTumeMmo Ha 0.
Teopema 2. Axuo mrozounen f (x) momoscno pienuil nynio (moo-
mo HaOy8a€e HYAbOBUX 3HAUEHb NPU 6CiX 3HAUEHHAX X), MO 6Ci 1020
Koe@iyienmu pi6Hi HYNIO.

! 3HAUKOM = IIO3HAYEHO TOTOXKHY PiBHICTHL MHOTOYJIEHiB.
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HJia moBeleHHS BUKOPUCTOBYEMO METOJ MaTeMaTHUYHOI iHAYKITii.

Hexait f (x)=ax"+a, _x""'+..+ax+a,=0.

IIpu n = 0 maemo f (x) = a, = 0, Tomy a, = 0. To6TO B IbOMy BHIIAAKY
TBEPIKEHHS TeOPeMU BUKOHYETHCS.

IIpunycrumo, (o Opu n = k Iie TBePIKeHHS TAKOXK BUKOHYETHCS: SKIIIO

k E-1 — _ _ _ _
MHOTOWIeH a,x* + a, ,x +..+tax+a,=0,T00,=0a, [ =..=a,=
=a,=0.
IHoBememo, 1110 3aJaHe TBePIKeHHA BUKOHYEThC it mpu n = k + 1. Hexaii
— k+1 k —
fx)=a,,  x t+ax"+..+ax+a,=0. (3)

OckinbKku piBHiCTE (3) BUKOHYETHCA IPU BCiX 3HAUEHHAX X, TO, IIiCTaB-
JAI0YN B [0 piBHiCTE x = 0, omepaxyemo, mo a, = 0. Toxi pisnicTs (3)
IepeTBOPIOEThCA Ha TaKy piBHicTw: a,, ,x* "'+ a,x* + ... + a,x = 0. Bu-
HeceMoO X Y JiBiit uacTuHi 1iei piBHOCTI 3a AY/KKU Ta OJEPKUMO

x(a,, x'+ax""'+..+a)=0. 4)
PiBricTh (4) mOBUHHA BUKOHYBAaTHCA IPU BCiX 3HaUeHHAX X. A TOTO
1100 BOHA BUKOHYBaJjacsa npu x # 0, ToOBUHHA BUKOHYBATUCSI TOTOMKHICTH

a, x*+ax*'+..+a =0.

VY niBifi yacTuHI i€l TOTOXKHOCTI CTOITH MHOTOUJIEH i3 CTEIIEHAMM 3MiHHOL
Big x° mo x*. Toxi 3a mpumyIeHHEAM IHAYKIII Bei #ioro KoedilieHTH KOPiB-
HIOIOTB HYJIIO: @, , , = a, = ... = a, = 0. Ajle My noBenu TaKoX, 1o a, = 0,
TOMY HAaIlle TBePIKeHHsS BUKOHYeTheA i mpu n = kB + 1. OTike, TBepIKeH-
HSI TeOpPeMHU CIIPaBeAJINBe MIJs OYIb-IKOTO I[iJIOTO HeBia €éMHOTO 7, TOOTO
I Beix MmHOrowienis. O
MHuoroujieH, y aKoro Bci koedimmienTu piBHi Hy 10, 3a3BUYail HA3MBAIOTH

HYLbO6UM MHOZOULILEHOM, a00 HYNb-MHOZ0UNLEeHOM, i To3HaUYaroTh 0 (x) abo
npocto 0 (ockinpku 0 (x) = 0).

Teopema 3. Axwo 0éa mHozounenu f (x) i g (x) momoscno pi6ni,
mo 60Hu 36izaromucesa (mobmo ixHi cmeneni 00HAKO06i U KoegiyiecH-
mu npu 00HAKOBUX CMenenAx PiéHi).
Hexa#i  mmorowren f(x)=ax"+a, x" '+ ..+ax*+ax+a,
a mHOTOWNEH g (x) =b x™ + b . x" '+ ...+ bx* + bx + b,. Posriane-
Mo MHOrowireH f (x) — g (x). Ockinbku mMHOTOUNEHU f (X) i g (x) 3a ym™moO-
BOIO TOTOXHO DPiBHi, To mMHOrouwieH f (x) — g (x) ToroxkHO mopieuioe 0.
Or:xe, yci #ioro Koe@iiieHTH JOPiBHIOIOTH HYJIO.
Ane f (x) - g (x)=(a,—by) + (a, —b) x +(a,— b)) x* + ...
Tomi a,—b,=0, a,-b,=0, a,-b,=0, ... . 3Bigcm a,=0b, a,=b,,
a,=b,,.... 5K 6aunmMo, AKINO IPUAITYCTUTH, IT[0 B AKOTOCH i3 IBOX 3aTaHUX
MHOTOYJIEHIB CTeIiHb BUIUHA, Hi¥K y APYroro MHOrouJeHa (HAIPUKJIAT,
n 6inbite m), To KoedirieHTH pisHHUIL MOpPiBHIOBATUMYTHL HYyJI0. Tomy,
nounHaoun 3 (m + 1)-ro HOMepa, yci KoedilieHTH a, TaKOX JOPiBHIOBA-
TuMyTh HyJa10. OT:Ke, muHOrounernu f (x) i g (x) milficHO MaOTL OMHAKOBUI
creminb i BimmoBizmHO piBHI Koe(imienTu mpm omHaKOBuUX cremeHsxX. O
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TeopeMa 3 € OCHOBOIO TaK 3BAHOT'O Memo0y He6U3HALeHUX KoeiyieHmia.

IToxaskemo #Oro 3acToCyBaHHSA HA TAKOMY HPUKJIAII.

IIpukaan Hosexmits, 1m0 (x + 2) (x + 4) (x + 6) (x + 8) + 16 € moBHUM
KBaJIpaToOM.
P BagaHuii MHOTOUWJEH € MHOIOWJIEHOM UYeTBEPTOr0 CTeIleHs, TOMY BiH

MO:Ke OyTH HOBHHMM KBAAPATOM TiJILKM MHOTOUJIEHA NPYTIOTO CTEIeHHA.
MHorouseH Apyroro cremeHst Mae Buriag ax? + bx + ¢ (a # 0).
OfepsKy€eMO TOTOXKHICTH:

(x+2)(x+4)(x+6)(x+ 8)+ 16 = (ax? + bx + c)2 (5)
PoskpuBarouu qy»KKHU B JiBi#l i mpaBiii yacTuHAaX I1i€l TOTOMKHOCTI Ta IIpU-

piBHIOIOUN Koe(diIlieHTH NIpU OZHAKOBUX CTEIEeHAX X, OLEPXKYEMO CHUCTEMY
piBHOCTeli. Ileit eran 3pyuyHO ODOPMIATH B TAKOMY BUIJIAMI:

1=a?

24+4+6+8=2ab

2:4+2:6+2-8+4-6+4-8+6-8=>0%+ 2ac

2:4:6+24-8+2:6-8+4:6-8=2bc

x° 2468 + 16 =¢c?

3 mepirroi piBHOCTI omepskyemo a = 1 a6o a = —1.
IIpu a = 1 i3 apyroi piBHOocTi Mmaemo b = 10, a 3 Tperboi — ¢ = 20. Ak

6aummMo, TIpPU ITUX 3HAYEHHSX a, b i ¢ ocTaHHi ABi piBHOCTI TaKOK BUKOHY-
oTbea. OTiKe, TOTOKHICTE (5) BUKOHyeThea ipu a = 1, b = 10, ¢ = 20 (aramo-
TiYHO MOXKHA TaKOXK omepskatu a = —1, b = —10, ¢ = —20).

Takum umHOM, (x + 2)(x + 4)(x + 6)(x + 8) + 16 = (x% + 10x + 20)%. <

I Bnpasu

1.

3uatoun, 110 MmHOrouIeHH [ (X) i g (x) TOTOKHO PiBHi, 3HAWAITHL 3HAUEH-
Ha Koedimieunris a, b, c, d:
Dfx)=2x2—- 3 -a)x +0b, g (x)=cx®+ 2dx*+ x + 5;
2)f(x)=(@a+1)x*+2,g(x)=3x>+bx2+(c—-1)x +d.

3uaiiniTe Taki umuciaa a, b, ¢, oo 3agana pisgicTs (x2 — 1) a + b (x — 2) +
+ ¢ (x + 2) = 2 BUKOHYBaJlacAd P OyAb-IKUX 3HAUCHHAX X.

JloBemiTh TOTOXKHICTB:
Dx-1DDE+D)EE-x+Dx2+x+1)=x%-1;

2) 1+x2* =(1+xV2+x%)(1-2V2+x?).

JoBeniTh, 110 3aAaHUNA BUpPas3 € IIOBHUM KBaJApaTOM:
Dx-1)(x—-2)(x—3)(x—4)+1;

2) (x + a) (x + 2a) (x + 3a) (x + 4a) + a*.
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5. 3Bmaiigits Taki a i b, 1m06 Tpu OYAL-AKMX 3HAUEHHSAX X BUKOHYBAJACS

piBHiCcTH
3x* +4x3 +8x2+3x+2=Bx2+ax + 1) (x2+ x +b).
6. 3Banumrite anredpaiunHuii Api6 22 AK CyMy JBOX ajredpaiuHmx
15x" +x -2
. a . b
Ipob6iB Bugy —— i

3x-1  bBx+2°

7.2. Aii Hap MHOTOoUAEeHaMU. AineHHA MHOFOYAEeHA Ha MHOTOYAEH

3 oCcTayero

HonaBaHHA 1 MHOMKEHHSA MHOTOYJIEHIB Bif ofHiel 3MiHHOI BUKOHYIOTH 3a
JOIOMOI'0I0 BiOMHX IIpaBUJ AOJAaBAHHSA i MHOMEHHS MHOTOUJIEHiB. Y pe-
3yJabTaTi BUKOHAHHS Ai#i momaBaHHA ab0 MHOMKEHHS HaJ MHOTOUYJIEHAMH! Bif
onHiel 3MiHHOI 3aBKIM OEP:KYIOTh MHOT'OUJIEH BiJg Tiel camoi 3amiHHOI.

3 o3HaueHHs NOOYTKY NBOX MHOTOUJIEHIB BUILJIUBAE, IO CMAPULUIL YJCH
0o6ymKy 080X MHO20UNeHiI8 OOPi6HIOE 000YMKY CMAPWUX YJEHI8 MHONHU-
Ki8, a 8inbHUll Ysen 000ymky O0opieHI0e 000YMKY BilbHUX ULeHI8 MHOMCHU-
Kig. 38idcu o0depicyemo, w0 cmeninb 006ymkKy 080X MHO20UIeHiI8 OOPiBHIOE
cymi cmenenié MHOMHUKIE.

ITpm momaBaHHI MHOTOUJIEHIB OMHOTO CTENEHA OAEPKYIOTh MHOTOUJIEH
IILOT'O CaMOTr0 CTeIleHs, X0ua iHOJI MOKHA OJepKaTH MHOTOUJEH MEHIIIOTO
CcTemeHs.

Hanpuxaan, 2x% — 5x2 + 3x + 1 + (—2x% + 5x2 + x + 5) = 4x + 6.

ITpu momaBaHHI MHOTOUYJIEHIB PiBHUX CTEIIEHIB 3aBiKAU OJEPKYEMO MHO-
TOUJIeH, CTeIiHb AKOT0 HOPiBHIOE OiJIBIIIOMY CTEIIeHIO HOJAaHKY.

Hanpuxaan, (3x2 — 5x + 7) + (x2 + 2x + 1) = 3x® + x2 — 3x + 8.

IineHHs MHOTOUJIEHA Ha MHOTOYJIEH O3HAYAETHCA AHAJOTIYHO TiJIEHHIO
minux unces. Haragaemo, 1110 Iijie YUCJI0 @ AiAUTHCA Ha Itije uucio b (b # 0),
AKIIO iCHY€E TaKe IIijie UmMCJo ¢, o a = b+ q.

OznmauveHnHAa. MuHorouwiexn A (x) minuteess Ha MHoTOowleH B (x) (me

B (x) — HeHYJBOBUIl MHOTOUYJIEH), SIKIIO iCHy€ TaKuUii MHOTO4WIEeH @ (x),

o

A (%) = B (%) Q (x).

A i gna miaux uwmces, omepallid AiJIEHHS MHOTOUJIeHa HA MHOTOUJIEH
BUKOHYETHCA HE 3aBXKIU, TOMY B MHOKHWHI MHOTOUJIEHIB YBOZATHL OmepaIliio
dinenus 3 ocmauero. Kaxyrs, 1110

MHOTOuwJieH A (x) miauThess Ha MHOrouieH B (x) (me B (x) — HeHYJIbO-

BHII MHOTOYJIEH) 3 OCTauelo, SIKIIO iCHye Taka mapa MHOTO4YIeHiB @ (x)

iR (x), mo A (x) =B (x)*Q (x) + R (x), npuuomy creminb octaui R (x)

MEHIIHNH 3a cTeminb niapHuKa B (x). (3a3Haunmmo, 10 B I[bOMY BUIAIKY

MHOTOWIEH () (X) Ha3MBAETHCA HENOBHOI UACMKOI0.)
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Hanpukian, ockinprum x3 — 5x + 2 =(x2—-5) x + 2, To npm pgineHHi
MHoOrouwieHa x° — 5x + 2 Ha MHOrouwiaeH x? — 5 ofep;KyeEMO HEIIOBHY YACTKY X
i ocrauy 2.

Inoxi minmenHs MHOrouJeHa Ha MHOTOUJIEH, AK i AiJleHHs 0araTo3sHAUHUX
YnceJ, 3PYYHO BUKOHYBATH «KYTOUKOM», KOPHUCTYIOUNCH TAKUM aJTOPUT-
MOM.

IIpuxaan Posginumo wmuOrousmen A (x)=x*— 5x3+ x?+ 8x — 20 mHa
muorouseH B (x) = x2 — 2x + 3.
P xt - 5x% + x2+ 8x — 20 x2—-2x+ 3
xt — 2x% + 3x? x2—3x—8

—3x% — 2x2 + 8x — 20
—3x% + 6x% — 9x
—8x2 + 17x — 20
—8x% + 16x — 24
x+4 <

JloBememo, IO OJep:KaHWI Pes3yJabTaT MIWCHO € pPe3yJIbTaTOM [IiJIeHHSA
A (x) Ha B (x) 3 ocTauero.
® Ko mosHAUMTH Pe3yJbTAT BUKOHAHHS IIEPIIOr0 KPOKY aJrOPUTMY Ue-
pes f, (x), opyroro Kpoxky — uepes f, (x), Tperboro — uepes f, (x), TO
omeparlito miJieHHs, Ky BUKOHAJU BUINE, MOKHA 3alUCATH Y BUTJIAML
CHUCTEMU PiBHOCTEI:

fy (x) =A (x) — x* - B (x); (1)
fy (x) =1, (x) = (=3x) - B (x); (2)
fy (x) =1, (x) = (=8) - B (x). (3)
Homamo mousienro piBuocTi (1), (2), (3) Ta oTpuMaemo
A (x)=(x*—3x — 8) B (x) + f, (x). 4)

YpaxoBywouwu, 0 CTemiHb [, (x) = x + 4 MeHIHUHA 3a CTeNmiHb MiTbHUKA
B (x) = x* — 2x + 3, mosHauumo f, (x) = R (x) (ocraua), a x> — 3x — 8 =
= @ (x) (memoBHa yacTka). Toxi 3 piBHOCTI (4) Maemo: A (x) = B(x) - Q (x) +
+ R (x), TooTo x* — 5x3 + x2 4+ 8x — 20 = (x2 — 2x + 3) (x2 — 3x — 8) +
+ x + 4, a e ¥ o3Hauae, M0 Mu poanisuau A (x) Ha B (x) 3 ocTauero.
OueBUIHO, 110 HaBeJeHe OOI'PYHTYBAHHS MOYKHA IIPOBECTU AJA OYAb-sIKOI
mapu MHOrouJeHiB A (x) i B (x) y BUmagKy ix mijeHHs cTOBIMYMKOM. Tomy
ONMKUCAHUI BUIIE AJTOPUTM [IO3BOJISE IJA NOBiNIbHUX miseHoro A (x) i minb-
HukKa B (x) (me B (x) — He HYJIbOBUII MHOTOUJIEH) 3HAWTW HEIOBHY YaCTKY
@ (x) Ta ocrauy R (x).
3azHauuMo, IO Y BUIAAKY, KOJHW CTeIliHb mijeHoro A (x) MeHIIui 3a
cTemniHb miabHUKAa B (x), BBasKaioTh, 1110 HemoBHA yacTka @ (x) = 0, a ocraua
R (x) = A (x).
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I Bnpasun

1. BuxomnaiiTe AiJleHHA MHOTOUJIEHA HA MHOTOUJIEH:
1) 3x3 — 5x?2 + 2x — 8 Ha x — 2; 2) x1° 4+ 1 ma x2 + 1;
3) x5+ 3x% + 8x — 6 Ha x? + 2x + 3.
2. BukonHaiiTe miJileHHS MHOTOUJIEHA Ha MHOTOUJIEH 3 OCTAYEI0:
DDdxt —2x3+x2—x+1Hax?+ x+ 2;
2y x5+ xt+ a3+ x2+ 1 wmax?—x— 2.
3. Ilpu axmx 3HaueHHAX a i b mHorouwneH A (x) mimuThesa 6Ges ocraui Ha
MHoOrouJsieH B (x)?
DA =x*+ax+ b, B(x)=x%+5x+T;
2)A (x)=2x® - 5x2 +ax + b, B (x) = x%2 — 4;
NAx)=x*—-x*+x2—-ax+b,B(x)=x%2—x+ 2.
4. 3HalAiTh HENOBHY YACTKy i ocrauy mpu AijeHHI MHorouseHa A (x) Ha
MHOTOUJIEH B (X) MeTOZIOM HeBU3HAUEHUX KoeilieHTiB:
1)A (x)=x®+6x2+ 11x + 6, B (x) = x* — 1;
2)A (x) =x%—19x — 30, B (x) = x® + 1.

7.3. Teopema besy. KopeHi mHorouneHa. opmyau Bieta

Posriguaemo pmimenus muorouseHa f (x) Ha aBouneH (x — a). OckiabKu
CTeNiHb AiIbHUKA MOPiBHIOE 1, TO CTEHiHL OcTaui, IKYy MU OJEPKUMO, ITOBU-
HeH OyTu MeHIIUM 3a 1, TOOTO B IIbOMY BUMNAAKY OcTaueio Oyae AesKe UuC-
g0 R. TakuM umMHOM, AKIIO PO3AijiuTy MHOroundeH f (x) Ha mBouseH (x — a),
TO OZEPIKUMO

f(x)=(x—-a)Q (x) +R.

IIsa piBHiCTH BUKOHYETHCA TOTOXKHO, TOOTO MPU OYAL-IKOMY 3HAUEHHI X.
IIpu x = a maemo: f (a) = R. Omep:kauuii pesyJbTaT HA3WMBAIOTh TEOPEMOIO
Besy!.

Teopema 1 (Teopema Besdy). Ocmaua 6i0 dinennsa muozounena f (x)
Ha d6ounen (x — a) dopisnioe f (a) (mo6mo 3HavenHHI0 MHOZOULEHA
npu x = a).

Ipuxkaax 1 IHoBenits, mo x° — 3x* + 2x% + 4x — 4 giaurbea 6e3 ocraui HA
x — 1.
P IligcraBusmu B [ (x) = x° — 3x* + 2x% + 4x — 4 3amicTs x 3Havenus 1,
omep:kyemo: f (1) = 0. Omxe, ocraua Bix minenus f (x) Ha (x — 1) mopis-
uwe 0, To6To f (x) minursbea Ha (x — 1) Ges ocraui. <]

Osunauenud. Yucno o Ha3ueaemovca Kopenem muHozounena f (x), axu,o

f(a)=0.

! Besy Erben (1730—-1783) — dpaHIly3bKUil MaTeMAaTUK, AKUNA 3pOOUB 3HAUHUNA
BHECOK y PO3BUTOK Teopii asre6paiuuux piBHSAHB.
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Arwo mnozounen f (x) dinumovces Ha (x — o), MO oL — KOPiHb Yb020 MHO-

20YJleHa.

® [iiicuo, akio f (x) ginurbes Ha (x — ), To f (x) = (x — o) - @ (x) i Tomy
f(@=(—-a) @ (n)=0. Omxe, o — Kopiub muorousesa f (x). O
CupaBeniuBe i 3BOPOTHE TBEPAKEHHA. BOHO € Hacidxom meopemu Be3y.
I Teopema 2. Axuo wucno a € kopenem mrozounena f (x), mo yei

MmHOozouneH dinumbes Ha déounen (x — o) 6e3 ocmaii.

® 3a reopemoio Besy ocraua Bin minenus f (x) Ha (x — o) mopiBuioe [ ().
Aute 3a ymoBOI0O 00 — KOpiHb f (x), omake, f (o) = 0. O
VzaraJsbHEHHAM TE€OPEMHU 2 € TaKe TBEPAKEHHA.

Teopema 3. Axwo mHozounen f(x) mae nonapro pi3ni Ko-
peni o, O, .., O, Mo 6in dirumsvca 6es ocmaui nHa 006ymox
(x—a)(x—0y) - -(x—a).
® [Ins noBemeHHS BUKOPHUCTOBYEMO METOM MaTeMaTUYHOI iHAYKITii.
IIpu n = 1 TBepIKeHHA JOBEIEHO B TeopeMi 2.
[Mpunycrumo, 1m0 TBepAKeHHA cpaBeaause npu n = k. Tobro, AKIIO o,

Oy, +vsy O, — TIOMAPHO Pi3HI KOPEHi MHOTOYJIEHA f (x), To BiH mimuThCA HaA
no06yToK (x — o) (x — a,) .- (x — o). Tonmi
F(x)=(x—0o)x—0) .. (x—0a)@ (x). (1)

HoBememo, 10 TBEPAKEHHA TeOpeMU CcHpaBeajuBe U mpu n =k + 1.

Hexait o, a,, ..., 0, o, , — TIOIApPHO Di3HI KOpEeHi MHOTOYJIEHA f (x).

Ockinbku o, , , — Kopiub f (x), To f (o, ,,) = 0. Bepyun mo yBaru pis-

HicTb (1), AKA BUKOHYETHCS 3TifHO 3 MPUOYINEHHAM iHAYKIIiI, omepiKy-

eMo:

f(a,, )= ((?Lk+1 - O‘1) (o, = az)"“'(akéfl' - _ak)'Q (o, ,)) = 0

3a yMOBOIO BCi KOpeHi o, O, ..., O, O, , Di3Hi, TOMYy KOIHE i3 umCe

O, ,; — OO, = Oy, ..y O, — O, HE opiBHIOE HyT10. Tomi @ (a0, , ;) = 0.

Orxe, a,,, — Kopinb mHOrouwneHa @ (x). 3a TeopeMow 2 MHOTOYJIEH

@ (x) mimuTeCa Ha (X — a, , ), TOOTO @ (X) = (x — 0, , ;) @, (¥) i 3 piBHO-

cri (1) maemo

F @) =(x—a) (@ = 0) r(x— ) (-0, )+ Q ().

ITe osmauae, 1o f (x) ginuThbesa Ha HOOYTOK
(x—a)(x—-—0a) ..o(x—a)(x—a

TOOTO Teopema moBefeHa ¥ pu n =k + 1.

OT:xe, TeopemMa CIIpaBemInBa IJIA OyIb-sIKOr0 HaTypagbHOro n. O

k+1)’

Hacnizox. Mnozounen cmenena n mae He Oinbule n pi3HUX KOPEHiE.

® IIpunycTtumo, II0 MHOTOUYJEH n-ro cremeHsa wmae (n + 1) pisHumx
KOpeHiB: o, Oy ..., o, o . Toni f (x) minurbca Ha HDOOYTOK
(x—a) (x —ay)-...-(x —a_ ,,) — MHOrounen creneua (n + 1), ane me
HeMO:KJnBO. TOMy MHOTOUJIEH n-TO CTelNeHs He MOKe MaTH OijbIlle HiiK

n xoperis. O
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Hexait Temep MHOTrouseH n-ro cremessa f (x)=ax"+a, _x" '+ ..+
5 . . . .
+a,x*+ax+a, (a, # 0) mae n pisHMX KOpeHiB A, O,, ..., o . Toxi meit
MHOTOYJIEH HiMuThcA 6e3 ocTadi Ha TOOYTOK (x — o) - (x — ) -..or (x — ).
Ileit 10OYTOK € MHOTOYJIEHOM TOTO CaMoro n-ro cremnens. OTike, y pe3yabTa-
Ti miJeHHA MOKHA OIEpP:KaTU TiIbKU MHOTOUJEH HYJIbOBOTO CTEIeHs, TOOTO
yucio. TakuM 4MHOM,
n n-—1 2 — — — . . —
ax"+ta x4 +axt+ax + a,=b(x ) ocl.) (x qz) (x oc(l). (2)
SKII0 po3KpuTHM AYXKKM B IIpaBiii wacTuHi piBHOCTI (2) i mpupiBHATH
Koe(illieHTH P CTapIINX CTENEHAX, TO OEPIKUMO, 110 b = a , TOOTO

n n—1 2 — — — —
ax*+a, x""'+.tax’*tax+ta,=a(x—a)x-—o)...(x—a)|(3)

ITopiBHIOIOUM KOe(dil[ieHTH MPU OJHAKOBUX CTEIIeHAX X, II[0 CTOSATH B TO-
ToKHOCTI (3) 3JiBa i cupaBa, oep:KyeEMO CITiBBiZHOIIIEHHA MiK KoedilienTa-
MU PiBHAHHSA Ta MOTO0 KOPeHAMU, AKi HaduBaoTh ¢opmynamu Biera:

a
o, + 0y +...t 0, =———;

0L 0Ly + 0L 0L+ + 0L, 0L, = ;

n

_ an_3 . 4
O 0,0l + 0L 000 .o+ 0L, 00, O, =— P ( )
n

a
0, 0l05 ... 0, :(—1)”a—°.

n

Hanpukaan, mpu n = 2 MmaeMmo:

a
o, +0ly :—a—l, 0,0, =2,
2 2

anpun = 3:

)
o, + 0, + 0, =——2;
as

a
— 1.
o, 0L, + 0L 0lg + 0L, 0l —a—, (5)
3

0L, 0L, 0L, = — 20
123 (13.

BukonaHHA TakuxX piBHOCTe# € HeOOXiZHOIO i JOCTAaTHBOI YMOBOIO TOTO,
06 Ymesa o, Oy, ..., O, OyJIM KOPEHAMHU MHOTOYJIEHA

fx)=ax"+a, x""'+..+ax’+ax+a,(a #0).
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®Dopmyau (3) i (4) cipaBeiuBi He TiAbKM AJIA BUIAAKY, KOJHU BCi KopeHi
mHorousieHa f (x) pisHi. BBememMo nonamms KpamHozo KOpeHs MHOzZOUJeHA.

Axmo muorounex f (x) minursea 6e3 ocraui Ha (x — o), ame He HiTUTHCS

6e3 ocraui Ha (x — o) ' 1,TO KaKyTh, 1[0 YHCJIO O € KOPiHb KpPaTHOCTI k

MHOrouideHa f (x).

Hanpuxiaz, skigo 1o6yTok (x + 2)% (x — 1)? (x + 3) sanucaru y BUTJIAIL
MHOTOYJIEHa, TO AJA IIHOT0 MHOTOUJIeHa umcio (—2) € KOpeHeM KpaTHOCTi 3,
yucyio 1 € KopeHeM KpaTHocTi 2, a yucio (—3) € KopeHeM KpaTHocTi 1.

BuropucroByioun Gopmynau Biera y BUIIagKy KpaTHHUX KOpPEHiB, He0O0-
XiTHO KOKeH KOPiHb 3ammcaTH TaKe UMCJIO0 PasiB, sKe JTOPiBHIOE HOro Kpar-
HOCTi.

IIpukaax 2 IlepeBipTe cmpaBemyuBicTh (opmysn Biera mgnsa mMHOTOUIEHA
f(x)=x%+ 2x%2 — 4x — 8.
P f(x)=xP+2x2-4x-8=x2(x+2)-4 (x+2)=(x+2) (x2—-4) =
=(x — 2)(x + 2)°. Tomy f (x) mae KopeHi: o, = 2, o, = =2, o, = —2 (0CKiMb-
KM —2 — KOpPiHb KpaTHOCTi 2).
IlepeBipuMmo crnpaBemiuBicTh (opmy. (5).
Y mamowmy Bumaiky: a, =1, a, =2, a, = -4, a, = —8. Toxi

2+(-2)+(-2)= —%; 2:(-2)+2-(-2)+(-2)- (-2)= T“; 2:(-2)-(-2)= —‘1—8.

fx 6auumo, yci piBHOCTI BUKOHYIOThCS, ToMy (hopmyau Biera € cupases-
JIUBUMMU [JIA JaHOTO MHOTOUYJIeHA. <|

IIpukaan 3 CrJyamiTh KBagpaTHe PiBHAHHS, KOPEHAMHN SKOTO € KBaJpaTu
KopeHiB piBHauHs x2 — 8x + 4 =0.

» Ilosmaummo KopeHi piBHaHHA x* — 8x + 4 = 0 uepe3 x, i x,. Toxi Kope-
HAMU [TYKAHOTO DiBHAHHA MOBUHHI 6yTu umena o, =x. i o, =x2. OTxe,
e piBHAHHA Mae Buryaan x2 + px + ¢ =0,
_ — 2 ,.2)_ 2 2,.2 2
me p=—(a,+o,)= _(xl + xz)_ _((xlxz) —2x1x2), q =040, = X705 =(%,2,) .

3a dopmynamu Biera maemo: x, + x, = 8 i x,x, = 4. 3BiAcu 3HAXOAUMO,

q=(xx,)?=42=16, a p=—((x,+x,) —2x,x,)=—(82-2-4)=-56.

TaxuM YMHOM, IIYKaHe PiBHAHHA Mae BUTLIAL x2 — 56x + 16 = 0. <

Il Bnpasu

1. 3maiigite ocrauy Bij gijenHa mHOrouwneHa x° — 4x* + 2x3 — 5x + 1 ma
x + 2.

2. 3maiifite KoedilieHT a, 3HaUM, IO OCTadya BiJ OiJeHHS MHOTOUJIEHA
x3 —ax? + 5x — 3 wa x — 1 mopisHIOE 6.
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10.

11.

12.

13.

14.

Muorouses f (x) mpu gisenHi Ha X — 1 Mae ocrauy 4, a Ipu JiJeHHI HA X — 3 —
ocrauy 6. 3HaimiTh ocrauy Bin gineHHsa MuorowreHa f (x) Ha x? —4x + 3.
IIpu akux sHaveHHsX a i b MmHOrownen x* + 2x3 + ax? — bx + 2 pinurscs
6e3 ocraui Ha x + 2, a npu gijeHHi Ha x — 1 Mae ocrauy, siKka qJopiBHIOE 37
Ocraua Bijg mimenHsa muorouwneHa [ (x) ma 3x? — 5x + 2 gopismioe 7Tx + 1.
3HaUAiTh ocTauy Bij AiJIeHHS [[bOTO MHOTOUJIeHA Ha ABOWwIeHHu X — 11 3x — 2.
3anuniite opmysu Biera npu n = 4.

CraamiTe KyOiuHMIT MHOTOUYJIeH, AKUI Mae KopeHi 5, —2, 1 i koedimieur
npu crapiiomMy ujeHi —2. Poss’saKiTh 3aauy ABoMa CIiocobamm.

Ilpy sAKWMX B3HAUEHHAX @ CyMa KBaJpaTiB KOpPeHiB TpuuieHa x2 —
- (a + 2) x + 3a gopiBuioe 127

fAxy kparHicTs Mae KopiHb 2 miaa muorouiaesa f (x) = x® — bx* + Tx3 —
- 2x% + 4x — 8?

CraamiTe KyOiuHMI MHOTOUJIEH, AKUI Mae KOpPiHb 3 KpaTHocTi 2 i Ko-
piub (—1), a KoedimieHT TpU cTapIIoMy WieHi 2.

3HangiTe Taki a i b, o6 uncyso 3 OyJI0 KOpeHeM He MEHII HijK apyroi
KpaTHOoCTi s mHorouneHa f (x) = x3 — 5x2 + ax + b.

CrJamiTh KBaJpaTHe PiBHAHHSA, KOPEHi AKOTO MPOTUJIEKHI KOPEeHAM pPiB-
HAHHA x2 — bx + 1 =0.

CraamiTh KBaJpaTHe PiBHAHHS, KOPeHi AKOro obepHeHi 10 KOpeHiB piB-
Hauus 2x2 — 5x + 1 = 0.

CrJamiTh KBajJpaTHe DPiBHAHHS, KOPEHAMH SKOTO € KBaJApaTu KOPeHiB
piBHAHHA x? + 6x + 3 = 0.

7.4. Cxema lopHepa

Hinutu muOorousieH f (x) HA ABOWIEeH (X — a) iHOAi 3pYyYHO 3a JOIIOMOTOIO

CHeIIiaJII:HOI CXeMHu, AKY Ha3suBalOThb CXeMOH0 I‘op;—tepa.

Hexat#t muorounen f (x)=ax"+ax" '+ ..+a _ x+a, (a,# 0) moTpi6-
HO pO3IiauTh Ha ABouJeH (x — a). Y pesyJbTaTi HiJIeHHS MHOTOUJIeHA 1-TO
CTeleHs Ha MHOTOUJIEH IIEPIIOTrO CTelMeHs OAeP:KUMO NesSKUi MHOTOUYJIeH
Q (x) (n - 1)ro cremena (trobro @ (x)=bx" '+bx""*+ ...+b x+
+ b, _,, e b, # 0) i ocrauy R. Tomi [ (x)=(x—-a)-Q(x)+ R, TobTO
ax"+ax"'+..+a x+ta =
=(x-a)-(bx" '+bx""*+...+b _,x+0b _)+R.
OckinbKu JiBa i TpaBa YaCTHWHM TOTOXKHO PiBHi, TO IMEPEeMHOXKKMMO MHO-
TOUJIEHU, AKi CTOATH cIpaBa, i IpUPiBHAEMO KoedilieHTn IIpu BigmoOBiI-
HUX CTEIeHAX X:

1

n —

xn_l ao_ 0

x , al:bl—ab0

n — — —

x a,=b,— ab,

1 — —

x an*l_bnfl abn72
x° a =R-—ab
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3uaiinemo i3 nux piBHOCTEe# Koediuientu by, b, ..., b, _, i ocrauy R:

b0 = a,, b, = abo +a,b,=ab, +a, ..

, bnflzabnfz-kan

—-1°

R=ab, _, +a,.

fAx Gaummo, meprinmii Koe@illieHT HEIOBHOI YaCTKU JOPiBHIOE IIEpIIIO-
My KoedimieHTy mismeHoro. PemnrTy xKoedilieHTiB HEemoOBHOI "YacTKM i ocrauy

3HAXOAATHL TAKUM UYHMHOM: [JIS TOTO I00 3HAWTH KoedimieHT b, .

1

HEeIIOBHOI

YaCTKH, [JOCTATHLO IONEPEeJHBO 3HalJeHud Koe(dillieHT b, IOMHOMXKUTH Ha
a i popatu k-#i Koedimient minmenoro. Ilfo mporenypy AOIiabHO O0GOPMIATH
Y BUTJIAAL cIeliajgbHOI cxeMH-Ta0auIli, siKa HAa3WUBAEThCA cxemor ['opHepa.

ao@

al@/

az@

al

anfl @/ an

b, =a,

b,=ab,+ a,

b,=ab, + a,

n-1

R

ocTayda

/®///®/

Ipukaax1l Posaimits 3acxemoro l'oprepa muorousnen f (x) = 3x* — 2x% — 4x + 1
Ha IBOWJIEH X — 2.

P Bamumemo cmoyaTKy Bei KoedimienTu muorousnexa f (x) (AKIO B MHO-
rouYJIeHi IPOMYINeHO CTEemiHb 2, TO BiAmMOBimZHHI KoedillieHT BBasKaeMo
piBauM 0), a morim s3HaligeMo KoedilieHTH HEIIOBHOI YacTKHU i ocTauy 3a
BKa3aHOIO0 CXEMOIO:

3

-2

/—4

1

2

4 ®

©) 12@

25

ocravya

IIpukaanx 2

ITepeBipTe, un € x = —3 KOpeHeM MHOTOUJIeHA

g oL

— &

Omxe, 3x* — 2x® — 4x + 1 = (x — 2)(3x® + 4x% + 8x + 12) + 25. <

f(x) =2x* 4+ 6x% + 4x% — 2x — 42.
P 3a reopemoro Besy ocraua Bij mimemms mmorouneHa f (x) Ha x — a mo-
piBHIOE f (a), TOMy 3HaiieMO 3a AOIIOMOTOI0 cxeMu ['opHepa ocTauy Bif
minenns f (x) Ha x — (=3) = x + 3.

2 6 4 -2 -42
-3 2 0 4 -14 0 (ocrtaua = f (—3))
Ockinbku f (-3) = 0, To x = -3 — Kopiub MmHOrOuwIeHa f (x). <
Bnpasu

1. BuxopucroByiouu cxemy I'opHepa, 3HAWAITH HEIIOBHY YaCTKY Ta OCTAdy
Bixm minmenus muorouseHa A (x) Ha gBousieH B (x):
DAMx) =x*+3x2+3x+1;B(x)=x+ 1;

2) A (x) = bx® — 26x%2 + 26x — 4; B (x) = x — 5;
3)A (x)=x%—15x2 + 10x + 24; B (x) = x + 3.



126 Poszain 1. ®YHKLII, PIBHAHHA | HEPIBHOCTI

2.

BukopucroByioun cxemy I'opHepa, mepeBipre, UM IiJIUTHCA MHOTOUJIEH
f (x) Ha gBOUNEH ¢ (X):

1)f(x)=4x - x*-2Tx - 18; ¢ (x) = x + 2;

2) f(x) = x*— 8x® + 156x2 + 4x — 20; q (x) = x — 2.

Pospinite mHOTOUNEH A (Xx) Ha nBOuseH B (x):

1A (x)=2x3—-19x2 + 32x + 21; B(x)=x — 7;

2) A (x) =4x3 — 24x®> + 21x — 5; B (x) = 2x — 1.

7.5. 3HaX0AKEHHA paLioOHaAbHUX KOPEHIB MHOroUAeHa

3 LiAMMU KoedilieHTaMuU

Teopema 4. Axwo MmHOz04eH 3 uyirumu Koepiyiecnmamnu
fx)=ax"+a x""1+..+ax+a, mae payionanvrui KOPiHb
n n-1 1 1)

x=L (q # 0), mo p € dinvrukom 6invHozo unena (a,), a q — dino-
q
HUKOM Koediyienma npu cmapuiomy wieHi a, .

p

® dAxmo & € Kopemem mMHOroujgeHa f (x), To f(ﬁij. ITigcraBassemo f
q q

damicTh X v f (x) i 3 ocTaHHBOI piBHOCTI MaeMo
n-1

n
p p
an s + an71 1
q q

ITomuOxMMO 00uABi yacTuru piBHOCTI (1) Ha ¢" (¢ # 0). Omep:ryemo

+...+a1§+a0=0. (1)

ap"+a, p"'q+..+apg'+aq =0. 2

¥ piBaOCTi (2) Bci momaHKM, OKPIiM OCTaHHBOTO, HiJIATbCSA HA p. Tomy
— -1 -1 3

aq"=—-(ap"+a, _p" g+ ..+ apq' ') piaurbca Ha p.

Ane Kol MU 3aIIICYyEMO pallioHaJbHE YHCJIO Y BUTJIAIL ﬁ, TO el Apib

q

BBaYKAETHCA HECKOPOTHUM, TOOTO p i ¢ He MAIOTh CHiIbHUX AiTBLHUKIB.

HobyToK a,q" Moske NiMuTHCA Ha p (KOJHU P i ¢ — B3a€MHO IIPOCTi YMCIIa)

TiIBKU TOJi, KOJU @, TIIUTHCS Ha p. To6T0 p — AiMBHUK BiJIBLHOTO UJIe-

Ha a,.

Amnanoriuno Bci gomamku piBHOCTI (2), KpimM mepIroro, ginAThCA Ha (.
. o . e . .

Tomi a p"=—(a,_ p" 'q+..+apq" '+ aq") gimurbca Ha . OCKINTBKH

P 1 ¢ B3a€MHO TIPOCTi YmCaa, TO @, AIATBCA HA ¢, TOOTO ¢ — NiTBHUK

Koe(imienra npu crapiomy wieni. O

Bigsmaummo nBa Hacaigku i3 1miei Teopemu. Srmio B3AT; ¢ = 1, TO Kope-

HeM MHOTrouJieHa Oyje Iije YMCJI0 p — IiIbHUK a,. Oroxe, Mae Micie Takui
HaCJiIoK.

Hacaigox 1. Bydv-axuil yiauil KOpinb MHO20UAEHA 3 YILUMU KO-
ediyienmamu € 0inbHUKOM 11020 6i1bHOZ0 ULEHA.



§ 7. MHOrOUAEHM Bip OAHIET 3MiHHOI Ta Ail Hap HUMK - 127

Skmio B saganomy mHOrouseHi f (x) a, =1, TO DiTBPHUKAMU a, MOMKYThb
OyTu TinbKu ywuciaa +1, To6To B iboMy BUIanaky ¢ = 1, i mae micre:
Hacximox 2. Axu0o koediyienm npu cmapuwomy 4ieni pi6HAHHA
3 yianumu Koepiyienmamu dopieéntoe 1, mo éci payionanvri Kopeni
Ub020 Pi6HAHHA (AKUL0 60HU iCHYIOMDb) — Yini wucaa.

IIpukaanx 1 3HalAiTh panioHaabHi KopeHi MHorounena 2x3 — x2 + 12x — 6.
» Hexail HeckopoTHui Api6 £ € rKopemem MHorounena. Toxi p HeobxXimHO
q

IIyKaTu cepel TiMLHUKIB BiTLHOTO ujeHa, ToOTO cepen uncea +1, +2, +3,
16, a ¢ — cepen OiABHUKIB cTapimoro Koedirmierra: +1, +2.
TakuM UYMHOM, pallioHaJbHI KOpeHi MHOTOUJIeHa IOTPiOHO IITyKaTu cepen

1 3 .
quceJa iE’ +1, iE’ +2, 43, +6. IlepeBipaTu, uu € JaHe YUCJIO KOPEHEM

. 1
MHOT'OYJIEHA, JOILILHO 3a JomoMoroi cxemu I'opuepa. Ilpu x =5 MaeEMO

Ta0JINUITIO.
9 1 12 6 Kpim Toro, 3a cxemoro I'opHepa
MOJKHA 3aIMCaTH, 110
Sl 2o 12| o0 2%~ +120-6=(x - 1) (20 +12).

Muorousen 2x? + 12 He mae gilficHuX KOpeHiB (a TuM 6ijblile pamioHab-
HUX), TOMY 3aJJaHUi MHOTOUYJIEH Mae €IWHUIN palioHaAJILHUN KOPiHb

x=1 <
2

IIpukaax 2  Poskiaaznite mHOrouwned P (x)=2x*+ 3x®—-2x2-x -2 Ha
MHOXKHUKHA.

P Illyxaemo 1ini KopeHi MHOTOUJIeHA cepel AiIbHUKIB BibHOTO WieHa: +1,

+2. Iligxoaguts 1. Hinumo P (x) Ha x — 1 3a momomoroio cxemu I'opHepa.

2 3 | -21|-1]|-2 TomiP(x) = (x — 1)(2x3 + 5x2 +3x + 2).

1 9 5 3 9 0 IITyxkaemo 1isi KopeHi KyO0iYHOrO MHO-

rousena 2x3 + 5x2+ 3x + 2 cepen

IiMTBHUKIB Iforo BisbHOTO uneHa: +1, 2. Iliagxogutsk (—2). Hinumo Ha x + 2.

2 5 3 2
-2 2 1 1 0

Maemo P (x) = (x — 1) (x + 2) (2x2 + x +1).

Ksagparuuii Tpuuien 2x2 + x +1 He mMae gilicHMX KOpeHiB i Ha JiHiini
MHOYKHUKHU HE PO3KJIaJaEThCA.

Bidnosiov: P (x) =(x — 1) (x + 2) 2x% + x +1). <
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3a3HaAuUNMO, III0 B MHOKHMHI JiliCHIX YlceJI He 3aBiKAU MOYKHA 3HAWTH BCi

KopeHi MHOroujeHa (HaIpUKJIaZ, y:ke KBaJpaTHUil TpuuieH x2 + x + 1 He mae
miticHuX KopeHiB). TakuM YmHOM, MHOTOUJIEH 71-TO CTEIeHA He 3aBiKAU MOK-
HA PO3KJACTU B JOOYTOK JiHIAHNX MHOKHHUKIB. AJle MHOTOUJEH HEIapHOI'o
CTelleHs 3aBKIU MOKHA PO3KJIACTU B JOOYTOK JiHIHHUX i KBaAPATHUX MHOMK-
HUKiB, a MHOTOUJIEH IaPHOTO CTeIlleHsA — y AOOYTOK KBaJApaTHUX TPUUJIEHIB.

HaHpI/II-CJIa,ZI, MHOT'OYJIEH YeTBEPTOI'0 CTEIIeHdA PO3KJIaJa€ThbCAd B }_IOGYTOK

IBOX KBaJpaTHUX TpuuieHiB. [{asa Toro mob 3HaiiTu KoedimieHTu 1H0ro pos-
KJany, iHoAi MOKHA BUKOPUCTOBYBATH Memo0 HeBU3HAUeHUX Koepiuyienmia.

IIpukaanx 3 PosknaziTe HA MHOYKHUKU MHOroudier x* + x® + 3x2 + x + 6.

>

3HaliTu palioHaJnbHI KOPEHi He BIA€TbCA — MHOTOUJIEH HE Mae paiio-
HaJIbHUX (IiTNX) KOPeHiB.
CupobyeMo 3HAUTH PO3KJaJ IILOTO MHOTOUYJEHAa B NOOYTOK ABOX KBa-
IpatHUX TpuwieHiB. OCKinbKu cTapimuii KoedillieHT MHOTOUJIEHA JOPiB-
HIoe 1, TO i y KBapaTHUX TpUUIEHAX BisbMeMO cTapiii KoediiienTu
piBEEMUE 1. ToOTO IMIyKaTMMEMO PO3KJAJ HAIIIOTO MHOTOUJIEHA Y BUTJIAI:
x*+ a3+ 3x2+ x+6=(x2+ ax + b) (x2 + cx + d), (3)
me a, b, c i d — axicy HeBuU3HAUEHi (HIOKU I1110) KoediImieHTH.
MuorouneHnu, 110 CTOATH y JiBi#h i mpaBi#t wacTwHax Iriei piBHOCTI, TO-
TOXKHO PiBHi, TOMy Koe(iIlieHTU IPpU OZHAKOBUX CTEeIEeHAX X Yy HUX OJ-
"HakoBi. Po3kpuemo ny:xKu B IpaBiift yacTuHi piBHOCTI i mpupiBHAEMO
BimmoBimHi KoedimienTn. Ile 3pyuHo 3anmcaTu Tak:
xt+ a3+ 3x2 +x+6=x'+cx®+dx® + ax® + acx® + adx + bx? + bex + bd.
OpepixyeMo cucremy:

S

1=1,
l=a+c,
3=ac+b+d, 4)
L 1=bc+ad,

0| 6=0bd.
Cuopoba po3B’A3aTH IO CUCTEMY METOAOM IIiJICTAHOBKU IPUBOIUTH IO
PiBHAHHSA 4-TO CTeIlleHs, TOMY CHOpoOyeMo po3B’sasatu cuctemy (4) y Iri-
JUX YHUcJaX. 3 OCTAaHHBOI piBHOCTI cucremu (4) omep:Kyemo, 110 b i d

MOKYTh OyTH TiJIBKH OiTbHUKaAMHM uucJyga 6. Yci MoKJauBi BapianTu 3a-
MUIIIEeMO B TaGJIUITIO.

W

8 R 8 R
DN

KoedimnienTn b i d y piBaOCTi (3) piB-
HOIIPaBHi, TOMy MU HE€ PO3IJISIaEMO
d 6 -6 3 -3 Bumagku b=6 i d=1 abo b=-6
id=-11irm. g.

Hnsa koykHOI mapu 3Ha4YeHb b 1 d 3 TpeThoi piBHOCTI cuctemu (4) 3Haixe-
Mo ac: ac =3 — (b + d), a 3 gpyroi piBHOCTi @ + ¢ = 1.

b 1 |1-1| 2 | -2
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3uaroun a + ¢ i ac, 3a Teopemoro, obepHEHOO OO0 Teopemu Biera, 3Ha-
XOOMMO @ i ¢ AK KOpeHi KBaapaTHOro piBHAHHA. Kosu Oynxe sHaliieHo
Bci umcaa a, b, ¢, d, To i3 uerBeproi piBHOCTI bc + ad = 1 cucremu (4)
MOJKHAa BMOpaTu Ti umciaa, sAKi € poss’saskamu cucremu (4). 3pydyHO IIi
MipKyBaHHS O(DOPMUTH Y BUTJISAI TaOJIUITi:

b 1 -1 2 -2

d 6 -6 3 -3

at+tc=1 1 1 1 1

ac=3—-(b+d) —4 10 -2 8
a Hellijie | He icHye 2 -1 He icHye
c Hellijle | He icHye -1 2 He icHye

be + ad = 1 o o chid1_4 bc%i(idl—l o
fAx 6aunmo, cucremi (4) 3amoBosbHsAE HAbIp Iiaux umcen a = —1, b = 2,

c=2,d=3. Toxi piBHicTs (3) Mae BUTIAL

xt+xd+3x2+x+6=(x2—-x+ 2)(x%+ 2x + 3). (5)

Ockinbky KBazpaTHi TpuwieHnu x2 — x + 2 i x2 + 2x + 3 He MaloThr He
TiIbKU pallioHaJbHUX, ajie i AificHuX KOpeHiB, To piBHicThb (5) mae ocra-
TOUHY BimmoBigs. <

I Bnpasn
1. 3wmaiigirs migi KopeHi MHOrouJIeHa:
1) x3 — 5x + 4; 2) 2x3 + x? — 13x + 6;
3) bx® + 18x% — 10x — 8; 4) 4x* — 11x% + 9x — 2.
2. 3HaiigiTh palioHaJbHI KOpeHi piBHAHHS:
1) x3 —3x2+ 2=0; 2)2x3 - b5x2—x+1=0;

3) 3x* + bx3 — x2 — 5x — 2 = 0; 4) 3x* — 8x® — 2x2 + Tx —2=0.
3. PoskaagiTh MHOIOYJIeH HA MHOMHUKI:

1) 2x3 — x2 — bx — 2; 2) x3 + 9x% + 23x + 15;
3) x*—2x3 + 2x — 1; 4) x* — 2x3 — 24x? + 50x — 25.
4. 3wuaiigiTh milicHi KopeHi piBHAHHA:
1) x® + x2 —4x + 2 = 0; 2) x3—Tx —6=0;
3) 2x* — bx3 + bx? - 2 = 0; 4) 2x® - 5x2+1=0.
5%, Po3KJaZiTh MHOTOUJIEH HA MHOKHUKN METOZOM HeBU3HAUEHNX KoeilieHTiB:
1) x* + x3 — 5x% + 13x — 6; 2) x* — 4x% — 20x2 + 13x — 2.

6°. PoskiyamiTe MHOrOUYJeH Ha MHOMHWKH, 3asfajierifb 3amucaBIln
foro 3a [IOTOMOIOI0 METOJy HeBU3HaUeHUX Koe(ilieHTiB y Buraami
(x?2 + bx + ¢)?> — (mx + n)2:
1) x* + 4x - 1; 2) x* — 4x% - 1; 3) x* + 4a®x — a'.
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§ 8 PIBHAHHA | HEPIBHOCTI, LLIO MICTATb 3HAK MOAYAS

Tabaumsa 15

1. Po3B’A3yBaHHS PiBHAHb
i HEPIBHOCTEMN, LLIO MICTATb 3HAK MOAYAS

3a O3HAYEHHAM 3a TeOMEeTPUYHUM 3a 3araJIibHOI CXeMOIO

3M1CTOM 1. 3naiitu OJI3.
la| — idcmans  na 2. 3maiiTn HyIi Beix migmo-
OYJAbHUX (PYHKITiH.
3. ITosnauutu Hyxi Ha O[3

yuca08iit npamiii 8iod

a, apua >0, mourxu 0 0o mouxku a. i posoun O3 ma mpo-
| al =10, mpra =0, MIiKKH.
—a,ipu a<O0. L|f@®]|=a. 4. 3HaliTH PO3B’A30K Yy KOMK-
2. f@ =g x| HOMY 3 mpoMi:xkkiB (i me-
3 | f(x) | > a. peBipuTH, 4YH BXOJUTH
4. |f(x) | <a. meil pPoO3B’A30K y pO3IJd-

HYTHH IPOMIiKOK).

3 BUKOPUCTAHHSM CHeIliaJbHUX CHiBBiTHOIIIEHb

2. BUKOpWCTaHHA reOMETPUUHOIO 3MICTY MOAYAS (Npu a > 0)

tl=a  |tl-a
|t|>aJ t<a J|t|>a

| VeV R}

—-a 0 a t

1.|f(x)|=a < f(x) =a abo f (x) = —a.
2.|fx)|=1g ®)|=f(x)=g (x) abo f (x) = —g (x).
3. |f(x)|>a < f(x) <—aabo f(x)> a.

f (x)>-a,
4. f(x)<a<:>—a<f(x)<a<:>{

f(x)<a.

Y3aranbHeHHs
g(x)=0,
5. =
7| g(x)(:){f(x)=g(x)a60f(x)=—g(x)-

6.|f(x)|>g (x) = (x) <—g (x)abo f (x) > g (x).
7 f(x)>-g (x),

. |f(x)|<g(x)@—g(x)<f(x)<g(x)@{f(x)<g(x).
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IIpodosicenns maobr. 15

3. BUKOPUCTaHHA creuiaAbHUX CMiBBIAHOLLEHb

|lu|=u<u>0.
|lu|=-u<u<o.
lu|=|v|< u?=12

W N =

Keadpamis.

V

()
5. |u|+|v|=u+ve * 0’

v

SR

<o,
v<0.
lu|+|v|=lu+v]|suv

|u|+|v|=—u—v<:>{

e o

|lx—a|+|x-b|=b-a

lu|>|v|eou2>v2Tomi|u|—|v|>0< u?—v2>0;
3HaK Pi3HUyi Modynie 060x eupasie 30icaemuvcs 3i 3HAKOM PISHUUL iX

>0
lu|+|v|=lu-v|ouw<0
Sas<x< b, mea<b.

EE [(Mpuknagu n oGrpyHTYBaHHS

PosB’asyBatu Oynb-AKe PiBHAHHA a00 HEPIBHICTH, 110 MiCTUTH 3HAK MO-
Iyas, MOXXHA OOJHUM 3 TPhOX OCHOBHUX CIIOCOOiB: 3a O3HAUEHHAM MOXIYJIA,
BUXOIAYN 3 TEOMETPUYHOTO 3MicTy MOAyas abo 3a 3arajJbHOI0 cxeMoro. Jleaki
piBHAHHA ab0 HEPiBHICTH, 110 MiCTUTDL 3HAK MOAYJIA, MOKYTH OyTU PO3B’sa3aHi
TaKOK 3 BUKOPUCTAHHAM CIIEI[iaJbHUX CIiBBimHOIIEHD (Tabua. 15).

3aJie’KHO BiJ 00paHoro cmocoly oJep:KyeMo PisHi 3ammcu pos3B’sI3aHHS.

IIpukaanx

Posp’ssxiTh piBHAHHSA | 2x — 4 | = 6.

I cmroci6 (3a 0o3HAYEHHSAM MOJIYJISA)

Pos38’a3auns

p 1) dxmo

2x —4 >0, (1)
TO OJIEPsKYEMO PiBHAHHSA

2x — 4 = 6.
Tomi x = 5, 110 3aJ0BOJIbHSIE YMO-
Bi (1).
2) Sxmo

2x —4 <0, (2)
TO OJIEPsKYEMO PiBHAHHSA

—(2x — 4) = 6.

Toxi x = —1, 1110 3a40BOJLHSIE Ta-
KOXK yMoOBi (2).
Bionogios: 5; —1. <

Komenmap

VYpaxoByoun O3HAUEHHS MOJYJIA,

PO3IJISHEMO [Ba BUMAAKU:
2x —-42>20i2x-4<0.

3a osHaueHHAM Modysem Oodam-
Ho20 (HeB8i0’eMHO020) HUCLA € came ue
yucno, a modynem 8i0°€MHO020 YUCAA
€ npomuJgedxcrne tiomy wucao. Tomy npu
2x -4 >0 |2x—-4]|=2x—4, anpu
2x -4 <0 |2x—-4]|=-2x - 4).

Y KOXHOMY BHIIAJKY PO3B’sA3yEMO
ofiep:KaHe PIiBHAHHA i 3’sCOByeMO, UH
3aI0BOJIbHSAE KOKEH i3 3HAlIeHUX Kope-
HiB YMOBIi, 3a SKOI MU HOT0 3HAXOMUJIU.
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II cmoci6 (BUKOPHCTOBYIOUM FeOMETPUUYHUM 3MIiCT MOIYJIs)

Po3eé’a3annuasa
P 2x—-4=6 abo 2x —4 =-6,
2x =10 abo 2x = -2,

x=5 abo x=-1.
Bionosiods: 5; —1. <|

3ayBasxenunsd. Ilpu sacrocyBanHi

Komenmap

3 reoMeTpPUYHOI TOUYKKH 30Py
| 2x — 4 | — ne BimcTams Bix Touxku 0
Io Touku 2x — 4. 3a yMOBOIO DiBHSH-
Hs BOHA OopiBHIOE 6, ajse Bimcramnb 6
Moske OyTu Bigxjaamena Bigx 0 ax mpa-
BOPYY (omepsKyemMo umcio 6), Tak i Ji-
BOpYY (omep:kyemo uwmcyo —6). Otixe,
piBHicTs | 2x — 4 | = 6 mMoxamBa TOAI
i Tinmpku Toxi, xoam 2x —4 =6 abo
2x — 4 = —6.

reoMeTPUYHOI0 3MICTY MOAYJIA 3HAK

MOAOYyJId PO3KPUBAETHBCA HEABHO, TOOTO He AOBOOAUTHCA BUKOPHCTOBYBATHU

O3HaA4Y€HHA B ABHOMY BI/II‘JIHI[i.

3arajbHa cxeMa po3B’A3yBaHHS PiBHAHL Ta HEPiBHOCTEH, IO MiCTATH

3HaK MOOYJsA, — Ile (DAaKTUYHO TPOXM 3MiHeHM# MeTon iHTepBasiB. IloscHU-

MO 3MicT Ifiel cxeMu Ha IIPUKJAAl PiBHAHHSA, IIIO0 MiCTUTh JBa MOAYJIi, BUIY
[f@)|+]g@)|=a(a>0).

® IIlo6 posB’sA3aTu Ie PiBHAHHS, HEOOXiTHO POSKPUTU 3HAKU MOIYJIIB,

a JUId I[bOTO IOTPiOHO 3HaTH, ne QyHKIII f (x) i g (x) OyAyTh JOZATHUMU,

a nme — Bigx’emHuUMU. T0o6TO (haKTUUYHO MU IIOBMHHI PO3B’sA3aTU HEPiBHO-

CT1

f(x)
g (x)

0, (1)
0. (2)

Koxny i3 nmux HepiBHOCTellI MU BMi€MO PO3B’A3yBaTH METOAOM iHTepBa-
aiB. Ilepebyayemo mpuiioMm po3B’A3yBaHHsS HEPiBHOCTeIHl MeTOIOM iHTep-
BaJIiB TaKUM YMHOM, 11100 BiH JaBaB MOKJINBICTH OJHOUYACHO PO3B’ A3yBaTU
KOXKHY 3 OCTaHHiX HepiBHOcCTeii. SIK Bimomo, po3B’s3yBaHHA HEPiBHOCTL
(1) meTomoMm iHTepBaJiB mOUMHAEThCA i3 3HaxomKeHHs 11 O3 (TOOGTO 06-
JacTi BusHaueHHA GyHKII f (x)), a posB’sa3yBaHHA HepiBHOCTI (2) — i3
sHaxomKeHHsa i1 OlI3 (To6To obsiacTi BusHaueHHA GYHKILI g (x)). 11106
movyaTy OJHOYACHO PO3B’sA3yBaTy OOMUABI HepiBHOCTi, HEOOXigHO 3HANTU
cHinbHY 00J1acTh BU3HAUEHHA Aas GyHKIiH f (x) i & (x), ToOTO 3HANTH
O3 samaHoro piBHAHHA (Ile nepwiuil 3 opieHmupie MOTPiOHOI cxemmu).
11106 mpomoB:xkuTH PO3B’sA3yBaHHA HepiBHOCTEMH f (x) = 0 Ta g (x) = 0 Mme-
TOIOM iHTepBaJiB, HEOOXimHO 3HANTHM HYJiI QyHKIiH f (x) i g (x), ToOTO
3HAWTH HYJdi Bcix minMonyabsHux (GyHKLii (11e Opyzuil opienmup).
S0 Jasi BUKOPUCTOBYBATH CXE€MY METOAY iHTEpPBAJIiB OJAHOYACHO AJIS
JIBOX HepiBHOCTeH, To HeoOxifmHo Ha O3 MO3HAYUTH HYJIi MiTMOLYIHbHUX
dyukuii i posoutn 0/I3 Ha mpomixkku (11e mpemiil opieHmup).
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Y KOXXHOMY 3 OJep:KaHUX MPOMIKKIB 3Haku QyHKIIHA f (x) i g (x) He

3MiHIOIOTECA. OTIKEe, MU MOXKEMO 3HAWTH 3HAKU MiAMOAYJIbHUX (PYHKIIIN

HAa KOJKHOMY HPOMiKKY (Y OYyAb-AKill TOUYIli IIbOTr0 IPOMIiKKY), PO3KpH-

TH 3HAKM MOMAYJIB i 3HAWTU PO3B’A30K 3aJaHOT0 PiBHAHHA B KOKHOMY

3 IUX MPOMIKKIB (1le uemaeepmuil opieHmup 3arajbHOl cxemmu). <

MoskJIuBiCTH 3aCcTOCYBaHHSA HaBeAEHOI CXeMU 0 PO3B’sA3yBaHHSA HEPiBHO-
cTeil, 1[0 MiCTATh 3HAK MOAYJIA, OOIPYHTOBYIOTH aHAJIOTiUHO.

HE [lpuknaaun po3B’'a3aHHS 3aBAaHb

IIpukxax 1 Po3B’sa:KiTh piBHAHHS Ll +| x—2|:2.
x—

> 1.003: x#1.
2. Hyxi migmoaympHux dyHKIid: ——=0 I IT III v

x-1
(x=0rax—-2=0(x=2). W

3. Hyxni 0 i 2 posbusaiors OJI3 Ha uyoTHPHU 0 1 2 X
IPOMIKKY, YV AKUX HiqMOAYyAbHI QYHKITIT Puc. 67
MalOTh 3HAKMU', IOKa3aHi Ha PUCYHKY 67.

4. 3HaAXoauMMO pO3B’A3KM 3aJaHOTO PIBHAHHS B KOKHOMY 3 IIPOMIiKKiB
(OCKiNBbKM BHAKM MiAMOAYJALHUX (GYHKII oJHAKOBI Ha mpomimkkax I
i ITI, spy4HO /i PO3B’A3aHHA 00’ €THATHU IIi IPOMIiKKH).
IIpomiskku i III: x € (—o0; 0) U (1; 2). YpaxoByoouu 3HAKU IiAMOIYJIBHUX
(GYHKIIA Ha WX IPOMIMKKAaX i OBHAYEHHS MOJIYJISA, OJEePIKYEMO, IO B IIUX

. . . . X
NpOMIKKAX 3ajjaHe PIBHAHHS DIBHOCHJIbHE DIBHAHHIO —— — (x-2)=2.
x—

3Bimcu x = 0 a6o x = 2. JIo pO3TIAHYTHUX IIPOMiKKIB Ofiep:KaHi 3HAUEHHI
HE BXOJATH, OTKE, Y IINX IIPOMisKKaX KOPEHIB HeMae.

ITpomisxox II: x € [0; 1). (Cuix 3BepHyTH yBary Ha Te, 1100 He IIPOIIyC-
TuTH 3HaueHHA X = 0, AKe BxoauTh A0 OJ13.) ¥V mboMy OpPOMiKKY omep-

. X . . .
JKYEMO PiBHAHHSA ——1—(x—2):2. 3Bigcu x = 0 — KOpPiHb, OCKiJIBKU
x—

BXOIUTH Y I MPOMiKOK.
IIpomiskox IV: x € [2; +e) (i B [bOMY IIPOMiKKY HOTPiOHO He 3a0yTu

sHaueHHA X = 2). Omep:KyeMo PiBHAHHS Ll+x—2=2. 3Bigcu x = 2 —

KOPiHb, OCKIJIbKY BXOAUTH y Iefl IPOMisKOK.

06’eqHyI0OUN BCi PO3B’A3KMU, IKi MU OJEPKaau B KOKHOMY 3 IIPOMIiMKKiB,
MaeMO PO3B’A30K 3aJaHOTO piBHAHHA Ha Bciit OJ13.
Bionosidw: 0; 2. <

! Ha pucyHKY 67 y KOXHOMY 3 IPOMIKKIB HepIINil 3HAK — Ile 3HAK (PYyHKINHI

X o

1 a apyruii — sHak GyHKII x — 2. BUKOHyIOUN PUCYHOK, 3PDYYHO CIIOYATKY IIO-
x_
3HAUMTHU Ha yucJoBiii mpamii O3, a morim Ha O3 — HyJi migMOnyIbHUX QYHKITIN.
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IIpoinocTpyeMO Tako:K ONep:KaHHS 1 BUKOPHCTAHHSA CIIEIiaJJbHUX CIIiB-

BiHOIIIEHDb, HaBeAeHUX y Tabauii 15.

uz=0,
>0.
Banumiemo 3afaRy piBHiCTb y Buraasi u + v = | u | + | v | i npoanamnisye-
Mo ii, ctuparounch Ha Bigomi i3 6 KJyacy mpaBuja Aill Hag YHCJIaMU 3 O/I-
HaKOBUMH i 3 pisHmmMm 3Harkamu. 11[06 momaTtu aBa ywmcaa u i v, Mu
Jomayiu iX MomyJii, oTsKe, ITi YKcjia MaloTh OMHAKOBL 3HaKu. IkOu obuaBa
i umenaa Oyam Big’'eMHUMHU, TO IX cyma OyJja O Texx Big eMHOIO, aje
u+v=|u|+|v|>0. Toxni onepaxyemo, 1o uucaa u i v — obuaBa He-

OGI'pyHTY€EMO, HAIIPUKJIAZ, CIiBBiAHOmEHHA 5: |u|+|v|=u+v &

Big’emui. HaBmakm, sKIIO u=0, TO BUKOHYETHhCA PiBHICTL u + U =
v =0,
=|u|+|v| Orxe, pipasuna |u |+ | v | = u + v piBHOCUIbHE cucTeMmi
. . ju=0,
mepisHoOCTelt |
Ilpukxnan 2*° Posp’soxkiTe piBHamHa |x — 5|+ | 2x + 5 | = 3x.

Poszé’a3anns

P Ockinbrum3x = (x — 5) + (2x + 5),
TO 3a/laHe PiBHAHHSA Mae BUTIAL | u | +
+|v|=u+ v, are na pisuicts Moxe
BUKOHYBATHUCS TOMI i TIIBKY TOi, KOJINU
ypeyga U 1 v — obugBa HeBix emHi.
Or:xe, 3ajjaHe PiBHAHHSA PiBHOCHUJIbHE
cucreMi

Omxe, x = 5.
Bionosgiov: [5; +e0).<

Komenmap

Ao TO3HAYUTU x—5=u
i2x+5=v, To u+v=38x i 3amaune
piBHAHHS Mae Buraan | u |+ |v|=u +
+ v, a 3a CcHiBBifgHOIIEeHHAM 5 Take
PiBHAHHSA piBHOCUJILHE CHCTEMi

uz=0,
v=0.

3ayBaKuUMO, III0 3aJaHe PiBHAHHSA
MOKHA PO3B’S3yBaTU i 3a 3arajbHOIO
CXeMOI0, ajie TOAi po3B’si3aHHS Oyme
O1JIBIII TPOMIBIKIM.

IIpu pos®’saazyBaHHi HepigHOocmell, W0 Micmamb 3HAK MO0YJis, MipKyBaH-
HA II0JI0 POSKPUTTA 3HAKIB MOJIyJIel ITOBHICTIO aHAJOTiUHI MipKyBaHHAM, AKi
BUKOPUCTOBYBAJNCS IIPU PO3B’sI3yBAHHI PiBHAHB, 1[0 MiCTATH 3HAK MOIYJIA.

IIpukaan 3
Posé’asanns

P 3a reomeTpwMUYHHM 3MICTOM MOZY-
JIS 3aJaHa HePiBHiCTH piBHOCUJIBHA He-

piBHOCTI
-7T<2x-5<T. 1)

Po3B’sskiTh HepiBmicTs | 2x — 5| < 7.

Komenmap
Hepisricts Bugy | f (x) | < a (me
a > 0) 3pyuyHO pO3B’A3yBaTU, BUKO-
PHUCTOBYIOUM TIEeOMETPUYHUHA  3MiCT

MoayJisi. 30KpeMa, 3aJaHa HepiBHICTb —
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Toxi —2 < 2x < 12, omxe, ne HepiBHicTh Bumy | ¢t | < 7. Ame mo-
-1 <x<6. IyJb YucJia — Ile BifcTaHb Ha KOOP-
Bionosiov: [-1; 6]. < IVHATHIN nOpAMi#i Big TOUKHU, IO

300pasKkye mame umcygo, A0 Touxku O.
To6To B3amamiii HepiBHOCTI 3a70BOJIb-
HAIOTHL yCi TOUKM, AKi posTarroBaHi
B IpoMixkKy [-7; 7], oTore, =7 < t < 7.
Axio BUHUKAIOTH YCKJIaTHEeHHA
3 pPo3B’A3yBaHHAM IIOJBiiHOI HEePiBHO-
cti (1), To i1 3aMiHIOIOTH HA PiBHOCUJIB-
2x-5>-1,

HY CUCTEMY {2 57
X—ox (.

IIpukaaxg 4  Poss’suxiTe HepiBHiCTH

>

|x—3| S
Teoal-1” b (1)

1.003: | x—2|-1#0. Tomi | x —2 | # 1, To6T0 x — 2 # *+1, OoTsKe:
x #3abo x = 1.

Hyni nigmonynbuux GyuKIiin: x — 3 =0 (x = 3 — He BxoauTh xo 0l13)
Tax —2=0(x=2).

Hyns 2 posbusae OJ13 Ha YoTHPU IPOMIXK- I II 111 v

KM, Ha SKUX ITiAMOAYJIbHI QYHKIIII MalOTh W
3HaKW, IOKa3aHi Ha PUCYHKY 68 (Ha KOxK-

HOMY B3 TPOMIiKKiB IIepIIuii 3HaK — Iie
3HakK (QyHKIii x — 3, a Apyruii — 3HaAK Puc. 68

dbyuKIii x — 2).

3HAaxX0oAMMO pO3B’A3KM 3aJaHOl HEPiBHOCTI B KOMKHOMY 3 IIPOMIKKiB
(OCKiIBbKM 3HAKMU MiAMOAYJIBHUX (PYHKIIN € OMHAKOBUMU Ha IPOMilKKax
I1iII, spyuHo aas po3B’si3aHHsA 00 eTHATU IIi IPOMIMKKI).

Ipomiskku Ii II: x € (—o0; 1) U (1; 2]. YpaxoByrumn 3HaAKU IigMOIYJIb-
HUX (QYHKIIN y IUX IPOMiKKaxX i O3HAUEHHSA MOAYJIS, OJEPIKYEMO, IO
npu x € (—o; 1) U (1; 2] samana HepiBHiCTh piBHOCHUJIBbHA HEPiBHOCTI

=3 1. Toxi 3-X>1, 10610 —2->0. 3sigcu x < 1. Jlo mpomis-
—(x-2)-1 1-x 1-x

KiB, SKi MU pPOBIJISHYJU, BXOAATh ycCi 3HaueHHA X < 1, oTiKe, Y IILOMY
BUOAIKy PO3B’sa3KoM Oyze x < 1.

IIpomiskok III: x € [2; 3). Ha mpoMy OpPOMiKKY OZepKyeMO HepiBHICTH

%>L TOOTO %21. Aje npu 6ynb-aKOMYy 3HAUeHHI x i3 mpo-

mikKy III ocramHs HepiBHICTHL IIEPETBOPIOETHCSA HAa XMOHY HEPiBHICTHL
(=1 > 1). Orxe, y npomizkky III HepiBHicTb (1) po3B’A3KiB He Mae.
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IIpomiskok IV: x € (3; +o). ¥ nboMy DPOMIXKKY OJepyKYyeMO HepPiBHiCTh

x;31->]_, TOOTO x—z 21. fx 6aunmo, npu Oynb-AKOMY X i3 IpoMiK-
x—-2- x—

Ky IV "epiBHicTs (1) mepeTBOPIOETHCS HA IPABUJIbHY UYHCJIOBY HEePiBHICTH

(1 > 1). Orxxe, poss’askom HepiBHOCTi (1) v mpomizkky IV € Oyab-sike

YUCJIO i3 I[BOr0 MPOMiIMKKY (x > 3).

0O06’enuyioun Bci po3B’A8KHU, AKi MU Oep:Kajau B KOXKHOMY 3 IIPOMiXKKiB,
MaeMoO pO3B’s30K 3amaHoil HepiBHOCTi Ha Bcitt O03: x < 1 abo x > 3.
Bionogiov: (—oo; 1) U (3; +0). <

3a3HaunMo, IO AJs PO3B’A3yBaHHA AeAKUX HEPiBHOCTEM, IO MiCTATh
3HaK MOJYJA, 3PYYHO BUKOPMCTOBYBATH TaKOK CIeIliaJbHi CIIiBBiIHOIIIEHHS,
HaBegeHi B Tabaumi 15.

(lx-1]-|x+3]) (| 2x|-|x+6])
<0.
| 1-x | - | x+2 |
»  Ockimpku | @ | > 0 i dyHKIia y = {2 MOHOTOHHO 3POCTae HA MHOMKHIHI
HEeBiZ’eMHUX YMCeJ, TO BCi pi3HUIlI MOAYJIiB Y HePiBHOCTI MOKHA 3aMiHUTHY Ha
pisHHKII ix KBagpaTiB (TOOTO CKOpHCTAaTHCA CIiBBigHOmeHHAM 4: |u | — |v | >
> 0 < u?—-0v?2>0). Tomi omepKyeMO HEpiBHiCTh, PiBHOCUJIBHY 3ajaHiif:
(-1 —(x+3)%)(@0)* - (x+6)%)
1-x)2%-(x+2)7°
Temep, pos3kJIagamuy Ha MHOMKHUKHK BCi PisHHUIIi KBagparTiB, MaeMo:
—-4) (2x+2 -6)(8x+6
(D @x+2) (x-6)Bx+6)
(-1-2x)3

IIpuknanx 5° Poss’saxkiTh HepiBHIiCTH

<0.

Hani meTomoMm iHTEpBaiB ofep:KyemMo —2 < x < —1 abo —% < x <6 (puc. 69).

Bidnosidv: -2 < x < —1 abo —%<x<6. <

3arasbHa cXeMa, 3aIpOIOHOBaHa B Tabauili 15, Moke OyTu BUKOPUCTaHA
He TLIBKY IPY PO3B’sI3yBaHHI PiBHAHDL UM HEPiBHOCTEM, I1T0 MiCTATH 3HAK MO-
IyJis, ajie ¥ IpU BUKOHAHHI ITepeTBOPEeHDb BUPA3iB, 10 MiCTATH 3HAK MOIYJIS.

Hanpuxaaz, gaa modygosu rpadika Gysrmii f (x)=|x+ 1|+ x -1
3PYYHO CIIOUATKY 3a 3arajJbHOI0 CXEMOI0 PO3KPUTH 3HAKW MOAYJiB, a BiKe
motim OymyBaTu rpadik QyuKIii f (x).

OdopmiieHHA pO3B’A3aHHA MOAIOHOTO MPUKJIAAY MOKe OYTU TaKWM.

Ilpuknag 6  IToGyxyiite rpadik Gysrmii f (x)=|x+ 1|+ |x—-1].

P 1. O6nacts BusHaueHHs (QYHKII: Bci x € R.

2. Hyni migmonynsuux QyHKIIN: x = —-11i x = 1.

3. Ilosmauvaemo Hy.Ji Ha ob6JacTi BU3HAUEHHS i po3dbmBaeMo 00JiaCcTh BU3HA-
YeHHS Ha IPOMiKKU (Ha pucyHKY 70 TaKoK YKasaHO 3HAKU IIiAMOLYJIb-

HUX QYHKIINA Yy KOXKHOMY 3 ITPOMiXKKiB).
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o =i

Toxi
—(x+1)—(x—-1), agmro x <—1,
f(x)=3x+1—(x—-1), axmo —-1<x<1,

x+1+x-1, saxmox=>1.
—2x, aKmio x < —1, 1 1
Orxe, f(x)=12, armo —1<x<1, 0 x

2x, Armo x>1.

Bygnyemo rpadik miei pyskIii (puc. 71). Puc. 71

3anuTtaHHA gns KOHTpOIJ0

IToscHiITE, AKUMH cITOCOOAMU MOKHA PO3B’sI3yBATH PiBHAHHS Ta HEPiBHO-
CTi, 1110 MicTATH 3HAK MOAYJisd. [IpoimfocTpyiiTe i crtoco6u Ha IPUKJIagaX.
OOrpyHTYyiiTe crelliaJbHi CiBBigHOIIIEHHA, HaBeAeHi B Tabauri 15. IIpo-
imrocTpyiiTe iX 3acTOCYBaHHS [0 PO3B’sI3yBaHHA PiBHAHB Ta HepiBHOCTEI,
10 MiCTATH 3HAK MOMIYJISA.

OOrpyHTyiiTe y3arajJbHEHHA BUKOPUCTAHHA TI'€OMETPUYHOIO 3MiCTy
Monysi, HaBemeHi B Tabawuili 15. IIpoimfocTpyiiTe iX 3acToCyBaHHS [0
pO3B’A3yBaHHA PiBHAHb Ta HEPiBHOCTEMH, III0 MiCTATH 3HAK MOJIYJIA.

Ll S

o

e

Bnpasu

Po3B’sKiTh piBHAHHS i HepiBHOCTI, 1110 MicTaTh 3HaK Moxysasa (1-15).
1)|8x-5|=7 2)|8-4x|=6; 38)|x*—5x|=6.

1)|2x-3|>5; 2)|3-5x|<7; 39 2x-3

x-5

=150 4)
1

X+
]|x—-2|-2x-1=0; 2) x>+ 3x+]|x+3]|=0.
D]jx—-1|+|x-8|=2; 2)|x+1]|+]|x—-5]|=20;
3)|x+5|+|x—8]|=13.

]|x+38|<x-2; ) |lx+1|+|x-2|<2x-1;
3)|x+38|+|x—-1]|<|6-3x]|

1) Va?-2x+1+|x-2|=1; 2) Va?+4x+4+|x|=x+5.
1) Va2 —dx+4+/x? =8 2) V16-8x+x? +Vx? +2x+1=5.

‘<1.
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2

8. 1) %:1; 2) m:|x+1|.
9. 1)|[x-1]|-2]|=1; 2)[|2x-4|-5]|=3.
10. 1) | x® — 4x | < 5; 2) [ x2—x—-6]> 4.
11. 1)3|x - 1|+ 22— 7> 0; 2)|x—6|>x2—5x+09.
12. 1) %>1; 2) |x|1_3<%.
13. O||x-1]-5|<2; 2x-1]|+|x+2]|-|x-3|>4.
14. 1) | x — 2x% | > 2x2 — x; 2) | x? 4+ x - 20| < x?+ x — 20.
15. 1) ﬁ>|x+2|; 2) Ix:I S>[x-1]
16. Ilob6ynyiiTe rpadik QyHKIII:

Dy=|2x—-4|+|2x+6|; 2)y=|x—-5|+|3x+6]|

§ 9 PIBHAHHA | HEPIBHOCTI 3 MAPAMETPAMMU

9.1. Po3B’si3yBaHHA PiBHAHb i HEPIBHOCTEW 3 NapamMeTpamMmu

SAKmo KpiM 3MiHHOI Ta uMCA0OBHUX Koe(dillieHTiB M0 3amucy pPiBHAHHS
YK HEepiBHOCTiI BXOIATHL TAKOX OyKBeHi KoedillieHTM — mapaMeTpu, TO IIPU
pO3B’sA3yBaHHI MOYKHA KOPUCTYBATHCSI TAKUM OPi€HTHPOM.

Byodv-ake piéHAHHA 4U HepiéHicMb 3 nNAPAMEMPAMU MONCHA
po3é’azyeamu AK 36uialine PI6HAHHA YU HepiéHicmb 00 mux
nip, noku éci nepemeopenns ab60 MipKY6AHHA, HeOOXiOHi 0nsa
PO36’A3Y6aAHHA, MONCHA 6UKOHAMU 00HO3HAUHO. AKuL0 akecy nepe-
MGOPEeHHA He MONHCHA 6UKOHAmMU O00HO3HAYHO, MO PO36’A3YEAHHA
Heob6xi0Ho po3bumu Ha Kinbka 6unadkié, w06 Yy KOHCHOMY 3 HUX
6i0n06idv wepe3 napamempu 3anucy6éanaci 00HO3HALHO.

Ha erami nomyky niaasny pos3B’A3yBaHHS DPiBHAHHS UM HEPiBHOCTI 3 ma-
paMerpamMu ab0 B XOJi PO3B’A3yBaHHA YaCTO 3PYUYHO CYIPOBOIKYBATHU Binmo-
BigHi MipKyBaHHA cxeMaMu, 3a AKUMU JIETKO IPOCTEKUTH, ¥ AKUYN MOMEHT
MU He 3MOTJIM OJHO3HAUHO BUKOHATU HEOOXifHI IepeTBOpeHHs, Ha CKiJb-
KM BUIIQJKiB IOBeJOCA PO3OUTH PO3B’SI3aHHA Ta UMM BipiBHAETHCA OAUH
Bumamok Bix immroro. II1o6 Ha Takux cxeMmax (4YM B 3amucax T'POMIBIKUX
po3B’s3aHb) He 3aryOUTH SAKYCh BiAIOBiAb, MOIJIBHO IOMIIIJaTHM OCTATOUYHI
BifiTIOBiZi B IPAMOKYTHI paMKu. 3ayBasKUMO, III0 BiATIOBiAL Tpeba 3ammcatu
IS BCiX MOMKJIMBUX 3HAUEHBb IIapameTpa.
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IIpuxxax 1 Poss’skiTh HepiBHiCTH 31 3mMinHOIO X: 3ax + 2 > x + ba.

Komenmap

3asaHa HEpPiBHICTD € JiHiNHOI0 BiIHOCHO 3MiHHOI X, TOMY BUKOPUCTAEMO
BijoMu#I aJiTOPUTM PO3B’sI3yBaHHA JiHiHIHOI HEPiBHOCTI:

1) mepeHocMMO uJieHU 3i 3MiHHOIO X B OLHY YaCTUHY, a 6e3 X — y ApyTy:

3ax — x 2 ba — 2;

2) BWHOCHUMO B JIiBi#l WacTWHi 3a OYKKM CHIJILHUN MHOMKHHUK X (TOOTO

MPUBOAUMO HepiBHicTH m0 Buraany Ax = B): (3a — 1) x 2 ba — 2.

I 3HAXOMKeHHs PO3B’A3KIB OCTAaHHBLOI HEPiBHOCTI MM O XOTiju mO-
mimutu obuasi ii wactuum Ha (3a — 1). Ase AKII0 00UABI YaCcTMHU HEPiBHO-
CTi IOAIiMINUTH HA JOOATHE UIMCJIO, TO 3HAK HEPiBHOCTI He 3MiHHTBCS, a SKIIO
Ha Big’eMHe, TO 3HAK HEPiBHOCTI HeOOXiZHO 3MIiHHUTH Ha IPOTUIEKHNMA.
Kpim Toro, ciaim ypaxyBaru, 10 Ha HYJb AiauTyw He MoKHa. OTiKe, mOUYM-
HAIOUYM 3 IIHOT0 MOMEHTY MOTPiOHO POBTJIAHYTH Tpu Bumaaxku: 3a — 1 > 0,
3a—1<0,3a-1=0.

Hageneni Bulile MipKyBaHHS MOYKHA HAOYHO 3aIllMCATU TaK:

3ax + 2 > x + ba

Pos3é’azanna
> 3ax—x>5a-2

>5a—2

. <5a—2
~ 3a-1

X
S 8a-1

1
Ox>§

X — OyIb-IKe YUCJIO

5a -2 1 5a—-2
; 2) AKI0 a<—=,TO0X <
3a_10 2) X 3’ T 3a-1

Bionogidv: 1) axiio a> %, TO X > ;
3) axmo a=%,To X — OyAb-AKe 4ucao. <

Ilpu posp’ssdyBaHHi OiNBII CKJIAZHUX PIBHAHb UYMW HEPIiBHOCTEH CJIix
mam’ATaTH, 10 PiBHAHHSA Ta HEPIBHOCTI 3 mapamMeTpaMu HaifuacTiiie pos-
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B’A3YIOTH 3a JOIOMOTOI0 PiBHOCHMJIBHUX II€PETBOPEHb, a BCi PiBHOCHUJIBHI ITe-
PeTBOPEeHHsA PiBHAHb UM HePiBHOCTe!l BUKOHYIOTH Ha 00JIaCTi JOMYyCTUMUX
sHauens (Ol13) samaHoro piBHAHHA YuM HepiBHOCTI (TOOTO Ha CIiNIbHIiN 00-
JacTi BUBHAUEHHS AJIA BCiX (PYHKIIiIN, SKi BXOAATH OO 3aICy PiBHAHHA YU
HepiBHOCTi). Tomy, mepIl Hi¥K 3amucaTy BigmOBiAL, nOMpPiOHO 0008’ 13K080
spaxysamu O[3 3a0aH020 PiBHAHHA LU HEPIBHOCML.

. . X a .
Ipukaag 2 Po3B’saKiTh piBHAHHSA —3=1+—, Ie x — 3MiHHA.
X — X

Komenmap

3amani 1po00Bi BUpasw iCHYIOTH TOAi i TiABKHM TOMHi, KOJMYM 3HAMEHHUKU
3aaHUX APOOiB He MOPiBHIOIOTH HYJIIO, oT:Ke, O3 piBHAHHA: x # 3, x # 0.

IToMmHOXKXMO 00MABI YaCTHMHM 3aJaHOTO PiBHAHHSA Ha BuUpas X (x — 3) —
CIiJIPHUUM B3HAMEHHHUK Jpo0iB — i ojep:KuMO Ilijle pPiBHAHHSA, sSIKe 3a
ymoBu X (x —3) # 0 (ro6ro ma OJI3 3amaHoro piBHAHHA) PiBHOCUJIB-
He samaHomy: x2=x (x —3)+a (x — 3). 3 UBOro PiBHAHHA OHEPIKYEMO
x?2 = x%2 - 3x + ax — 3a, T100T0 ax — 3x = 3a. Toxi (a — 3) x = 3a.

Hns Toro 1mo6 3HAWTH 3HAYEHHS 3MiHHOI X, XOTijloca 6 mominuTu o0uaBi
YaCTUHU OCTAaHHBLOTO PiBHAHHA Ha (a — 3), aje nmpu a = 3 goBejocs 0 AiauTu
Ha 0, 1m0 HemoxkJauBO. OT:Ke, IMMOYMHAIOUN 3 I[LOT'O MOMEHTY, IIOTPiOHO po3-
TVISITHYTHU JBA BUIIAIKMU.

PosB’s3anHs BiAMOBiAHO 10 HaBeJIeHUX BUIEe MipKyBaHb MOXXKHA HAOYHO
3amucaTy y BUIVIALL CXEMU.

r -1+2
x-3 x

Poszg’s3aHns
b OO3: x=3,x=0.
x>=x(x—-3)+a(x—-3), x2=x2—-3x + ax — 3a, ax — 3x = 3a,

| KOpEeHiB HeMae |

3’sacyeMo, IpU SKUX 3HAUEHHAX a 3HalgeHi KopeHi He BxonaTh no O3
pPiBHAHHSA, TOOTO MPU AKUX 3HAUEHHAX a ofep:Kyemo x = 3 ta x = 0.
3a

a—

5 =3, Tomi 3a =38 (a —3), 3a =3a — 9 — posB’askiB memae. Otrxe,

. . 3 .
pU BCiX 3HAUEHHAX d KOPiHb —a3 He IOpiBHIOE 3.
o
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3a
a—
(e Bxomuth no OI13), TobTo ipu a = 0 3amane pPiBHAHHA He Mae Kope-
HiB.
Bionosiov: 1) ipu a = 3 i a = 0 KxopeHiB Hemae;

=0, Ttoxi a = 0. Omxe, npu a = 0 maemo x = 0 — cTOpPOHHIi} KOpPiHB

2Q)mpua#3,a+0 x= 3a_ 4

a-3"
. . ax-1_4 _. . .
IIpuxkaan 3 Po3B’sKiTh PiBHAHHA ——— =— BIJHOCHO 3MiHHOI X.
- X
Komenmap

Bynemo BUKOHYBaTM pPiBHOCUJILHI IIEPETBOPEHHS 3aJaHOr0 PiBHAHHI.
Hasa nporo 3Hangemo oro O3 (3HaMeHHUKY NPOOiB He HOPiBHIOIOTH HYJIIO).
Axmro gami o0MABI YaCTUHM PiBHAHHS IIOMHOMKHUTH Ha JOOYTOK BUpPAasiB, IO
CTOATH Y 3HAMEeHHUKaX ApobiB (i axuit He mopiBHioe Hy 0 HA O3 piBHAHHS),
TO OfepPs:KUMO piBHAHHA ax? — bx + 4a = 0, piBHocuabHEe 3aganomy (Ha OI13
3amaHoro). Aje ocTaHHE pPiBHAHHA OyAe KBaJgpaTHUM Tinbku npu a # 0, Tomy
IJIs1 I0T0 PO3B’A3YBaHHS CJIif posraanyTu aBa Bunaaxku (a = 0i a = 0).

Axmio a # 0, To AIA DOCHiIMKeHHSA 0JepP:KaHOro KBaJpaTHOTO PiBHAHHS
moTpioHO posrianyTHu Iie Tpu Bumaaku: D =0, D <0, D > 0 i B Ko:KHOMY
3 HUX IepeBipuTH, UM BXOJAATH 3HaimeHi kKopeHi no O3, um Hi. IIpu D =0
3PYYHO BUKOPUCTATHU, III0 3HAUEHHSA KOPEHS BiAIIOBIAHOTO KBAApPaTHOTIO PiB-
HAHHS 30iraeTbes 3 abCIucor BepinuHM napaboau y = ax? — 5x + 4a, T0o6TO
x=x, =—%=%. Posriapaoun Bumagok D > 0, ciaig mam’ATaTél TaKOMXK IIPO
nomnepenHe oomexkeHHsa: a # 0.

OckinbKku KopeHi piBHaHHS (1) 3ammcyrOThCSA AOCTATHBO TI'POMIi3IKUMI
dopmysamu (AUB. pO3B’sI3aHHA), TO 3aMiCTh HiJICTAHOBKU OJEPIKAaHUX KOpe-
HiB B oomeskenHs O3 mizcraBuMo «3a00poHeHi» 3HaueHHs X y piBHAHHA (1)
i 3’sAcyemo, mIpu AKUX 3HAUEHHAX [IapaMeTrpa @ MU OTPUMAaEeMO 3HAUYEHHS X,
AKi He BxoxATh no Ol13, a moTim nmepeBipuMo oTpuMaHi 3HaUEHHSA ITapaMeTpa.

Poszg’aszanna
P> OI3: x # 0, x # a. Ha miit O/13 3amane piBHAHHA PiBHOCUJIbHE PiBHAH-
HAM: ax® — x = 4x — 4a,
ax? — 5x + 4a = 0. (1)
1. $fxmro a = 0, To 3 piBHaAHHA (1) ogep:xkyemo x = 0 — He BxoguTh xo O3,
or:ke, mpu a = 0 KOpeHiB Hemae.
2. fxmo a # 0, to piBHamua (1) — kBagpaTHe. Moro IucKpuMiHaHT
D = 25 — 16a?. PosrisgHeMo TPU BUIIALKIN:

1) D = 0, To6To 25 — 16a® =0, azig. Toxi piBuauasa (1) Mmae ogHe 3Ha-

5
YEeHHA KOPEeHA X = 2—.
a



142  Pospin 1. ®YHKLI, PIBHAHHSA | HEPIBHOCTI

Axmro a=%, TO KOpiHb x = 2 piBHAHHA (1) BxoauTth 10 O/13 i € KOpeHem
3a/JaHOT0 PiBHAHHA.

Axmro a=—§, TO KOpiHb x = —2 piBHAHHA (1) Tex Bxoautsh mo O3 i e
KOpEeHeM 3aJaHOTO PiBHAHHA.

2) D < 0, To6ro 25 — 16a? < 0, oT:xe, a<—% abo a>§. Toxi piBHAHHA

(1) He Mae KOpeHiB.

3) D > 0, To6ro 25 — 16a? > 0, oT:xe, —%<a<%, ane a # 0. Toxi piBHAH-

Ha (1) mae gBa KopeHi

_ 5++/25-16a° 9

=T 2)
3’scyeMo, IpU SKUX 3HAUEHHAX @ 3HalIeHi KopeHi He BxoaaTs no O3,
TOOTO IIPU AKUX 3HAUEHHAX a ofep:Kyemo x = 0i x = a.
IlincraBnsaoun B piBHAHHA (1) x = 0, omep:kyemo a = 0, ane npu a = 0
3a/JaHe PiBHAHHSA He Ma€ KOPEHiB.
IligcraBasroun B piBHaAHHS (1) x = a, ogep:kyemo a® — ba + 4a = 0, T06-
Toa®—-a=0,a(a®-1)=0. Toai a =0 (3amane piBHAHHS He Mae Kope-
HiB), a00 a = *1. IlepeBipumo 11i 3HAUEHHS a.
IIpu a = 1 O13 sanucyerbesa Tak: x # 0, x = 1. I3 dopmynu Kopenis (2)
maemo x, = 4 (Bxoguth m0 Ol3) i x, =1 (me Bxomuts g0 OII3). Orixe,
npu a = 1 3amane piBHAHHSA Ma€ TiIbKU OOUH KOPiHBb X = 4.
IIpu a = —1 O3 sanucyernseda Tak: x # 0, x # —1, a i3 opmynau Kope-
HiB (2) orpumaemo: x, = —4 (Bxomutb g0 OII3) i x, = -1 (He BXOAUTH
no O13). Or:xe, mpu a = —1 3ajmaHe PiBHAHHA Mae€ TiIbKU OJUH KOPiHB
x =—4.
Takum yuHOM, (hopMysy KOpeHiB (2) MOKHA BUKOPHUCTOBYBATH, AKIIIO
—%<a<g, TinpKy npu a = 0i a # +1.
Bionosiov: 1) akiro a:%, TO X = 2;

2) AKIo az—g, TO X = —2;

3) akmo a = 1, To x = 4;
4) axmo a = —1, To x = —4;
5++/25-16a>
5) AKITIO ae(—%; —1)U (-0 U (O; 1)U (1; %) TO x1,2=T“;
6) AKINO ae (—oo; %) v (%; +oo) a6o a = 0, To KopeHis Hemae. <|
3ayBaxenHda. [[[o6 momermuTy 3amuc BiAMOBiAl B IIbOMY Ta aHaJOTiu-
HUX TPUKJIagaX, MOYKHA KOPUCTYBATHUCSA TaKuM crmocobom. [Teped 3anucom
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8i0n08idi 8 cknadHux abo zpomiddxux sunadxax 300pa3umo 8icb napamempa
(a) i gi0mimumo Ha Hill yci 0cobAUBI 3HAUEHHA napamempa, AKi 3’ s8UNUCS
8 npoueci poss’sa3ysanns. I1id siccto napamempa (nigiue 8i0 Hel) sunuuiemo
8ci o0epicaHi po3s’sa3xu (Kpim po36’ 3Ky «KOPEeHi8 HeMaE») i Hanpomu Koxc-
Hol 8i0no08idi 8i0mMimumo, npu AKUX 3HAUEHHAX napamempa Ui 8i0nosidv
moxcHa suxopucmosysamu (puc. 82). ITicas uyvozo 8i0nosidv 3anucyomsv 01l
KOJ}#CH020 3 0COOLUBUX 3HAYEHb napamempa i 01 KO*HO020 3 00epHCAHUX NPO-
Mixckie oci napamempa. 30KpeMa, y POSTJIAHYTOMY IPUKJIAJL IIepel 3alnucoM

BiAmIoBizi 3pyuHO 300pasuTy Ha UepHETII Taky cxemy (puc. 72).

_5 )

4 1 0 1 4 N

T T T T T 7
1) x =2 : : E @
2 x=-2 e .
_ 5+25-16a® : : : : :
8) x,, =2 e o o o o
a i i i | i
4x-4 - e
5) x = —4 . @ | o

Puc. 72

9.2. AochipaHUUBKI 3apadi 3 napameTpamMmu

Heaxi mocaigHUIbKI 3amaui 3 mapaMeTpaMu BIAa€ThCA PO3B’sA3aTH 34 Ta-
Koo cxeMoio: 1) poss’asamu 3adaHe pi6HAHHA YU HepigHicmb; 2) docaidumu

o00epicarnuil po3s’sa30kK.

IIpukaan 1
Ma€e eTVUHUHA KOPiHb.

Pos38’a3aunsa

P> Ol13: x # —7. Ha OII3 omepxyemo

piBHOCHJIbHE PiBHAHHS
(x +a)(x—5a)=0.
Toxi x +a = 0 abo x — 5a =0.
Opep:xyemMo x = —a abo x = ba.
Ypaxyemo OI3. [Hma mworo
3’dacyeMo, Koam x = —17:
—a=-Tupua="17,

5a = -7 npu a=—%.

3HaWIiTh yci 3HaUeHHA a, IPU AKUX PiBHAHHA

(x+a)(x—5a) _
x+7 -

0

Komenmap

Ockinbku nApi6 MOPiBHIOE HYJIIO
TOAi i TiIBKM TOAi, KOJIU HOT0 UMCeJb-
HUK JOPiBHIOE HYJIIO, & 3HAMEHHUK He
nopiBHioe Hya0, To Ha O3 (x + 7 % 0)
3ajJlaHe piBHAHHSA piBHOCUJIBbHE pPiB-
HAHHD (X + a) (x — 5a) = 0. [Haui Bpa-
XOBY€EMO, IO JOOYTOK MOPiBHIOE HYJIO
ToAi 1 TiMBbKM TOAi, KOJIM Xoua O OSUH
i3 MHOKHUKIB HOpiBHIOE HYJIO (a APY-
ruil Mae 3micr).
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Tomi ipu a = 7 ofep:KyeMO:
X =—a =—7 — CTOpPOHHIi# KOpiHb;
x = ba = 35 — enuHUIN KOPiHb.

7
IIpn az—g OIEPIKYEMO:
x = ba = -7 — cTOPOHHiII KOPiHb;
x=-a :g — €IUHUNA KOPiHb.

Taxo:x 3agaHe PiBHAHHS MaTHUMe €I-
HUU KOPiHb, AKIIO —a = 5a, ToOTO IIpu
a=0(ronix=—-a=0rmax=5a=0=
#=1).

Bionosidv: a = 7, a=—§, a=0.<

ITicns mporo 3’sACyeMO, IPU AKUX
3HAUEHHAX a 3HalifleHi KOpeHi He
BxoAATh mo O3, TobTo x = —7: Tmpu-
piBHIOEMO KOpeHi mo —7 i 3HaxoAMMO
BiAMMOBiAHI 3HAYEHHA a.

IIpn 3HAWAEHUX 3HAUEHHAX
a OIVH i3 ABOX OJep:KaHUX KOPEHiB
Oyme cropoHHIM (x = —7) i piBHAHHA
MaTuMe €IWHUNA KOpiHb (omHe 3Ha-
yeHHs KopeHd). Kpim Toro, samane
PiBHAHHA MaTUMe €IWHUN KOPiHb IIe
1 y TOMy BUIIQJKy, KOJIU IBa OJepiKa-
Hi KopeHi (x = —a Ta x = ba) sbiraTu-

myThea (i BxogutumyTh no O13).

HdocaimsxeHHA KiJbKOCTI PpO3B’SA3KiB piBHAHBR Ta ix cucrem. Ilpum
pO3B’A3yBaHHI [AeAKUX B3aBJaHb i3 MapaMeTpaMHu MOKHa KOPUCTYyBaTUCHA
TaKUM OPi€HTUPOM: AKWO 6 3a80aHHi 3 napamempamu t0embvcs npo Kilb-
Kicmb po3e’a3kie pieHanHsa (HepieHocmi abo cucmemu), mo 0as aHALi3y 3a-
0anoi cumyauii wacmo 3pYLHO BUKOPUCMO8Y8AMU 2PAPIUHY iA0CMPALi0
P038’A3Y6aHHS.

HocTaTHRO TPOCTUM € BiAIIOBifHE HOCTiMKEeHHA B TOMY BUHOAIKY, KOJU
3aZlaHe DPIBHAHHA MOMKHA mHomaTu y BUIIALL f (x) = a, OcKimbKu rpadik
dbysKIii y = a — 1me npama, mapaJsenbHa oci Ox (aKa mepermHae Bick Oy
y Touri a). Bigsmaummo, 1Mo, 3aMiHIOOUM 3amaHe PiBHAHHSA HA PiBHAHHA
f (x) = a, moTpi6HO CAiAKyBaTH 3a PiBHOCUJIBbHICTIO BUKOHAHUX IIEPETBOPEHbD,
1100 oflepsKame PiBHAHHA MaJo Ti caMi KopeHi, 110 if 3amaHe, a OTKe, i Kilb-
KicThb KopeHiB y HUX Oyme oAHaKOBOIO. [[Ja TOro 1100 BU3HAUUTU, CKiIbKU
KOpeHiB Mae piBHAHHA f (X) = a, IOCTAaTHLO BU3HAUNTHU, CKIILKU TOYOK IIepe-
TuHy Mae rpadik GyHKIii y = f (x) 3 IpAMOIO y = a TIpU PiBHUX 3HAUEHHAX
napametpa a. ([Iag 11poro Ha BifmoBimfHOMY PUCYHKY HOIiJILHO 300pas3uTu BCi
XapaKTepHi MOJI0MKeHHA IPIMOi.)

CkinbKu KopeHiB Mae piBHaAHHA | x2 — 4 | x || = a 3amexxHo Big
3HAueHHA Tapamerpa a?

IIpukaang 2

Posé’s3annasa Komenmap

P Ilob6ymyemo rpadikm pyHKIiN
y=|x>—-4|x||ray=a (puc. 73).
Amnanisyoun B3a€eMHE PO3MIiIlleHHS
ojgep:xaHnXx rpagdikiB, oTpuMyemMO
8i0n08idv:

OcKinbKHK B IIbOMY 3aBIAaHHI MOBa
#ie Ipo KiJbKiCcTh PO3B’A3KiB PiBHAH-
HA, TO IJS aHAJidy 3aJaHOl CUTyaIlrii
cupobyeMo BUKopuUcCTaTH TrpadiuHy
imrocTparlliro po3B’A3yBaHHd.
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1)
3)

4)
5)

npu a < 0 piBHAHHS KOPEHiB He Ma€;
npu a = 0 piBHAHHA Mae 3 KOpeHi;
npu a < 0 < 4 piBHAHHA Mae 6 Ko-
peHiB;

npu a = 4 piBHAHHA Mae 4 KOpeHi;
npu @ > 4 piBHAHHA Mae 2 KOPeHi.

y=a Y ,
I

\ ]
4\ 2 OI\ 2 I4 X
\ 1|\ 1
\ / \ /
\ / \ /
\ ’ \ ’
\/74. N /7 Q
Puc. 73

1.

[\

Bynyemo rpadik pysKITil

y=lx*-4]|x
(ypaxoBytoun, mo x? = | x [, moby-
oBa MOJKe BimOyBaTmcsd, HAIpU-
KJIaJl, 3a TAKUMHU eTalaMu:

xX*—4x > |xP-4|x|>

> |x2—4]|x|]).
Bynyemo rpadik pyHKIil y = a.
AnarizyemMo B3a€MHe PO3MIIlleHHSA
olepskaHux rpadikiB i samnucy-
€Mo BiAmOBiAb (KimbKicTh Kope-
HiB piBHAHHA f (X) = a HOpiBHIOE
KIiJIBKOCTI TOYOK TepeTHuHY TIpa-
dirka QpysKIii y = f (x) 3 mpAMOIO
y=a).

3a3HaunMo, 10 3HAUHY KIIbKiCTh HOCJIAHUIBKUX 3aBIaHb HE BIAETHCS

posB’asaTtu GesmocepenHiMu obumciaeHHAMU (a00 Taki OoOUYHMCIEHHS € Oy:Ke
rpomisaxkumu). ToMmy HacTo JOBOAUTHCA CIIOUATKY OOIPYHTYBATU AKYCHh BJAC-
TUBICTh 3aJaHOr0 PiBHAHHS ab0 HEpPiBHOCTiI, a IIOTiM, KOPHCTYIOUHCH IIi€I0
BJIACTHUBICTIO, JaBaTH BiANOBiAbh Ha 3aIMTaHHSA 3a1adi.

Hampurnan, 6epyuu 10 yBaru mIapHiCTb PYHKILiH, 1110 BXOAATH IO 3aIIUCy
3a/IaHOTO PiBHAHHSA, MOKHA BUKOPUCTOBYBAaTU TAaKWU OPi€HTHUD.

Axwo 6 pienanni f (x) =0 ¢yunkuyia f (x) € napnoro a6o HenaphotO,
mo pa3om 3 0Yy0b-AKUM KOPEHeM O MU MOHeMO 6Ka3amu u,e 00uH KOPiHb
Ub020 piéHAHHA (—a).

IIpukaanx 3 3HalgiTh yci 3HaAUEHHA MapaMeTpa a, IPpU AKUX PiBHAHHSA
x*—a|lxP+a*-4=0 1)
Ma€ €IUHUNA KOPiHb.

Pos3e’a3anns Komenmap

ITomiuaemo, 10 B JiBi#i uwacTu-
Hi 3aJaHOT0 pPIBHAHHS CTOITHL IIapHa
byHKIIisgZ, i BUKOPUCTOBYEMO OpPi€H-
TUDP, HaBeneHui Buine. [ificHO, AKIIO
X = o — Kopiub piBaauua f (x) =0,

Oyukmia f(x) = x*—a | x P+ a®— 4
e napuowo (D (f) =R, [ (-x) =1 (x)).
AKIo x = o0 — KOpiHb pPiBHAHHSA
(1), To x = —0 TeX € KOpeHeM IIbO-
ro piBHAHHsA. TomMy €ZUHUIA KOPiHB
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Yy 3aJlaHOTO PiBHAHHA MOXKe OyTH TiJlb-
K1 Toxi, Kouu o = —o, Tobro o = 0.
OTiKe, EIMHUM KOPEHEM 3aJaHOro pPiB-
HAHHA MOKe OyTu Tinbku x = 0. Ko
x =0, To 3 piBHaraHa (1) omep:KyeMO
a?—-4=0, Toni a =2 abo a = —2.

IIpu a = 2 piBaanHA (1) mepeTBOpIO-
erbes Ha piBHaAHHA x! — 2 | x [P = 0. Toxi
lxPt-2|xP=0,|xP-(|x|-2)=0.
Onepsxyemo | x [P = 0 (Toxi | x | = 0, To6TO
x=0)abo|x|—2=0 (roni| x| =2, T06-
To x =12). OmKe, Ipu a = 2 PiBHAHHA
(1) mae Tpu KopeHi, TOOTO ymMoOBa 3amaui
HE BUKOHYETHCH.

ITpu a = -2 piBuanua (1) nepeTrBo-
proeThca Ha piBHAHHA x* + 2 | x ]2 = 0.
Tomi |x|*+ 2| xP=0,|xP(] x|+
+ 2)=0. Ockineku | x |+ 2 # 0, ToO
omepskyemo | x P =0. Toxmi | x | =0,
T06TO0 X = 0 — emuuMii Kopiab. OTiKe,
a = —2 3a10BOJIbHAE YMOBi 3amaui.
Bidnogiov: a = —2. <

0 f (o) =0 — mpaBuUJIbHA YHCJIOBA
piBHiCTB. YpaxoBylouU NapHiCTh QYHK-
mii f (x), maemo f (—a)=7F(a)=0.
OmKe, X = —0 — TeXX KOpPiHb DiBHAH-
Ha [ (x) = 0. €guHU KOpiHb y IILOTO
piBHAHHA MOXKe OyTH TiJIBKU TOMi,
KoJii KopeHi o i —o s6iraiorbes. Toxi
x=0=-a=0.

3’scyemMo, UM iCHYIOTHL TaKi 3Ha-
YeHHs IIapaMeTrpa a, npu Axkux x = 0
e xKopeHeM piBHAHHA (1). (Lle sHaueH-
HIa=21ia=-2)

OckinbKu sHaueHHA @ = 21 a = —2
MU OJepsKaju 3 yMoOBHU, Ifo x = 0 —
Kopiub piBHAHHA (1), TO HeoOXimHO
nepeBipuTH, YU Ai¥iCHO IIPU IIUX 3HA-
YeHHAX a B3a/JlaHe PiBHAHHA MaTUMe
€IUHUN KOPiHb.

IIpu posB’A3yBaHHI OxepPIKAHUX
PiBHAHB [OOIIJIBHO BUKOPHCTATH, IO
xt=|xt

9.3. BMKOpMCTaHHFI ymoB pO3MiLIJ,eHHFI KOpeHiB KBapApPaTHOro TPUYAEHa
f (x) =ax?+ bx + ¢ (a # 0) BiAHOCHO 3apaHuX uncen A i B
PosB’a3yBaHHA OeAKWX TOCHITZHUIIBKUX 3akadu 3 ITapaMeTpaMu MOKHA

3BECTHU O BUKOPUCTAHHA HEOOXiTHUX 1 TOCTATHIX YMOB PO3MIIIIeHHA KOPEHiB

KBagpaTHoro TpuuyeHa. OCHOBHI 3 MUX yMOB HaBemeHO B Tabawuili 16 (y Tab-

b

JINIi BUKOPUCTAHO TPAAUIIHI TOZHAYCHHA: X, =00’ D = b? — 4ac).
a
Taodnaumsa 16
HeoObxiaHi i AoocTaTHi YMOBM PO3MILLEHHS KOPEHIB
PoamilleHHA
: y 3araAbHOMY
KOPEHIB
p npua >0 npua <0 Bunaaky (a = 0)
1. x, <A f(4)>0 f4)<o0
<A D>0;x <A D>0;x <A
" "o o { a - f(4)>0,
———e—0——>
xl x2 A < D 2 0,
x, <A
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ITpodosicenns mabn. 16

HeobxiaHi i A0CTaTHI yMOBW PO3MILLEHHS KOPEHIB

PoSMILLEHHA y 3araAbHOMY
KOpEeHiB
p npua >0 npua <0 BUNaaky (a = 0)
2. x, <A<z, fA) <0 faA)>0
————0—0—>
xq A x A e - af(A) <0
X Xy, X
3. x,>A faA)>0 fA) <0
x2>A D>0;xO>A D>O;xO>A a'f(A)>0
—0—0—0—>A ° . ! D >0,
! > \X1 Xo X3 x,> A
A X
4. A<x, <B fA>0fB)>0|fA)<0fB)<O0
A<x,<B D>0;A<x,<B|D>0; A<x,<B a* fA)>C
o o o o > a- f(B)>0
A x; x3 B D>0,
A<x,<B
5. x, <A
A<x,<B % B {a'f(A)<0,
— 00— —0—0 > i .
A - A x25 x a: f(B)>0
6. A<x <B fA>0fB)<0|(fA)<0;fB)>0
x,> B A N {a - f(A4)>0,
B e ! ' .
A » B % 1\ X1 B iJc1 B x a- f(B)<0
A Xz x i
7. x, <A (A <0;fB)<0|f(A)>0;f(B)>0
e SN | [¢ 1
A B A B x a- f(B)<0

xy A B xy

ENBEE:
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EEl [osicHeHHs 1 OOr'PpYHTYBaHHS

dns oOTpyHTYBaHHS 3a3HAUEHUX YMOB [OOCTATHBO CKOPUCTATHUCA THUM,
mo rpadik Gyerii f (x) = ax® + bx + ¢ (a # 0) — cyuinpHa (HepospusBHA')
ginig. koo Taka QyHKIIA Ha KiHOAX AKOroch MPOMIMKKY HaOyBae 3HAUYEHb
3 pisHuUMU 3HaKaMu (TOOTO BinmoBigHi TouKM rpadika posralnoBaHi B pi3HUX
miBIJIOIIMHAX BigHOCHO oci Ox), TO BcepeauHi IIHOr0 MMPOMisKKY € IpuHaNMHI
OIHA TOUKa, V AKifl GyHKIig mopiBHIoE HYJ0 (puc. 74).

y

A
B3 Xy X

Puc. 74 Puc. 75

Hanpuknan, 0as mozo wo6 08a pi3Hi KOpeHi K8aOpamH0z0 mpuijieHa
f (x) =ax?+ bx + ¢ (a # 0) npu a > 0 6yaru posmiueni no pisui 6oxu 8i0 3a-
0arnozo uucaa A, docmamHvo 3agikcysamu miavku 00HYy ymosy: f (A) <0
(puc. 75).
® [liiicuo, rpadik xBagpaTuunoi GyHkii f (x) = ax® + bx + cupua > 0 —

napaboJjia, BiTKU sIKOI HaIIpsAMJeHO Bropy. Toai y BUIagKy, KOJud apry-

MEHT X IPAMYE [0 +oo ab0 0 —oo (Ile TO03HAYAIOTH 3a3BUUAM TaK: X —> +oo

a00 x — —0), QyHKIig f (x) npamye g0 +eo (f (x) — +e<), oToke, f (x) > 0

npu x — +oo abo mpu x — —eo. JAKINO BUKOHYEThCA ymoBa [ (A) < 0, To

3i 3MiHOIO 3HAUEHHA apTyMEHTY X Bim A mo +eo KBagpaTuuHa (QYHKI[is

f (x) smiHIOE CBiif 3HAK 3 «—» HaA «+», omKe, [ (x) Mae MpUHAKMHI OqUH

KOpiHb x, > A.

Tax camo 3i 3MiHOIO 3HAUEHHS apryMeHTy X BiJ —eo 10 A KBaapaTuyHa

dyuKIiag f (x) 3aMiHIOE cBilf 3HaK 3 «+» Ha «—», oTiKe, [ (xX) Mae mpu-

HaliMHI ofuH KOpiHb x, < A. Ane KBaZpaTHuil TpuuieH f (x) He MoOKe

MaTu Oijbllle JBOX KOPeHiB, oT:ke, npu a > 0 ymoBa f (A) < 0 HeoOxigHa

i mocTraTHs AJA TOTO, 1100 ABA PisHi KOpeHi KBaApaTHOI'0 TPUUJIEHA PO3-

MilyBasimes mo pisHi 60KM Big samamoro umciaa A.

Amnanoriuni mipkyBaHHS n1pu a < 0 IOKa3yIOTh, 110 AJS BUKOHAHHS ITi€l
caMmoi BUMOTU HeobOXimuo i mocraTHbO, 11100 f (A) > 0. Ili aBi ymoBU MoKHa
o0’exuaru B ogHy: a-f (A) < 0.
>0, {a <0,

f(A)>0. Or:xe,

» a
Hiiicuo, a -f(A)<O<:>{f(A)<O abo

! BigmosizHy BiaacTusicTs Oyze oOrpyHTOBaHO Ginbin cTporo B 11 xiaci mixg gac
PO3TIIANY TaK 3BAaHUX HEIePepPBHUX (DPYHKITIH.
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keadpamuuti mpuunen f (x) = ax? + bx + ¢ (a # 0) mae déa pisni
KOpeHi, W0 3Haxodambvcs no pi3Hi 60ku 6i0 3adanozo wucna A,
modi i minvku modi, konu éukonyemuvca ymosa a°f (A) <O0.
Amnajyoriuio Mo:kHa OOTPYHTOBATMH ¥ iHIII yMOBM, HaBeJIeHi B Ta0Ju-
mi 16.
3ayBasKuMO, 1110 HaBeJeHi YMOBU He 060B’sI3KOBO 3alaM’ ATOBYBATU: IJIA
IXHBOTO 3aIUCYy MOKHA KOPUCTYyBaTHCA rpadikoM KBagpaTuuHOl QyHKIIIT (30-
OpasKeHUM [IJIs MOTPiOHOT0 PO3MIillleHHA KOPEHiB) i TaKUM OPi€HTHPOM.
s moeo w00 Koperi keadpamuozo mpuyaena f (x) = ax? + bx + ¢ (a = 0)
6yau poamiuieHi 3adanum YuHoM 6i0HOCHO Oarux yducen A i B, HeobxidHO
i docmamHb0 BUKOHAHHSA CUCMeMU YMO8, AKA BKLIOYAE:

1) 3Hak koegiuieHma npu cmapulomy uaeHi;
2) 3Harxu 3nauenv f (A) i f (B);
3) 3Hak duckpuminanma D;

b .
4) nonodxceHHs abcyucu 8epuluHU napadboLu (xo =—2—) B8i0HOCHO OaHUX YU-
a

cen Ai B.

3asHaunMo, 10 AJId BUIAAKIB, Y AKUX X0oua 0 ofHe 3 JaHUX YKCeJ PO3Mi-
IeHO Mi’K KOPEeHSMU KBaApPaTHOTO TpUUJieHa (IUB. APYTUil, II’ ATUM, TOCTUNR
i chomuii pagku Taba. 16), mocTaTHBO, 11100 BUKOHYBAJIUCS IePIIi ABi yMOBHU
IIOTO OPi€HTHPA, a AJA IHINMNX BUNAAKIB JOBOAUTHCSA POITJIALATU BCi YOTHUPU
yMOBH. 3ayBasKUMO TaKOK, III0, 3aINCYI0UYN KOXKHY 3 YKa3aHUX YMOB, CJif
po3raAgaTU, Y BUKOHYBATUMETHCA BUMOTA 3a/lad4i B TOMY BUIAIKY, SKIIO
B IIili YMOBI 3amucaTy 3HaK HECTPOT0l HepPiBHOCTI.

IIpuxaang 1 3HalIiTh yci 3HAueHHs IIapaMeTpa a, OJA AKUX PiBHAHHS
ax? — x + 3a = 0 Mmae ogUH KOpPiHb OLIBIINI 3a 2, a APYTUA —
MeHIIUHI Big 1.
Komenmap
OckinbKu 3azaHe PiBHAHHA Mae JBa PiBHUX KOpEHi, TO BOHO KBajJpaTHe

1-V1-1242 . _1++1-124°
2a ’ 2a

Biib Ha 3aIUTAHHS 3a/adi, JOCTATHLO PO3B’sI3aTH CYKYIHICTh i3 IBOX CHCTEM

. . . . x, >2, x, <1, .
ippamioHaJIbHUX HEPiBHOCTE: abo Ase Takmii max
x,<1 x,>2.

i, 1100 oTpUMAaTH BiAIIO-

(To6T0 a # 0). Toxi x, = 9

PO3B’sA3yBaHHA JOCTATHHO I'POMIBAKIIA.

Crpo0yeMO CKOpPHCTATHCSI YMOBaAMHU PO3MIIIIeHHSA KOPEHiB KBaJApaTHOTO
TpuuigeHa. [Jid 1IbOTO MOYKHa 0e3mocepelHbO BUKOPUCTATHA BimmoBimgHI ymoO-
BU, 3ad)ikcoBaHi B Tabuuili 16, abo oTpumMaTu iX 3a JOIOMOTOI0 3aIIPOIO-
HOBAHOTO opieHTHpa. 30KpeMa, mosHauumo [ (x) = ax? — x + 3a i 300pasumo
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rpadik kBampatuuHoi GyuKIii f (x) (mapabosy) B TaKUX IOJOMKEHHAX, AKi
3aI0BOJILHAIOTH YMOBi 3amaui (puc. 76, a i 0).

+

\ 1 2/a>0 }r\[\ )
M x / 1 2\a<0

a 0
Puc. 76

s Toro mo6 KopeHi KBagpaTHOTO TPUUJIEHA PO3MIIlyBajucA IO PisHi
6oxku Big umcen 1 i 2, HeoOxiaHoO i mocTaTHBLO, 11106 BUKOHYBAJACA CYKYITHICTh
a>0, a<0,

ymoB: 1f(1)<0, a6o <f(1)>0, ITomiuaemo, 1110 B KOMKHIill cuCTeMi 3HAKU a

f(2)<0 f(2)>0.
if (@) raaif(2) nporuaexHi, ToMy IIf0 CYKYIIHICTh CHUCTEM MOYKHA 3aMiHU-
: af@)<0, .
TH PiBHOCUJIBHOIO CHCTEMOIO 3 [pOro BUILJIWBAE TAKUM IJIaH
af(2)<0.

pO3B’sA3yBaHHI.

Poszg’asannsa
P Ockinbku 3ajjaHe PiBHAHHA Mae ABa Pi3HMX KOPEHi, TO BOHO € KBaapar-
HuM (To0To a # 0). ITosdmauumo f (x) = ax? — x + 3a. Ak BigomMo, KOpeHi KBa-
IPATHOrO TPUUJIEeHa MOXKYTh PO3MIiIllyBaTUCA 10 pisHi 6oxm Bim umcen 1 i 2
TOAi i TiABKM TOA1, KOJIM BUKOHYETHCS CHUCTEMA YMOB:

af@)<o,

{a f(2)<0.
Omep:RyeMO CHCTEMY {a (4a-1)<0, )
a(fa-2)<0. (2)

|~

Poss’asyemo HepiBrocTi (1) i (2) i 3Ha-
XOOUMO CHiJIBHUI PO3B’A30K CUCTEMU
(puc. 77).

0
(1) \

(

<

AN
@ —

Bionosiov: 3amane pPiBHAHHA Ma€ OAUH KO-
piEb Gimpmuii 3a 2, a APyruii — MeHIIUH

<o

Puc. 77 Big 1 mpu ae (O;i). <
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Bnpasu

Po3B’s:KkiTh piBHAHHA Ta HepiBHOCTI 3i smMinHOIO X (1-3).
1. 1) bax —a =ax + a; 2)4 —ax =2x + Ta;

3) ax + Ta < ax + 8a; 4) 2a — 6x > 2ax + 11.
2. 1)|x—-2|+|x+1|=ax+383; 2)|x—-al|+]|x]|=2;

3)|a-x|+|x+a+1]|=1.
3. 1) ax+1=22%3; 9) 9qx1=22"1L 3y axtl_2

x x-1 x+a x

4. 3HalgiTh yci 3HaUeHHA @, IPU AKUX 3aJaHe PiBHAHHA Mae €IUHUMN KO-

10.

(x—a)(x—Za):O; 2) (x+2a)(x—6a):
x—4 x+12

pinb: 1) 0.

. 3HaAWAITL yci 3HAUEeHHA a, IPU AKUX 3aJaHe PiBHAHHSA Ma€ €IUHUMN KO-

pib: 1) x® +axf +a?2+4a=0; 2)x*+ax?+a>-a=0.

. 1 KoxHOTO 3HaUEeHHA ITapaMeTrpa b 3HAUIITh YMCJI0 KOPEHIiB PiBHAHHA

2x2+ 10x + | 6x + 30 | = b.

. SHalaiTh yci 3HAUEHHA mapaMeTpa a, IPU AKUX PiBHAHHA | x2 — 2ax | =1

Mae piBHO TpU PiBHUX KOpPEHi.
3HaiifiTh yci 3HAUeHHSA TapaMeTpa a, IpU AKUX piBHAHHA |x2 + 2x + a| =2
Ma€ YOTUPHU Pi3HUX KOpeHi.

. 3HaANOiTHL HalbiNbIIe 3HAUEHHA apamMeTpa k, Ipu AKOMYy o0uABa KOpPeHi

piBasHHSA X% + (2k + 6) x + 4k + 12 = 0 Gisxpmri Big —1.

3ualigiTe yci 3HaueHHA mapamerpa m, I AKUX piBHSHHSA (M — 2) x% —
-2 (m+ 3) x + 4m = 0 mae oxwH KOpiHb Oinbmiuii 3a 3, a OAPyruit —
MEeHIINHI Bixg 2.

AOAATKOBI BIMPABU AO PO3AIAY 1

. Busnaure cymy po3B’A3KiB piBHAHHA:

|x+5|="1; 2)|2x —1|=5;
) |x+T7[=2; 4) |[4x -8 |+ |2 - x|=4;
5)2|x-3|-|8—-x|=5; 6)5|x+4]|-2]|4-x|=4.

. Busmaure x + y, AKII0:

D]x—y|+|4-x|=0; 2)|2x—y|+2|2-x|=0.

. Busmaure xy, axmo:

)|x—2|+4x?-4dxy +y?=0; 2)|y—1|+x%-2xy +y>=0.

. BHAUAITh KiTbKicTh MifMX po3B’A3KiB HEpiBHOCTI:

D]x-1]<2; 2)|x+2|<4 3)|x-3|<6; 4)|x+4]|<5.

. SHaAUZITh KiNbKiCTh IIiIMX PO3B’A3KiB HEPiBHOCTI B MPOMiKKY [—5; 5]:

]x+2[>38; 2)|x-1]|>4; 3)|x-2|>3; 4)|2x-1]|>3.

. Busnaure mHaiibiapminii mianii po3B’A30K HEPiBHOCTI:

1)[8x—-1]|<2x+2; 2)|2-8x|-x<8; 38)|7—-8x|—-2x<2.
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7.

8.

9.

10.

11.

12.

13.

14.

15.

16.
17.

18.

Busnaute HatiMeHINuii ijnii po3B’ 30K HEePiBHOCTI:
1)[1-2x|-x<10; 2)[8x—2|+2x<8; 3)|4x — 4|+ 4x > 5.
BusHauTe HaliMeHINIUI PO3B’A30K HEPiBHOCTI:

1)[8x+1[<x+7 2)[2x+3|<x+12; 3)|4x +3|< x + 21.
3HaligiTh HallbiabIlle 3HAUEeHHS ImapaMeTpa a, IpU AKOMY PiBHIHHS Mae€
po3B’A30K:

1)|2x-1|=1 - 4a; 2)|3x+ 2|=38 - 4a.

3HaliTh HaliMeHIlle 3HAUEHHS IIapaMeTpa d, IPpU AKOMY PiBHAHHSA Mae
po3B’A30K:

1)|2x - 1|=4a+ 1; 2)|38x+ 38 |=5a—-T.

3HalaiTh HaWOiabIIe IIiJe 3HAUCHHS MapaMeTpa a, IPU AKOMY PiBHAHHS
Mae pos3B’A30K:

1)2|x—-8|-al|8—-x]|=5; 2)3|x-2|+al2-x]|=-4.
3HalAiTh HallMeHIIe ITiJie 3HAUeHHs IapaMeTpa d, MIPU SKOMY PiBHAHHS
Mae po3B’A30K:

1)8|x—-8|+a|83—-x|=5; 2)3|x-2|-a|2-x|=-6.
BusHauTe 3HaueHHA IapaMeTpa m, IPU AKOMY PiBHAHHS Ma€ TOUYHO YO-
TUPU PO3B’SA3KU:

D]x(x|-5)[=m; [+ (x+1[-3)[=m;
3|26B-|x|x)|=m.

IIpu axkomy HaliMeHIIIOMY IiJIOMYy 3HaueHHI ITapameTpa m pPiBHAHHA
x? — | 16x — 48 | = m mae yotupu po3B’A3KHU?

IIpu sKoMy 3Ha4YeHHi mapamerpa m piBHAHHSA x2 — | 14x — 28 | = m mae
OIVH PO3B’sA30K?

VKaKiTh, CKiJIBKU BCHOTO AiCHMX KODEHIB Mae€ PiBHAHHA X° —3| x |=0.

3HaiAiTh BCi 3HAUEHHA MapamMeTpa a, Ipu AKUX 3aJaHa CUCTeMa PiBHAHD
Ma€e equHUI PO3B’A30K.

x*+y® =4, (x—a)’*+(y—-4)?*=9,
N i
y=x"+a; x-y=0;
x*+y*=d? A (x—a)*+y* =4,
) (x-7*+y*=1 ) ly|=1-|x-12]|.

Posp’skiTe 3aBganua (18—29), BUKOPUCTOBYIOUM CKJIAJAHHA PiBHAHbD,
HepiBHOCTell abo ixX cucTeM.

PobiTHrK moBuHEH OyB 3a ILTAHOM BUI'OTOBUTHU 3a AeKiabKa IHIB 72 me-
Tayi. OCKiJIbKY IIOAHS BiH BUIOTOBJISAB Ha 2 JeTaJli MeHIIe IIJIaHy, TO
3aKiHuYMB poOOTy uepes 3 AHI mmicad sammaHoBaHOro tepMiny. CKigbKu
Jerajieil B IeHb IIOBUHEH OYB BUI'OTOBJIATUA POOITHUK 3a ILIaHOM?

19. Tpu omHaxkoBi KoMOAlHM, IPAIIOIOYN Pa30M, 3i0pajyu BpoXKai 3 IIepIIo-

ro IoJs, a IOTiM ABa 3 HUX 3i0panam Bposkail 3 Apyroro moJsa (imrroi
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miorri). Yesa po6ora satiasanaa 12 rogun. AKO6u Tpu KoMOaiiHU BUKOHAJIN
MIOJIOBUHY Bciel pobOTHM, a IOTIiM YacTUHY, IO 3aJUIINJIACA, BUKOHAB
OIVH 3 HUX, TO pobora 3atiuanaa 6 20 roguu. 3a Axuii yac g1Ba KoMmbGaiiHu
MOJKYTh 3i0paTu BpoKail 3 MepIroro mojs?

20. IIpogykTuBHiCcTH mepioro Bepcrara Ha 25 % 6ijbllla 3a MTPOAYKTUBHICTH
Ipyroro Bepcratra. Ha apyromy BepcraTi BUTOTOBJIeHO meraseit Ha 4 %
OisbIrie, HixK Ha mepimomy. Ha cKinbKu BiZlcOTKiB uac, BUTpadyeHUH poO-
OiTHMKOM HA BUTOTOBJIEHHS JeTajiell Ha APYyroMy BepcTaTi, GiabInmit 3a
yac, moTpioHui A 1miel poboTu Ha mepIiomMy BepcTaTi?

21. Ilepmra Tpy0a HamoBHIOE OaceifH BOAOIO y IBa pasu MIBUJIIE, HiK apyra.
SAxiro mosioBuHY OaceliHy HAIIOBHUTHU Yepes IepIry Tpyoy, a YacTUHY,
1110 3aJIUINTUJIACH, Yepes3 IpyTy, TO IJid HallOBHEeHHA Oaceiiny Oyae moTpio-
HO 6 roguH. 3a CKiIBLKY I'OOUH MOKHA HAIIOBHUTH 0aceiH BOLOIO TiIBLKU
yepes mepiry Tpyoy?

22. IBa BeJOCUIIEAVICTA BUIKIKAIOTH OZHOUYACHO HA3YCTPiu OAWMH OAHOMY
3 nyHKTiB A i B, Bigcranp mixk axumu 30 KM, i 3ycTpiuaroThcs 3a TOqu-
Hy. He 3ynuHA0OUYNCH, BOHU IIPOJOBKYIOTH IIIJIAX 3 Ti€I0 CAMOIO IIBUIKIiC-
TIO, i mepiuii npubysae B nyHKT B ma 1,5 rogunu paniire, HixK gpyruit
y nyHKT A. BusHauTre MBUAKICTH MEPIITIOro BeJOCUIIEAVCTA.

23. IIporarom 7 rox 20 XB KaTep HPOMIIOB yropy o piuii 35 KM i moBepHYB-
ca Hazan. [IIBuakicTh Teuil qopiBHIOE 4 KM 3a rOAMHY. 3 KOO IIIBUAKIiC-
TIO KaTep illoB 3a Teuieio?

24. 3wmimanu 30 % -Buit posumH cosAgHOoI Kuciaotu 3 10 % -Bum i omepskanu
600 r 15 % -Boro posuuny. CKiJIbKY rpaMiB KOKHOI'0 PO3UNHY 0YJIO B3ATO?

25. € gBa cmaBu, IO CKJAJAIOTLCSA 3 IIMHKY, Migi Ta oyioBa. Bimomo, 110
nepmiuii ciasB mictuth 40 % osoBa, a apyruit — 26 % wmigi. IIpoenrt-
HHUU BMiCT IIMHKY B NIepIIOMY i B Apyromy ciiaBax omHakoBuii. Criia-
BuBmu 150 Kr mepmroro cmiaBy i 250 Kr agpyroro, ojep:kaju HOBUI
cmiaB, y skomy BusBuiocs 30 % muuHKy. BusHaute, CKibKY Kijsorpamis
0JI0OBa MiCTHUTHCSA B HOBOMY CILJIaBi.

26. 3HaUIiTh TaKe JBO3HAUHE YMCJIO, Y AKOMY YHCJIO OJMHUIIL HA Ba OijbIire
Big umcsia JecATKiB, a JOOYTOK IIIYKAHOIro uucja Ha cyMy Horo nudp go-
piBHIOE 144.

27. Bina momy mocaaKeHO Oepesu Ta JIMIIN, IPUUYOMY 3arajbHa iX KiJbKicTb
Oinpina 3a 14. AKIio KigbKicTh Juml 30iAbIINTH BABiIUi, a KiTbKicTh 6epis
36impmmuTy Ha 18, To Gepis crame Ginbime. AKIMO 30iaAbIITNTY BABiUi Kilb-
KicTe Oepis, He 3MiHIOIOUM KiJIBKOCTI JIUII, TO JIUII BCe OAHO Oyme OisbIre.
Ckinbku 6epis i ckinbKku Ui 6yJI0 IMOCAmKeHOo?

28. I'pyny Jaromeili HaMmarajaucs BUIIIUKYBAaTU B KOJOHY HO 8 UOJIOBIK y psAn,
ajie OAVH PAJ BUSABUBCSA HEMOBHUM. Koy Ty K rpyny Jiofgeil BUIIUKY-
Baju 1O 7 YOJOBIK y PAd, TO BCi pAAM BUABUJIUCST IIOBHUMMU, a UHUCJO
pAniB BusBuaoca Ha 2 Ginbimum. KO THX 2Ke Jr0fell BUIIUKYBAJIU 10
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5 4oJIOBiK B pAm, TO pAgiB Oyso 6 11e Ha 7 OijbIille, TPUUOMY OLUH P
0yB 0u memoBHUM. CKinbKU Jfogeii 6ya0 B rpyimi?

29. V¥V marasuHi nmpomaioThCsa I'BO3AUKU i Tposuau. ['Bodnamuka KoimTye 1 I'pH.
50 Kort., TposaHmza — 2 rpH. Ha KymiBiio rBo3amk i TPOAHI MOYKHA BU-
TpatuTu He 6inbie 30 rpu. 50 KOI., IPU I[LOMY YHCJIO I'BO3AUK HE IIO-
BUHHE BifpisHATHCA Bim umcaa TpodaHA Oinbime Hixk Ha 6. Heobximao
KYIUTH MaKCUMAaJbHO MOJKJINBY CYMapHY KiJbKiCTh KBiTiB, IpH IIbOMY
T'BO3AUK MOTPiOHO KynuTu sKomora meHirne. CKiJIbKY I'BO3IUK i CKiIbKU
TPOAHJ MOKHA KYIUTH 38 BKasaHUX yMOB?

BIAOMOCTI 3 ICTOPIi

Haranmaemo, 1o anre6pa — posfaij MaTeMaTUKM, IIPUCBAYECHUN BUBUEH-
HI0O OyKBeHUX BupasiB i piBHaHb. loBruii yac anrebpa Oyja YacTHHOIO Ha-
VKU TPO YHUCJIO — apu@MeTUKH. 3HAUHY KiJbKiCcTh 3amad, AKi BUHUKAIOTH
y mpolieci IpaKTUYHOI AisiIbHOCTI JIIOAUHU, PO3B’ A3YVIOTh OMHAKOBUMU CIIO-
cobamu. BukopucToByOUM 3aMicTh uuces OYKBU, MaTeMATUKU HABUUJINCS
pO3B’A3yBaTH TaKi 3agaui B 3arajmbHOMY BuUraaai. Ilum muisaxom i yrBopua-
cdA MaTeMaTWuHa HayKa — aJreodpa.

Icropruno 3auaTKu aarebpu OyJaM BigoMi BaBMJIOHSHAM, E€THUITAHAM
i rpekam 3amoBro mo Harimoi epu. 30epircsa ermmerchbKuii mamipyc Axmeca
(XVII cr. 10 H. e.) 3 po3B’aA3yBaHHAM aJjirebpaiunmx 3azad. YyueHi Baswmio-
Ha (6inpime 4000 pokiB ToMy) BMijM 3HaXOAUTH HAOJIMIKeHe 3HAUEHHS KBa-
IPaTHOTO KOpPeHs 3 OyIb-IKOT0 HATYPAJILHOTO UMCJA, a TAKOXK PO3B’sA3yBaTu
KBagpaTHi piBHAHHA. Ile OyJsio moB’si3aHO 3 PO3B’sA3yBaHHAM 3amad IPO 3HA-
XOMKeHHS ILJIOII 3eMeJIbHUX MiJSHOK i 3 po3BUTKOM actpoHowmii. IIpore y Ba-
BUJIOHSH ITle He 0yJIO MOHATTSA BiJi’€MHOI0 YMCJIa, i TOMY KOPiHb KBaJAPaTHOTO
PiBHAHHA Mir OyTH TiJILKU TOJATHUM.

HiodanT, rpenbKkuii maremMaTur, axuii xxuB y III cr. B Asnekcauzapii,
HammcaB TpakTaT «ApudMeTura», y AKOMY BiH yiKe po3B’sa3yBaB JiHiiHI
Ta ixmri piBHaHHg. Y CepenHi Biku 0c00IMBO aKTHBHO ajaredpa po3BUBAIaCSA
B apabcbkux Kpainax i Cepenmmiii Asii.

3aBmaHHdA, IOB’S3aHi 3 KBaAPaAaTHUMU DPIiBHAHHAMHU, MOKHA 3HANTH
i B mpamax imgifickkux maremaTukiB V cr. KBagparHi piBHaumHA Kiaacudi-
KyBaB y TpakTaTi «Ajrebpa» anb-Xopesmi. Binm ke maBiB i cmocobu ix
po3B’sA3aHHA.

Y1upomoB:K 6araThb0X CTOJIITh POSBUTOK ajare6pu CHUJIBHO rajJbMyBaBCH,
TOMY II[0 MaTeMaTUKaM JOBTO He BIaBAJOCS BBECTU y CBOI MOCJiIKeHHS IO-
peuHi mosHaueHusa. ToMy BUKJAA MaTeMaTUYHUX POOIT BUTJISALAB I'POMi3IKO.
Tineku moumuatoum iz XVI cT. moCTymoBO M0 MaTeMaTHUKMN IIOYAJIN BBOAUTH
cyuacHi mosHauenns. CumBoau a?, a®, a* Toiro Bmepiie 3acTocyBaB ()paH-
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umy3bKkuil yuenuii Pene Ierapt (1596-1650). CumBos a" mya QOBiIBHOTO
YucJa n 3alIpOIIOHYBaB aHTiicbKuil yuenuii Icax HerioTou (1643—-1727).

3aBIAKMU JOCTiIKeHHAM (PpaHIy3bKoro marematuka @pancya Biera
(1540-1603) piBHAHHS APYTrOro CTYII€HA, TPETHOTO i YEeTBEPTOro CTYIIEHiB
ymepille cTaju POsTIAAaTd B OYKBEHUX ITO3HAUeHHAX. BiH yBiB OyKBeHi mo-
3HAUEHHSA /A HeBiloMuUx BeJauUYUH i KoedimieHTiB piBHAHL. OC0o0JMBO I[iHY-
BaB BiAKpUTi HUM (opMmyJiu, HasBaHi arogoM gopmysamu Biera. IIpore Bier
BU3HABAaB TiIbKU moxaTHi KopeHi. JIume B XVII cr., micaa pobit P. lexapra,
I. HproToHa # iHIIMX MaTeMaTHUKiB, PO3B’dA3yBaHHS KBAAPATHUX Ta iHIIUX
piBHAHB HAOYJIO CY4aCHOT'O BUTJIALY.

Imes 3ayie:XHOCTI BeJIMUMH Te:K Oepe MOYATOK BiJ cTaporpernbKoi HayKWU.
Aule Tpeku pOBTIIANATU JIWIE BEJUUYUHU, II0 MAIOTh «T€OMETPUUYHY» IMIPHU-
pony, i He cTaBUJIM MUTAHHS PO 3arajibHe BUBUEHHS PISHUX 3aJI€KHOCTEMH.
I'padiune 300paskeHHs 3aJ€KHOCTEH MiK BeJIUUMHAMU ITUPOKO BUKOPHUCTO-
ByBamu I. Tanineit (1564-1642), II. ®epma (1601-1665) i P. lexapr,
AKWHN YBiB MOHATTA 3MiHHOI BeJIMUYMHU. PO3BUTOK MeXaHIKU i TeXHiKU IIpu-
BiB [0 HEOOXimHOCTI BBeJEHHS 3araJibHOrO IMOHATTS (PYHKIII, 1[0 3p0o0OUB Hi-
menbKUi Qismocod i maremaruk I'. Jle#6uinm (1646-1716). Benuki kJacu
(QYHKIII BUBUAB y XOOi cBOixX mociim:xens I. HeioToH.

Y 1718 p. yuensn Jleibuimna, I. Bepuyaai (1667-1748), nas o3HaueHHA
¢yuKIii, mo306aBaeHe reoMeTpUYHNX 00pas3iB. HacTymHUI KPOK Y PO3BUTKY
MOHATTA (QYHKI[I 3poOUB #oro ydenb, ujeH IlerepOyps3bkoi axkamemii Hayk
JI. Eiinep (1707-1783).

ITicns pobit pany maremarukiB (K. Pyp’e (1768-1830), M. I. Jlo-
6aueBcbkuii, II. [lipixsae Ta iH.) OyJ0 maHO Take O3HAUEHHA: «3MiHHA
BeJIMUMHA y Ha3WBAEThCs (PYHKIII€I0 3MIiHHOI BEIUUUHU X, AKIIO KOKHOMY
3HAUEHHIO BeJIWYWHU X BiAIIOBifae enuHe 3HaueHHs BeJumuumHu y». Ha cy-
YacCHOMY eTalli M0 CJiB «KOKHOMY 3HAUEHHIO BEJIUYWHU X» AONAIOTh «IIIO
HAJEeKUTD AeAKIiNT MHOYKUHI», & 3aMiCTh 3MiHHUX BEJIUYUH I'OBOPATH IIPO eJie-

M. I. JIobaueBCchbK Mt II. Hipixue
(1792-1856) (1805-1859)
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MeHTH ImX MHOKUH. Ileit miaxin m03BoJisie po3TIsagaT 3 €AUHOL TOUKU 30Dy
AK 4ucJIOBi QYHKIiI, Tak i, HaIpPUKJIaL, reOMETPUYHI IePEeTBOPEHHS TOIIIO.

HecywmipHicTs cTopoHm KBajapara Ta ioro aiaromasni OyJja Bigkputa
B V cr. 1o H. e. B Crapomasuiii I'penii. Ile BigzkpuTTsaA moxkasasgo, M0 AJIA
BUMipIOBaHHS T€OMETPUUYHUX BEJIUYUH HEJOCTATHHO PAaIliOHAJbHUX YKCEJI.
Tomy rpernbKi MaTeMaTUKU BiIMOBUJINCA BiJ BUpasKeHHS IeOMETPUUHUX Be-
JIMYUH YWCJIAMU 1 CTaJ PO3BUBATU IeOMETPUUHY ajaredopy (Tomy i sapas Ka-
JKYTh «KBaZpaT umuciaa», «Kyb umcsa» ToIo). I'perbKuii maremMatuk EBIOKC
(IV cT. 10 H. e.) po3pOOUB TEOPil0 BifHOIIEHH M€OMETPUUYHUX BEJIUUYNH, IO
3aMiHIOBaJIa JJIS CTAPOTPEIlbKUX MaTeMaTHKiB CydyacHy TeOopilo MiCHUX YU-
ceJsi. B ocHOBY Teopii EBlokca moKJIameHo iflelo Ipo HeCKiHUeHHY HOIiJIbHICTh
BiZipiskiB Ta iHmumx Qiryp.

P. exapr yBiB n0OBiTbHO BUOPAHUI OAWHUYHUI BiPi3OK, IO JTO3BOJIU-
JI0 ioMy BUpasuTH Bci il Haxm uucaamu depes mii Hanx Bigpiskamu. Ilo cyri,
BiH ysKe IIpaIioBaB 3 JOJATHUMU JIilicHUMU umcjaamu. Jluimie B npyriéi mo-
goBuHi XIX cr. Teopid maificHux uuces OyJia 3BeJeHa M0 Teopil HATypaabHUX
quce.

IIpo moHarTa milicHoro uuchaa. Ilepiri ysaBiaeHHA mpo uwmcaa GopmyBa-
JIUCSA TIOCTYIIOBO ITiJi BIIMBOM IIPAKTUKU. 3 AAaBHIX UaciB umcja 3aCTOCOBYBa-
JIUCH IIiJ yac Jiubu i BUMiplOBaHHSA BEJIUYUH.

BinmoBigs ma sanuranHa «CKiJIbKU ejIeMeHTiB MiCTUTL JaHa CKiHUeHHa
MHOKUHA?» 3aBKIU BUPaKaeTbCcA a00 HATYypaJbHUM UYHCJIOM, ab0 UHCJIOM
«Hyab». OToKe, MHOMKIHA

{0; 1; 2; ...}
BCixX HeBim'eMHUX umces o0CIAYyroBye BCi moTpedm Jriubu.

Inakie 3 BuMipoBaHHAM BeJUUYMH. BifcTaHb MiK ABOMa OYHKTaMU
MOJKe mopiBHIOBaTu 3,5 Kijgomerpa, mjoina KimMHatm — 16,45 KBagpaTHUX
MeTpa TOIIIO.

Icropuuno momaTHi miticHi ymcaa 3’ ABUINCEH AK BiHOIIIEHHS TOBXKUH Bif-
piskis.

3 BiAKPHUTTSAM HECYMipHOCTI miaroxaJji ofMHMYHOTO KBajpaTa 3 foro CTo-
POHOIO CTAaJI0 3PO3YMIiJIMM, IO BiZHOIIIEHHSA MOBXKWH BiIPi3KiB He 3aBXKIU
MOJKHa BUPA3UTHU HE TiAbKU HATYPaJbHUM, a i parioHagsbHuM yncaom. 11106
YKMCJI0Be 3HAUEHHS KOKHOTO Bifpiska mpu (pikcoBaHIN ogmHUII BUMipy 0yJI0
BU3HaUeHe, MOTPiOHO OyJi0o BBECTH HOBi umca — ippalioHajbHi.

Vei mpakTuuHi BUMIpIOBAHHSA BeJIWYMH MAalOTh JUINE HAOIMMKEHUH
XapakTep. IX pe3yabTaT 3 HOTPiOHOI0 TOUYHICTIO MOKHA BHUPASHTH 32 JOIO-
MOI'0I0 pallioHaJbHUX AP0o6iB ab0 CKiHUEHHHX MecATKOBUX ApobiB. Hampu-
KJIal, BUMIipIOIOUHM [giaroHaji KBaapara i3 cTopoHolo 1 M 3 TOUHiCTIO
mo 1 cm, Mu BUSIBUMO, IO ii JOB)KMHaA Habam:KeHo mopiBuioe 1,41 m. Bu-
Mipioloum 3 TOUHicTIO ;0 1 MM, AicTameMmo, IO IS JOBMKWHA HAOJIMIKEHO TI0-
piBHioE 1,414 M.
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IIpoTe B MaTemMaTuIli 4acTO BiAXUIAIOTHCA Bif HAGIMIKEHOTO XapaKTepy
IPaKTUYHUX BUMipioBaHb. IlocaifoBHUIT TeOPeTUYHUN Migxix 10 BUMiproBaH-
HS TOBYKUH BiAPi3KiB IPUBOAUTH OO0 HEOOXiZHOCTI PO3TIAmAHHSA HECKiHUeH-

HUX JOecATKOBUX napo6iB. (Came TakuMu apobamMu € umcaa §=0,666...,

x/§=1,41421356..., n =3,14159265... .)

BigHoIieHHA OOBKUHU OyAb-AKOI0 BiApisKa M0 MOBKUHU Bigpiska, mpu-
WHATOTO 3a OAWHUITIO BUMIPY, 3aBXKAM MOKHA BUPA3UTU UNCJIOM, IIOJAaHUM
Y BUTJVISAAI HEeCKiHUEHHOTO JEeCATKOBOTO Apo0y.

IToBHa Teopia milficHMX Ymcesa JOCTAaTHBO CKJAAHA i HE BXOIUTH y IIPO-
rpamMy cepegHBOI IIKOIHU. 1i 3a3BUYAll POTIALAIOTE Y KyPCaX MAaTEeMAaTHIHOTO
anaiisy. IIpore 3 ogHuM i3 cmocob6iB ii moOyZoBM MU 03HAIOMUMOCS B 3a-
raJbHUX pPHUCaX.

1. TIloxaamarmoTb:
a) KOKHOMY AifiCHOMY YHMCJIy BimmoBimae (aK ¥oro sammc) HecKiHUeHHU
IecATKOBUM Apio:
x=a, a,a,.qa..;

0) KOXKHUM HeCKiHUeHHUI HecATKOBUI APi0 € 3ammcoM MificCHOTO YmcJa.

Aule ipu IbOMY IPUPOSHO BBaKATHU NECATKOBUI Npild, 10 BaKiHUyeThCA

HECKiHUYEeHHOIO IIOCJiMOBHICTIO IeB’ATOK, JIUIle IPYTUM 3alllCOM YHCJa,

MOJAAHUM AECATKOBUM APOOOM, IO 3aKiHUYETHCA HECKiHUEHHOIO ITOCJIi-

moBHicTIO HyaiB: 0,9999... = 1,0000...; 12,765999... = 12,766000... .

TinbKM BUJIYUYUBIIN 3 PO3TJIALY JECATKOBI ApoOU 3 NeB’ATKOIO B mepiofi,

micTaeEMO B3aEMHO OJHO3HAUYHY BiAMOBIAHICTH Mi’K MHOMKMHOI OiHCHUX

yuces i MHOKHUHOIO HECKiHUEHHUX NeCATKOBUX APOOiB.

Yucno a, — 1e yiza wacmuna JOKATHOTO YUCIA X,

x —a,=0,aa,..a,..— dpobosa YacTUHA YUCTA X.
Hucno x, = a,,a,a,...a, HA3UBAIOTh decamrosum HAOLUNCCHHAM X 3 MOY-
Hicmio do 107 3 nedocmauero, a uucno x, =x,+10" HasuBaioTb decam-

KOBUM HAOAUNCCHHAM 3 mouricmio 0o 10" 3 Hadiuw KoM OIS YUCIa
X =aya,a,...q,... .
Aximo uncio x Bix’emue, ToO6TO
X = —ay,a,a,...a,..., TO BBAXKAIOTh
X, =—ay,a,a,...a, i x,=x,—107".

2. BBOAATHL NpPasu.O0 NOPi6HAHHA NBOX AiMICHUX umces. 3a O3HAUEHHAM UUC-
JIO X MeHIIle BiJ umcsa Yy, KOJAW IPUHANMHI AJIA OTHOTO 7 BUKOHYETHCA
HepiBHiCTL X <y , e X, 1 y — [NeCATKOBI HaOIMKEHHA 3 TOYHICTIO /0
10" 3 HegocTauero aasa yuces X i y. (Mu cKopucTaIucsa TUM, IIIO IPABUIO
MOPiBHAHHSA CKiHUEHHUX OECATKOBUX APOOiB yiKe Bimome.)

3. OsumauaioTb apugpmemuuyni 0ii Hajy mificHUMHW umciaMu (IPU IIbOMY Ta-
KO KODPHUCTYIOTBCA THUM, IO IIi Ail B)Ke O3HAUEHi IJId CKiHUeHHUX Je-
CATKOBUX APOOiB).
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Cymow gBox mificHUX uwmces X i y (Mo3HAUAIOTh: X + J) HA3UBAIOTH TaKe
IificHe YUCJO0 2, 10 s OyOb-AKOr0 7 BUKOHYIOTHCS HEpPiBHOCTI

X, +y, <x+y<x, +y.
Y Kypcax MaTeMaTHYHOTO aHaJidy JOBOAUTBLCA, IO TaKe YUCJIO iCHYE
i BoHO enumHe.
Amnasnoriuao 0dodymrxom ZBOX HeBil’€MHUX YHCeJl X i y HasWBaIOTh TakKe
quCcyI0 2 (II03HAYAIOTH XY ), 1110 IPU Oy Ab-AKOMY 71 BUKOHYIOTHCA HePiBHOCTL

XY, <XY <Y,

Taxe uucso icHye, i BOHO eIUHE.
Haragaemo, 1110 mpuKJjaaay BUKOHAHHA O3HAYEHUX TAKWUM YMHOM Ji#l 1TO-
JTaBaHHA 1 MHOMKEHHSA AiMCHUX Yuces OyJIO PO3TJISHYTO B Kypci amredopu
8 kiacy.
Hna pificHMX uYwucen pPisHMX B3HAKIB, CKOPHCTABIIINCH TUM, IO TOOYTOK
HeBim eMHux uncen | x| i |y | yxke osnauenuii, moxkmamators xy = — | x|+|y |,
a JJIs 4Kces OMHAKOBUX 3HAKIB xy = | x |+| y | (3asBuuait MmomynreM KO-
HOTO 3 YHCen a,a,d,...d, ... i —a,,a,a,...a ... HA3UBAIOTb YUCJIO d(,a,d,...
a,...).
BigmimanHsa o3HavaeThcsa SAK AiA, oOepHeHa OO OOJaBaHHSA: PI3HUUEH
X — y umceJ X i y Ha3WMBAEThCSA TaKe UUCJIO 2, IO y + z = x. [ineHus
03HAYAIOTh AK [ii0, 00epHEHY 10 MHOKEHHA: YACMKOI0 X : § Ha3UBAETHC
TaKe 4MCJIo 2, 0 Yz = X.
ITokasyioTh, 1110 HepiBHOCTiI Ta apudMeTHUHi oIepalii, o3HaueHi Buile,
30epiraroTh OCHOBHI BJIACTMBOCTi, MPUTAMaHHi iM y MHOYKWHI parjioHaib-
HUX YuCeJ.

.

Teopis miticHoro umcsa Gyja moOygoBaHa Bimpasy B AeKiTbKOX (opmax

HimMenbkuMu MmatematukamMu P. Jlemerimmom (1831-1916), K. Beiiep-
mrpaccom (1815-1897) i I'. KauTtopom (1845-1918).
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OCHOBHWIA MATEPIAN

§ 10. KopiHb n-ro ctenexs Ta noro
BnacTmBocTi. PyHKUIA Yy =
Ta ii rpacpik

§ 11. IppauioHanbHi pPIBHAHHSA _

8§ 12. VY3aranbHeHHs NMoHATTA CTeneHs.
CreneHeBa hyHKUis, if BIACTUBOCTI
Ta rpadik '

OOAATKOBUIA MATEPIAN .

§ 13. 3acTtocyBaHHA BNacTMBOCTEN (OYHKLIN
[0 PO3B’'A3yBaHHs ippaLioHanbHUX piBHAHB

§ 14. |ppauioHanbHi HEPIBHOCTI

§ 15. Po3sB’A3yBaHHs ippauioHanbHNX PiBHSAHb
Ta HEpPIBHOCTEN 3 NapamMeTpamu

B ocHOBHIiii YacTHHI I[HOTO PO3IiJly B 03HAIOMUTECS 3 y3araJib-
HEHHAM IOHATTA KBaJAPATHOTO KOPEHS — KOPEHEM 71-T'0 CTEeIeHs
Ta HOTO BJIIACTHUBOCTAMU, HABUUTECS PO3B’A3YBATHU ippallioHaIbHI
piBHAHHA Ta OymyBaTu rpadiku creneHeBuUX (MYHKIiN i GyHKITIT

Yy =X Ta BUKOPHUCTOBYBATH iX BJACTHUBOCTI JO PO3B A3yBaHHSA
pisHOMaHiITHUX 3amad.

Y momaTKOBi#i YaCTHHI PO3Mily BU 3MOKEeTe 0O3HAWOMUTHUCS 3 Me-
TOZaMU DO3B’A3YBAHHSA OiJBIN CKJIAZHUX 3aBIaHb 3 TeMU, AKi
NPONIOHYIOTh y B3aBAAHHAX B0BHIITHLOTO HE3aJEKHOIO OI[iHIO-
BaHHA YU JePXKaBHOI HiflcyMKoBOI aTecrarii 3 maTremaruxu (ie,
y Iepury 4epry, MeTOqU pPO3B’A3yBaHHA ippamioHaJIbHUX HePiB-
HOCTeH, 3aCTOCYBaHHS BJIACTUBOCTel (YHKIIiH M0 pPO3B’sA3yBaHHS
ippanioHasrbHUX pPIBHSAHBL Ta METOAW PO3B’A3yBaHHA ippartio-
HaJbHUX PiBHAHB i HEPiBHOCTEH 3 mapamMeTpaMu).
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§10

KOPIHb n-ro CTEMEHSA TA UOrO BAACTUBOCTI.
OYHKUIA y=vx TA I TPADIK

Tabaumsa 17

1. O3HauveHHsA

KBaapaTHMI KOPiHb

KopiHb n-ro crenexs

Keadpamnum kopenem i3 wucna a
HA3UBAETHCA TaKe YUCIO0 b, KBaapar
SAIKOTO TOPiBHIOE .
Axmo a = b%, To b — KBaapaTHUii
KOpiHb i3 uncia a.

(Va) =a

Kopenem n-zo cmenena 3 wucia a Ha3u-
Ba€ThCA TaKe 4YMCJIO0 b, n-ii CTeIiHb AKOro
JIOPiBHIOE a.
Axmo a=0" (n e N,n#1), Tob —
KOpiHBb n-To CTeIleHs 3 Yucja d.

Apugmemuunuil KOpiHb — He8i0 eMHe 3HAYCHHS KOPEeHS.
ITpu a > O: \/E, %a — mosmauenns apu@dMeTUUYHOTO 3HAUEHHA KOPEeHs.

(¥a)" =a

2. 06bAacTb AONYCTUMUX 3HaYeHb (OA3)

KBaapaTHMI KOPiHb

KopiHb n-ro ctenexs

Ja icuye Tinbku mpu a = 0

*la icmye Tiasku npu a > 0 (k € N);
2k+1 .
Ya icHye mpu Gynp-aKuX 3HAUEHHAX a

3anuc po3B’a3kiB pPiBHAHHA X" =a (n € N)

n =2k +1 — uenapue (k € N)

n = 2k — napue (k € N)

IIpu Oyab-AKNX 3HAYEHHAX @
piBHanHEa x**1 = ¢ Mae exuHMI

. 2k+1f
KOP1Hb X = a

IIpu a > 0 BcCi KopeHi
piBHsHHA X% = @
MOKHA 3aIICATH

TaK: X = iz%

IIpua <0
piBHaHHEA X% = a
He Ma€ KOpeHiB

Mprknaau

PiBasanua x° = 3 mae equHUN
KOpiHb X = §/§

PiBuguug x® = —7 PiBasanaua x8 =7

He Mae KOpeHiB

Ma€ KOpeHi x = i%ﬁ

3. BAnactnBOCTi KOPEHS 7n-ro cteneHs

n =2k + 1 — HemapHe YHUCJO

n = 2k — mapHe YHCJO0

1) 2h+\1/;=_2k+\1/;
2) | Yar =" Yo =q

nan =2k'a2k=|a|
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IIpodosicenns maobn. 17

s dosinvHux 3HaueHb nik (n e N,n# 1,k € N)

3) TIpu a > 0 Y¥a ="a
4) TIlpua =2 0 ('\‘/;)k='\‘/a_k

5) IIpua>0,b>0 |Yab=%a - b

Hacmigxn

pua>0,b>0|Ya"b=a¥b| — eune- |TIpu a > 0, b > 0 [a¥b=%a"b| — ene-

CeHHA MHOMCHUKA 3-Ni0 3HAKA KOPEHA. | CCHHA MHOMCHUKA Ni0 3HAK KOPeHs.

6) Ilpua >0,b >0 Y—-=—F

k .
7) IIpu a > 0 | ¥a™ =Na™ | — ocHOBHaA BIacTHBiCTH KOpEHS

3HaueHHA KOPeHs 3 CTeIlleHs HeBiJ €éMHOIo Umcjia He 3MiHUTLCS, AKIIO IO0-
Ka3HUK KOpPeHs i IMOKasHUK CTeIleHs IIiTKOPeHeBOro BHUPasy HOMHOMKUTHU (abo
MOAiNTH) Ha OJHE W Te caMe HaTypajJbHE UHCJO.

8) Ilpu a > 0, b > 0, | axito a > b, TO '\‘/;>'\'/Z

4. dynkuis y="Yx Ta ii rpadik

Mpadik pyHKkuii y=%x (n e N, n > 2)

n — napHe (n = 2k, k € N) n — memapue (n = 2k +1, k € N)
Yy
:2k+\1/;
y y
y:2\k/; 1
1 -1
0, 1 x
0 1 x -1
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IIpodosicenns maon. 17

BrnactusocTi GyHKUiT y = Yx

n — mnapue (n = 2k, k € N)

n — uenapue (n = 2k +1, k € N)

1. O6racmv susHauenus: x = 0, T0o6-
TO

D (%x) =[0;+0).

1. O6racmov susnavenus: x € R (x —
OyIb-siKe MificHe YMCJI0), TOOTO

D(*¥x)=R.

2. Obnacmv 3nHayenv: y = 0, TOOTO

E (%/x) =[0;+c0).

2. O6aacmv 3Hauenuv: Yy € R (y — 0ynn-
AKe AificHe YuCcJo ), TOGTO

E(®Jx)=R.

3. Haiibinvwiozo 3HAYeHHA QYHKYIS
y=%/x ne mae; nailmenwe sHauenHs —
y =0 (upu x = 0).

3. Haiibinpmioro i maliMeHIIIOro 3Ha-
uenb QyHKLia y=""Yx He Mae.

4. Dynkuis Hi napua, Hi HenapHa.

. 2k+1 2k+1
4. PyuKkuyia venapua: = V-x =— X,
omoice, epadix QYHKUYIL cumMempuLHUilL
8I0HOCHO noyamky KoopouHam.

5. Tourku nepemuny 3 ocamu xKoopduram: Oy {

I'pagix npoxodume wepe3 nowamor Koopouram.

=0, y=0,
y=0; x x=0.

3pocmac.

6. IIpomincku 3pocmaHHa i cnadaHHsa: HA 8¢iil o6aacmi 8U3HAYEHHA QYHKUIS

7. IIpomincku 3sHaxocmaaocmi:
uopu x > 0 sHaueHHa y > 0

7. Ipomincku 3sHaxocmaaocmi:
npu x > 0 sHauenuna y > 0,
mpu x < 0 sHaueHHA Yy < 0

EEl [losiCHeHHS 1 OGrPYHTYBaHHS

1. OsHauyeHHS KOpeHd n-ro cremeHd. [IOHATTS KOpeHs KBaJpaTHOTO 3 UMC-
Jla @ BaM BiZJOMO: Ile TaKe 4YMCJI0, KBaApaT SIKOr'0 NOPiBHIOE a. AHAaJIOTiUHO
03HAYAIOTh 1 KOPiHb 1-TO CTEIleHs 3 Yucja @, Je N — AOBLIbHE HATypaJbHe

yuesao, oinbire 3a 1.

Kopenem n-20 cmenena 3 wucna a Ha3uBa€ThCA TaKe YHUCIO, N-ii CTeNiHb

SAKOT0 JOPiBHIOE a.

Hanpukian, KOpiHb TpeThOro cTeleHsd 3 uncia 27 ITopiBHIOE 3, OCKijb-
Ku 3% = 27; KOpiHb TPEeThOTO CTelleHA 3 ymciaa —27 HopiBHIOE —3, OCKiIbKH
(—3)3 = —-27. Yucsa 2 i —2 € KOPEeHAMHU YETBEPTOro cremeHsd 3 16, oCKiabKuU

21 =161 (-2)* = 16.

ITpu n = 2 Ta tpu n = 3 KOpPeHi n-ro creneHs HA3UBAIOTh TAKOXK Bimmo-
BiJHO KBaJpaTHUM Ta KyOiYHUM KOPEHIMMU.
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dk i gns KBagpaTHOrO KOpPeHs, IJis KOPeHsS N-TO CTelleHs BBOJATH IIO-
HATTA apu(GMETUUYHOr0 KOPeH.

Apugpmemuunum KopeHem MN-20 cmeneHsa 3 Hucid a4 HAZUBAETHCH

HEeBiJ’ €éMHe YHCJIO, N-H CTEeNiHb SKOr0 TOPiBHIOE @.

IIpu a > 0 gas apudmMeTHUHOr0 3HAUEHHS KOPEHS N-T'0 CTeIleHs 3 UILC-
Jia a icHye crmerjiajbHe MO3HAUYEHHA': (’/E; YWCJIO N HABUBAIOTH NOKA3ZHUKOM

KOpeHs, a caMe YnciIo a — nidkopenesum supasom. 3uaxk % i Bupas Ya na-
3UBAIOTh TAKOX PAOUKALOM.

Hanpukinan, Te, 10 KOPiHb TPETHOTO CTelleHs 3 umcja 27 HopiBHIOE 3,
3aNUCYIOTh TaK: W =3; Te, IO KOPiHL UeTBepPTOro cremeHs i3 16 mopis-
HIO€ 2, 3aIICYIOTh TaK: Y16 =2. Ane IIJIS 3aIlMCy TOTO, II[0 KOPiHb YeTBEPTO-
ro cremnensd i3 16 mopiBHIOE —2, MO3HAUEHHSA HEMAE.

IIpu a < 0 3HaYeHHA KOPEHs N-T'0 CTeIleHA 3 YHCJa d iCHYye TiIbKHU IIpU
HeNapHUX 3HAUeHHAX N (OCKiJIbKU He iCHYye TaKOro AifiCHOTO YMCJIa, TapHUNA
CTemiHb AKOTO Oyae Bim eMHUM YmcaoM). Y IIbOMY BUIIaIKY KOPiHb HeIapHO-
ro cTemeHs n i3 umcia a Tex Mo3HauaoTh Va. Hampurnan, Te, 1110 KOpiHb
TPETHOTO CTemeHs 3 uucjaa —27 HOpiBHIOE —3, 3aIUCYIOTh TaK: Y27 =-3.
OckinpKku —3 — Big’eMHe 4mciIo, To 3/—27 He € apudMETHUHUM 3HAYCHHIM
KopeHs. AJle KOpPiHb HEIIapHOT'O CTeIIeHs 3 BiJl’€MHOIO YMCJIa MOMKHA BUPa3U-
TH 4Yepes3 apu()MeTHUHe 3HAUEHHSA KOPEHdA 3a JOIIOMOIoK (popmMyan

2k+\1/; — _2k+\1/g .

® IIlo6 moBecTu HaBeneHYy GOPMYJIY, 3ayBaKMUMO, 1[0 38 O3HAUEHHSIM KOpe-

N ok+17 )2k +1
HdA n-10 CTelleHdA I P1BHICTh 6yﬂe IIPaBUJIBHOIO, AKIIO (— a) =-—a.

HiticHo, (—2“\1/;)2]”1 =(—1)2k+1 '(2k+\1/a_)2k+1 =—-a, a e W osHaAYae, IO

2k+\1/;:_2k+\l/a. O

Hanpuknag, -27=-%27=-3; ¥-82=-%32=-2.

3a3HAaYNMO TaKOK, II[0 3HAYEeHHSA *Ja mae moii camui 3HaK, WO
il Yucno a, OCKiJIbKYM TpH IIiJHEeCeHHI M0 HEMapHOTO CTEMeHs 3HAK UMCJa He

3MiHIOETBCS.
Taxkoxx 3a O3HAUEHHSAM KOPEHA N-T0 CTEHeHs MOKHa 3alucaTh, IIfo

B TOMY BUIIQJKY, KOJIX iCHY€ 3HAUEHHSA V@, BUKOHYETLCA PiBHICTHL

(%)n =a |i, 30kpema, npu a = 0 (\/E)Z =a |

! Vei BracTHUBOCTI BUpPasiB BULY Q/E HaBeneHo aJs Bunaaxky n € N, n > 2. Ilpu
n = 1 momosumocs BBaxaru, mo Ya -a -a.
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2. Oo0sacTs FOMyCTHMMHX 3HAUYe€Hb BHPA3iB i3 KOpeHAMH n-ro CcremeHd.
Po3B’a3ku piBHAHHA x" = a (n € N). 3asHauumo, II10

I snavenna o — KOpeHs HenapHOoz0 CMenens 3 Yucia @& — iCHY€
npu 0Yyodo-AKUX 3HAUEHHAX Q.
® OOGrpyHTyeEMO I, HATIPUKJIA, AJs KOPEeHsA TPeThoro crenensa. [losHaunmo
Ya =x. Topxi 8a OBHAUEHHAM KOPEHS 71-TO CTelleHs x° = a i sHaueHHA g
Oyze icHyBaTu, SKINO PiBHAHHA X° = @ MaTuMe PO3B’SA30K.
3o6pasusiu rpadiku GyeKiii y = x3 i y = a (puc. 78), 6auumo, 110 Ipu
Oyab-AKUX 3HAUEHHAX @ NpAMa y = a neperuHae rpadixk pyurmii y = x3
B OfHil Touri. OT:xe, mIpu OyIb-IKOMY 3HAUEHHI a iCHYye equHe 3HAUCHHSA
Ya (ockimpku QyHKIS y = x° 3pocTae i HabyBae BCix 3HAUEHBD BiJf —o° 10
+o0). O
Amnajoriute oOTIPpyHTYBaHHS MOYKHA HABECTH i /IS iHITUX KOPEHiB Hemap-
HoOro cremnens (AuB. rpadiku i BractuBocTi QyHKIiN Bugy y = x2* "1y § 12).
Hasegmeni MipkyBaHHS MDO3BOJISIOTHL 3alMcaTH PO3B’A3KK PiBHAHHS
X" = @ )i HeTapHUX 3HaUeHb n = 2k + 1: mpu Oyob-IKMX 3HAYEHHAX @ PiB-
HaHHA x2**1 = g (k € N) Ma€c €qMHUI KOPiHb X =*a.
Hanpukaan, piBHAHHA x° = 3 Mae €IUMHUI KOpPiHb x:§/§, a piBHIHHSA
x" = —-11 mae eguHUN KOpiHb x=Y-11 (ypaxoByouu, IO x=Z/T=—z/ﬁ,
KOpPiHb as1 piBHAHHA X7 = —11 MOKHA 3amMCcaTH TaK: X =-111 )

3nauenna */a — xopena napnozo cmenena 3 wucna a — icHye
minsvxku npu a > 0.

IificHO, y TOMY BUIIaAKy, KOJU 2/a =X, 3a O3HAYEHHAM KODPEHS 7-TO

crenena a = x%*. Orxe, a > 0.
It KBaApPATHOTO KOPEHs Ile MOMKHA TAKOM OOI'PYHTYBATH, BUKOPHUCTO-
Bytouu Bimomwmii rpadik dyHKIIT y = x2.

Yy
= 42
y y— x5 y=x
y=a y=a
a (a>0)
0 X
_ 3
x=Ya 5 a |0 x—Va %
y=a
(a<0)

Puc. 78 Puc. 79
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® THexait Va =X, TONi 3a O3HAUEHHAM KBAAPATHOTO KOpeHd X2 =a i 3Ha-
venns Ja Oyme icHyBaTH, SIKIO PiBHAHHS X2 = @ MaruMe pPo3B’sI30K.
3o6pasuBmu rpadiku QyHKIiN y=x2 i y=a (puc. 79), 6auumo, IO
npsiMa y = a nepetruHae rpadik QyHkuii y = x% Tineku npu a > 0 (npu-
yoMy npu a >0 —y OBOX TOUKax: X =Ja i X, :_\/;, a mpu

a =0 — rinbku B oxHil Touri x = 0). OTiKe, Ipu OYAb-IKUX 3HAYEHHAX

a > 0 icHye 3sHaueHHS Ja , OCKinbKM GYHKIis y = x? HaOyBae BCix 3HAa-

yeHb i3 mpoMiskKy [0; +e0). O

PoarasgaeMo posB’s3KM PIBHAHHA X" = a [Js IIapHUX 3HAUeHb n = 2k
(k € N).

PiBuanua x?=a npu a < 0 He Mae KOpeHiB, OCKIJILKM KBaapaTr Oyib-
SAKOTO0 YHcJia He MOKe OyTu Bixg’eMHUM (Ha pucyHKY (9 npama y=anpua < 0
He meperuHae rpadik Gyuriii y = x%). Tak camo piBHauua x2* = a (k € N)
npu a < 0 He Ma€ KOpeHiB (OCKiTbKM HMapHUH CTemiHb OyAL-IKOT0 YNMCJA He
MOXKe OyTH Bim’ eMHUM).

IIpu a = O piBusaaug x2* = 0 (k € N) mae equnuii Kopiab x = 0 (OCKiIbKHU
MapHUI CTeIliHb OyAb-sIKOT'0 BiAMIHHOTO Bij HYJIS 4YMCJa — YHCJIO JOJATHE,
TOOTO He piBHE HyJ0, a 0% = 0).

2k
IIpu a > 0 3a o3HaueHHAM KopeHs 2k-TO cTemeHs (2%) =a. Orxe,

x=%la — xopins pirsHAE" X = a. AJe (—25/11_)% = (2%)% =a, Tomy x=-%la —
TeXK KOPiHb piBHAHHA x** = . [HIIUX KOPEHiB Ile PIBHAHHA HE Ma€, OCKIJIbKHI
BaacTUBOCTI (pyHKIT y = x?* amamoriuni BmactuBocTAM QYHKII y = x2: mpu
x 2 0 ¢pyHKIIig 3pocTae, OT:Ke, 3HAUCHHS 4@ BOHA MOJKe HaOyBaTH TiJIbKU IIPU
OJHOMY 3HAUeHHI apryMeHTy (x =%a ) Amnajnoriuno npu x < 0 ¢yHKIia
y = x* cmajae, TOMy 3HAUEHHS @ BOHA MOXKe HaOyBaTW TiJIbKK IPU OJHOMY
3HAUEHHI apryMeHTY (x=-%/a). Taxum YUHOM, PiBHAHHA x%* = a pu a > 0
Mae€ TiThbKH IBa KOPEHi: X = +%q.

Hanpurnaaz, piBaaaaa x!° = —1 He Mae KOpeHiB, a piBHAHHA x° = 5 mae
KOpeHi x = +4/5.

3. BaacruBocTi KOpeHA n-ro cremeHa MOKHA OOI'PYHTYBATH, CIHPAIOUYUCH
Ha O3HAUEHHsS KOPEeHs N-T'0 CTeleHs.

1) ®opmyrna #-a=-"a OyJia OGT'pYyHTOBaHA B NYHKTI 1 mOsCHEHbB.

O6rpyuTyemo iurri gpopmysiu, HaBegeHi B TabauIi 17.

® Haragaemo, 110 3a O3HAUYEHHAM KOPEHSA N-TO CTENEHS AJA AOBEIeHHS
piBaocti YA =B (upu A > 0, B > 0) gocraTHbO IIepPeBipUTH PiBHICTHL
B" = A.
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2)

3)

4)

o)

6)

7

Bupasz Ya" posriasHemo okpemo npu n = 2k + 1 (Hemapse) i npu n = 2k
(mapwue).

SIKIIo n — HenapHe, TO BPaXOBYEMO Te, II[0 BUpas va" icHye mpu Oyab-

. 2k+1 . .
AKUX BHAUEHHAX @ i Imo sHaK Na" = ~a®*' s6iraernca si sHakoM a.
Toxi 3a o3HaUeHHAM KOPEHS 11-T'O CTEIIeHA OJePIKYEMO

W — 2k+1[a2k+1 —a

2k
SIkmo n — napue, ToO BpaxoByeMO Te, 1o Bupas vVa" =4a? mosmauae

2k, .
apudMeTHYHe 3HAUEHHS KODPEHA n-ro cremeHs (omxe, ~a®* >0) i mo
| a P*= a?*. Toni

nf n _ 2k

a a® =|a|

Dopmyry
Y4a ="a mpma >0
00T'PYHTY€EMO, posridnaoun ii crpaBa HawriBo. OCKinbKUT
nk n k
(" %) =((” ’{/a_) ) =(%)k —a, 1o 3a osHauennam Ya =%Y%a.
CupaBenjuBicts GopmMyIn

(%)k=¥/F npu a = 0
BUILJINBAE 3 PiBHOCTI ((%)k)n = (%)kn = ((%)n )k =a”.

st o6rpyHTYBaHHSA (hopMyan

Yab=Ya - Yo mpua =>0,b2>0
BUKOPHCTOBYEMO DiBHICTH ({‘/E Q/E)" = (Q/E)n (Q‘/E)n =ab.

iz oOr'pyHTyBaHHA (OPMYJIN
'§/£:£ mpua =>0,b>0
b=
YoV _(&a)"
2y

BUKOPUCTOBYEMO DiBHICTH (

BioacTuBicTs KOpeHA
n[am znk[amk pu a >0
nk n kE I3
BUILIMBAE 3 PiBHOCTI (2/am) :((” am) ) =(a™) =a™.0O

6 . .
Hanpuknan, Q/g =X/23 =\/§ (moKasHUK KOpPeHdA i MOKAa3HUK CTeIeHsd ITij-

KOpeHeBOTO BUpAasy IMOAiINIM Ha HAaTypajJdbHE YuCo 3).
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3a gomomoroi Gopmyau Vab =4 atlb (a =2 0, b > 0) MOXKHA OLEpPKATU
BaKJIMBI HACHiAKU: (POPMYJIN BUHECEHHS MHOMKHUKA 3-IIiJ] 3HaKa KOpeHsa abo
BHECEHHs MHOMKHUKA IIiJ] 3HAK KOPEHs.

Iiticuo, mpu a > 0, b > 0 Ya"b=VVa"- b = ab. Posriazamoun omepaxa-

HY dopMyJy 3J1iBa HAIIPABO, MAEMO (YOPMYNLY BUHECEHHS He8i) EMH020 MHOMC-
HuKa 3-ni0 3HAKA KOpPeHs:

"\/a"b =a«'\L/Z )
a cmpaBa HaJiBO — (POPMYNY BHECeHHA He8i0’€MH020 MHOMCHUKA nid 3HAK
KOpeHa:

a¥b="a"b
Hampurnan, Y96 =3/32.3=3/2°.3=2%3.

8) BasHauumMmo Ie OAHY BJIACTUBICTL KOPEHiB 71-TO CTEIeH:
0asl 6Y0v-aKux Hegid’ emMHUX Yucen a i b

AKWO a > b, TO %>% .

® [ToBememo Ile METOAOM Bim cymporuBHOro. IlpmmycTumo, Imo % <§‘/g.

Toxi nmpu migHeceHHi 060X YaCTUH OCTAHHBOI HEPIBHOCTI 3 HeBiJ e MHUMU
yjieHaMH 10 n-ro creneHs (i3 30epekeHHAM 3HaKa HEPiBHOCTI) omep:Ky-
€MO IpaBWJIbHY HepiBHicTH a < b. Ile cymepeuurs ymoBi a > b. Otixe,

HAaIlle TPUNYIIeHHA HellpaBUJIbHE i Ya>ib. O

Hanpukiaz, ypaxoByoun, 1mo 21 > 16, ogep:xyemo V21 >4/16. Ockinb-
Ky Y16 =2, maemo, mo Y21 >2.

Y3aranbHeHHs1 BNaCTUBOCTEN KOPEHS n-ro cteneHs’

OcHoBHa uvacTuHa (POPMYJ, AKi BUpaKalOTh BJIAaCTHUBOCTI KOPEHIB 71n-To
cTelleHs, OOI'PYHTOBAHA AJA HEBiJ €eMHMX 3HAUeHb IIiJKOPEeHeBMX BHPAasiB.
AJe iHKOJIM MOBOAUTHCA BUKOHYBATU IIEPETBOPEHHS BHUPAas3iB 3 KOpeHAMH
n-ro CTemeHsl i B TOMY BUNAAKY, KOJU TaKUX OOMerKeHb HeMae, HaIpUKJaLI
mobyBaTu KOpPiHb KBaApaTHHU (a00 B 3arajJbHOMY BUIIAAKY KOPiHB IIapHOTO

cTemeHs) 3 foOYTKY ab Bim’emuux uwnces (a < 0, b < 0). Toxi ab > 0 i ¥ab

icuye, mpore (opmMyJI0I0

Yab =atlb ey
CKODMCTATHCA He MOKHA: BOHA OBIDYHTOBAHA TiMBKM JJIA HEBil €MHHUX 3HA-
yeHb a i b. Ane y Bumagky ab > 0 maemo: ab=|ab |=| a |-| b | i Temep
la|>0mTa|b|> 0. Omxe, 11 noGyBaHHA KOpeHs 3 HOOYTKY | a |+| b | moxkHA
Bukopucratu Gopmyay (1).

! Tleit maTepias € 000B’ I3KOBUM TLIBKH 1A KJIACIB (Pi3UKO-MaTeMaTUIHOI'O IPOMiIIo.
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Tonmi mpu a < 0, b < 0 MokeMO 3amucaTH:
Xab=2|al-|b| =% a|-%|b|.
3asHauumMo, IO ojep:kaHa opmysa crupaBenyguBa i mpu a = 0, b > 0,
OCKiJIbKM B IbOMY BUIAAKY | a |=a i | b|=b. Orxe,

mpu ab > 0 %/ab = {‘/g-z{‘/m

Amnajoriuno MoskHa y3araJbHUTU BJIACTUBICTEH 6.

2k,
pu 2 >0 zdg _Hla|
b b 2k/| bl
Crij 3a3HAYWTH, IO B TUX BUIIAJKAX, KOJU OOI'DYHTYBAHHS OCHOBHUX

bopMys MOKHA TOBTOPUTH i AN BiL’eMHUX 3HaAUeHb a i b, TakuMu Qop-
MyJlaMU MOXKHA KOPHUCTYBaTUCS A OyAb-AKux a i b (8 O3 siBoi uacTuHU
dopmyan).
Hanpukaan, 115 KOpeHiB HeTapHOTo cTeneHd 04 6Y0b-aKUX 3HA4eHb aib
2k+\1/£: 2k+\1/; .2k+\1/3. (2)
Hificuo, siBa i mpaBa uacTuHU Iiel GOPMYJU iCHYIOTH NPU OYAb-IKUX
3HAUEHHAX a Ta b i BUKOHYeTbCsS DiBHiCTH

2k+1 2k+1 2k+1
(a3 = () D =
Toxi 3a osHaueHHAM KopeHd (2k + 1)-ro cTemneHs BUKOHYEThCA i piBHICTD (2).
Hanpuknaza, Ya® =%Ya-3b=a’¥b upu 6yap-sxux sHaueHHAX a i b.

Aste meakumMum (OpPMyJIaMH He BIAETHCA CKOPUCTATUCS IJIA HOBLIBHUX
3HaueHb a i b. Hampukaan, SKIO MU 3a OCHOBHOIO BJIACTHBiCTIO KOPEHs 3a-

6 . .
numremo, mo Ya® =%a (IoKasHWK KOpeH: i TOKa3HUK CTeleHs IIiJKOpeHeBO-
ro BHpasy IOAiJWJIM Ha HaATypaJbHe umcjo 2), TO oJepsKaHa pPiBHiCTHL He
€ TOTOJKHiCTIO, OCKimbKM mpu a = —1 (;1iBa i mpaBa uacTuHU I1iel piBHOCTI

o3HaveHi mpu Beix sHaveHHsAX a) MaeMo v(—1)°=3-1, To6To 1 = -1 — He-
OpaBUJIbHY PiBHICTH.

Takum uwmHOM, HPU AiJIeHHI IIOKAa3sHMKA KOPeHs 1 IIOKa3HMKA CTeleHs
OiKOPEeHeBOr'0 BUPA3y Ha IIapHe HaTypajbHe UYHCJO IIOTPiOHO y3araJibHUTHU
OCHOBHY BJIACTHUBiCTH KOpeHsA. JJIs IbOT0 JOCTATHBO MOMITHUTH, III0 a2 = | a |2,
i Termep ocHOBa cTeleHs IifKOpeHeBOro Bupasy | a | > 0, a oT:Ke, MOKHA BU-

. 2
KOpHUCTATH OCHOBHY (opmyay (racrusicts 7): Va® =§|a| =3/ al.
VY zarasbHOMY BUTAAKY, AKUW,0 NPU BUKOPUCMAHHI OCHOBHOL 8/1ACMUBOC-
mi Kopeus 0o6o0umucs diiumu NOKA3HUK KOPEeHs i NOKA3HUK cmenens nio-
KOpeHe6020 8upas3y HA NAPHe HAMYPAJLbHe YUCL0, MO 6 pe3ysbmami 0CHO8Y
cmenens nidKopeHeg0zo supasy nompioHo 6pamu 3a modyaem, TOOTO
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2kn

Amnanoriuno MoOKHA OOIDYHTyBaTH U iHINI HOPUKJIAZU BUKOPUCTAHHA
OCHOBHUX BJIACTUBOCTEH KOpEHiB Ipu MOBiIbHUX 3HaueHHAX a i b (3 O3
JiBoi wactTuHU (hopmMynau), AKi HaBemeHO B Tabsuii 18.

Tabaumsa 18

OcHoBHIi GopMmyan aasa
KOpEeHA Nn-TO CTeIleHs
(TinbKu maa
HeBix'eMHUX 3HAUYEHb

a=>0,

aib, Todro g
b=>0

Yy MOKHA KOPUCTYBATUCA OCHOBHUMHU (DOPMYJIaMU
nast Oyab-axkux a i b 3 OI13 siBoi wacTuHM
dopmyau (AKINO Hi — JaHO y3arajabHeHY GhopMyay)

KOpiHb
HeIIapHOI'0 CTeleHs

KOpiHb
TIIapHOTO CTeIleHs

1. (Ya) =a

miavku 0ns

MOXHCHA .o
Hegi0’ eEMHUX a
2. Ya" =a MONHCHA Xa® =|a|
3. Kopiub i3 Kopeus
n,—}\e/, _ n% MONHCHA MOHCHA
4. Kopiub i3 100yTKY 2k
ab=%a|?|b
/a5~ tatlp Vab =%]|a|%]|b|
"""""""""""""""" MOXHCHA
i 1o6GyTOK KOpeHiB [
Ya¥/o =%fab
5. Kopiab i3 wacTku 2% q|
Ya yfe - X
r{/gz_a (b #0) b 2|
b "%
- - MOMCHQ [T
i yacTka KopeHiB
MOXHCHA

”a:,\l/E
/p b

6. OcHOBHA BJIACTHUBiCTH
KOpeHs:

tfam ="fam

i maBmaxkm

MOJKHa, SKIIO BCi
KOpEeHi HemapHOTOo CTe-
neHs (To0To mepexin He-

napruil — HenapHuil)

Ilepexim napruit —
NapHuil MOHCHA

ITepexin nenapruit —
napHuil
"a™ npua™ >0,

nk[amk — }| a™ |
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IIpodosicenns mabr. 18

OcHoBHIi popmynu aina | U MOKHA KOPUCTYBATHCA OCHOBHUMU (DOPMYJIaMU

KOpeHd n-ro cTeneHd nnsa oyab-Akux a i b 3 OI13 smiBoi yacTuHuU
(TinpKU AJA dopmyau (AKIO Hi — AaHO y3araJbHEHY (GopmMyTy)
HEeBi’eMHUX 3HAUEeHb
) a>0, KOpiHb KOpiHb
aib, robro b>0 HEIapHOI'0 CTEIIeHs HApPHOI'0 CTEIeHS
=
7. BuneceHHsI MHOYKHU-
Ka 3-IIi/I BHaKa KOpeHdA
A p MOMHCHA Ya"b=|a |§L/z
Yamb =ailb
8. B‘HeceHHH MHOMKHUKA G ”/a"b, npua >0,
mif 8HAK KOpeHd b=
n
. . MONHCHA —~Na"b, upua <0,
a¥lb =%Ya"p
meb >0

3ayBaxeHHd. IIig TepmiHOM «Iepexin», AKUI BUKOPUCTAHO B TabJu-
i 18, caix posymiTu mepexin y BigmoBigHi# dopMyJii Big KopeHs n-To crele-
HA 0 KOpeHdA m-To CTeleHd.

dAxmio n i m obuaBa mapHi, TO TaKKil MepexXiJi KOPOTKO OXapaKTepus3oBa-

. o o 4 8
HO fAK «Ilepexim mapHuili — mapuuii» (tuny vVa?=3Va* )
Axiio n i m obuaBa HemapHi, TO B TaOJUIII 3aIMCAHO, 10 BUKOHAHO «IIe-

pexin HemapHuil — HemapHuii» (tTuny Va® =3a’ ).
fAxIio n — HemapHe YMCJIO, a M — TapHe YKUCJO0, TO B TaOJUIli TOBOPUTh-

cs1, IO BUKOHAHO «Ilepexij HemapHuil — mapHumit» (tumy ¥(-2)° =—(-2)° )

TakuM YMHOM, AKIIO 3a YMOBOIO 3aBJaHHA Ha IE€PETBOPEHHA BUpPAa3iB
i3 KopeHaAMHU n-ro cTemeHd (ippallioHaIbHUX BUPAasiB) Bimomo, 110 BCi OYKBU
(AKi BXOZATH IO 3amMCy 3aJaHOTO BUPAa3y) HEBil €MHi, TO JJid IIepeTBOPEHHA
IILOTO BUPA3y MOYKHA KOPUCTYBATHCA OCHOBHUMU (OpPMYyJIaMM, a AKIIO Ta-
Kol yMOBU HeMae€, To HeobOxinuo anamisyBatu OJl3 3amaHoro Bupasy i TiabKku
MicJsa IIHOT0 BUPIIIyBaTH, AKUMU (POPMYIaMU KOPUCTYBATUCA — OCHOBHUMU
Yy y3araJIbHEHUMU.

4. OyHKIig y=§‘/; (n € N, n 2 2) Ta ii rpadik. XapaKTepusyouu BJIACTU-
BOCTi (pyHKIIill, HaiuacTiiie BUALJISIOTh Taki ix xapakTepuctuku: 1) obaacTh
BU3HAUEHH; 2) 00JIacTh 3HAUEHD; 3) TapPHiCTh UM HEeMapHiCcTh; 4) TOUKH mepe-
TUHY 3 OCSAMU KOOPAUWHAT; 5) MPOMIKKH 3HAKOCTAJOCTi; 6) mMpoMisKKHM 3poc-
TaHHA 1 cuagaHHa'; 7) Halbiablne 1 HaliMeHIe 3HAYEHHSA (PYyHKIIL.

! TIpomiskKkm 3pocTaHHs i crmafaHHA QYHKII] iHKOJM HA3WBAIOTH IIPOMIKKAMU
MOHOTOHHOCTI (PyHKITII.
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Poarisimemo BiactuBocTi QyHKINT y=4x. OCKiAbKU JesaKi BIaCTUBOCTL

KOpPEeHiB HeIrapHoro cTeleHs He 30iraloThbCcs 3 BJIACTUBOCTAMU KOPEHiB mMapHO-
ro CTemeHs, TO IJiA BIiAMOBiZHMX BUIAAKiB IIi KOopeHi OyaeMo pO3TJamaTh

OKpeMo.
Axmo n — wenmapue (n =2k +1, fAxiio n — mapue (n = 2k, k € N):

k € N):

. Oobnacmv eusnauenua. Ilpu we- | 1. Ob6aacmv eusHavenna. Ilpu map-
mapHUX 3HaueHHAX n (n = 2k + 1, HUX 3HaueHHAX n (n = 2k, k € N)
k € N) KOpiHb HEIMapHOTO CTEeIeHs KOPiHb ITApPHOTO CTEIleHsA 3 YHCJa
3 yucja X iCHye mpu OyAb-AKUX x icuye Tinpku mpu x > 0, Tomy
3HAUEHHAX X, TOMY O0JIACTIO BU- obsacTi0 BH3HAUEHHA (QYHKITIT

2k+1 . 2k .
sHaueHHs QyHKHII y=" VX € Bci y=%x € MHOWHA HEBir eMHUX
miricui umesia: qyuces:
2k+1 2k,
D (*Yx)=R. D (%x) =[05+e0).

2. TIlpu wHemapumx 3HaueHHAX n | 2. Ilpm mapHMxX  3HAUEHHIX 1N
GYHKIIE HenapHa, OCKiJIbKU byHKIIA Hi napHa, Hi HenapHa
2k+1 2k+1 .

AT 2 (_x, orke, epadik (Tromy 110 ii 06JI§'3.CTB BU3HAYEHHS
2hr1 . HeCUMETPUYHA BiJHOCHO HOYATKY
Gyukyil y="Nx cumempuuHuil
: KOOpPAUHAT).
6i0HOCHO nouamkKy KoopoOuHam.

8. Ocxkinpku nmpu x = 0 sravenHa y = 0, To epaix Qynryii y==~x 3aemxdu
npoxodums yepe3 novamokx koopOuHam (iHIIUX TOYOK IEPETHUHY 3 OCAMU
KoopauHAT Hemae: npu Yy = 0 3 piBHAHHA {/x =( B3HOBY OZI€PKYEMO TiJIbKU
x =0).

4. Ha sciii o6nacmi eusnavennsa ynryia y==%x 3pocmae. Cupasai, A1 He-
Bi’eMHUX 3Ha4YeHb X, i X, 3a BJacTUBicTIO 8, AKIO x > X, TO x> xy,
a Ie o3Hauvae, 10 PYHKIiA 3pocTae Mpu HeBin eMHUX 3HaueHHAX x. OTike,
Ipu IIapHOMY 3HAUeHHi n (pyHKIiA mificHO 3pocTae Ha Bciii obsacTi Bu3HA-
yeHHA. [l HemapHOrO 3HAYEHHS 7 JOCTATHBO BpaxyBaTu, IO rpadik
byurmii y=~/x cumerpuuyHUI BiJHOCHO IOYATKy KOOpAWHAT, i, Bimo-
opaskyroun rpadik spocraiouoi npu x = 0 pyHKIIiI, 3HOBY ofgeps;KaTu rpadik
3pocTawuoi GYHKIII (ZUB. HUMKUeE).

5. s toro 1106 suaiiTu obsacmb 3Havenb QyHKIil y=x (n € N, n > 2),

CKJIaJIeMO PiBHAHHSA

Yx =a.
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fAKmo n — HemapHe, TO BUpas
7/x HaGyBae sK HeBiI’eMHHX, TaK
i Big’emMHHUX 3HAUeHb, 1 pPiBHAHHA
Yx=a npu OyAb-AKOMY a 32 O3HAUEH-
HSAM KOPEHS n-TO CTeleHs Mae€ KOpPiHb
x = a". OT:ke, O0JA HeIapHUX 7 MHO-
JKMHA BHAUeHb CKJAJAEThCA 3 YCix
TiICHUX dYHCeJ: E(ZM\I/;):R. Tomy
HaillmeHuwo0z0 i HallbinbUL020 3HAYEHb

QyuKrUuia Y ="Yx ne mae.

6. IlpomixckKu 3HAKOCMAJLOCMI:

npu x > 0 3HaueHHs Yy > 0 (OCKiJb-
KM B I[bOMY BHUIAJKy yzz’”\l/; —
apudMeTUYHE 3HAUEHHA KOPEHHA),
a npu x < 0 3HavenHa y < 0 (ockinb-
KM  KOpPiHb HemapHOro  CTeleHd
3 Big’eMHOro UYMCJIa € UYHCJIOM
Bix’eMHUM).

fAxmo n — mapHe, To BuUpas Yx
mosHavae apuMeTHUHe 3HAUEHHS KO-
pens (i’/;>0), TOMY PiBHAHHSA Yx=a
Mae KopiHb TiapKkm mpu a = 0. Tomi
nas Beix a =2 0 maemo x = a”. Orike,
IJIs TapHUX 7N MHOMHHA 3HAUYeHb
CKJIAMAa€ThbCA 3 yCiX HEeBix eMHUX YH-
cem: E(%/x)=[0;+).

Tomy waitbisbIIoro 3HAYEHHS
bysruia y=%x He Mae, a HaiiMeH-
mroro — y = 0 — nabysae npu x = 0.
6. Ilpomixcku 3HaKOCMAJLOCMI:

mpu x >0 3mauenmna y > 0
y=25/; — apu@MeTHUUHE
3HAUEHHSA KOPEeH:).

(OCKiIBKM

3asHauMMO TaKOXK, 1o npu x = 1 maemo y = 1, oTke, rpadik GyHKIiI
y:(‘/; 3aBXKAU IIPOXOAUTH ueped Touky (1; 1).

HaBenmene mociimkeHHs M03BOJIsI€ mOOyayBaTu rpadik (QyHKII y=4/;
nis menapuux (puc. 80) i mapuux (puc. 81) 3HaueHb n.

y
y :2k+\1/;
1
-1
0, 1 x
-—/ _1
Puc. 80

Yy
y="x
1
0 1 x
Puc. 81

Ha pucyuky 82 B oxmiii i Tifi camiii cucTemi KoopauHAT 300paskeHo I'pa-
biru QyHRIIT Y= Yx Ta y= Yx i Aad nopiBHAHHA rpadik QyHKIIL y = x.
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3ayBamkumo, 110 rpadixk QyHKITil y:% MOJKHA TOOyIyBaTH, BUKOPUC-

ToBytoun rpadik ¢pyukrmii y = x*. Hanpuxknazn, GyHKIio yzé/; MOJKHa pPO3-
riAgaTé SK o0epHeHy mo GyHKIN y = x3, a orike, mobyayBaru ii rpadik
(puc. 83) AK KpuUBY, cUMeTPUUHY KyOiuHiil mapabosai y = x3 BigHOCHO mpsiMol
Yy = x. AHajsioriuHO B TyHKTi 2.4, BUKOPUCTOBYIOUU IIPaBy BiTKYy mapaboJiu
y = x2, 6yJio mobymoBaHo rpadik GyHKIii y=\/; (puc. 50, c. 65).

Yy .

X
Puc. 82 Puc. 83
E [lpuknaau po3s's3aHHSA 3aBAaHb
ITpurkaanx 1 3HalIiTh 3HAUEHHS BUPAa3y:
1 32
1) V625; 2) 3——; 3 ,5/—.
) ) 27 ) 243
Posé’s3anua Komenmap
1) > 4[625 :5 OCKiJII)RI/I 54 — 625 < BI/IROpI/ICTaeMO O3HAYE€HHA KOPEeHdA
. ) 3 n-ro cremens. 3amuc Ya=b O3Hayvae,
2) P }——-=—-, ocKimbKK (—l) =—>; < | mob=a.
27 3 3 27
5
32 2 . 2 32
5/ 22 -2 — ——_——
3) > 43 3’ OCKITBKM (3) YEL

IIpukaax 2 3HaliiTh 3HAUEHHS BUPAa3y:

1) 327-125; 2) Y2 48.

Komenmap
Buxopucraemo BIACTHUBOCTI KOPEHS N-TO CTEIEHA 1 BPaxyeMmo, I[0 KOXK-
Hy GOopMyay, AKa BUPA’Kae Ii BIACTUBOCTi, MOKHA 3aCTOCyBaTU AK B3JiBa
HaIpaBo, Tak i cupaBa HaniBo. Hanpukiaaz, nias poss’A3yBaHHA 3aBAaHHS 1
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cKopucTaeMocsa (hopMYyJI00 tab =%a - ('/5, a OJsd POo3B’sI3yBaHHSA 3aBIaH-
HA 2 — 1iero camo (popMyJIoio, ajie 3alliCcaHoi0 CIpaBa HaJIiBO, TOOTO:
ta - Yo=%ab (upua >0, b > 0).
Poszs’a3annsa
1) > 327 - 125=%27 - ¥125=8 - 5=15; <
2 Y2 - Yg=42-8=416=2.<

Ipukaaxg 3  IlopiBualiTe yncia:

1) 50 i \7; 2) 43 1 ¥B.

Pos3é’s3annsa Komenmap
JIA HOpiBHHHHH 3a0aHUX YHnceJl
7 =37 =449. Ocxi A :
Dl \/— Ocximbkn 50 > 49, y KOXXHOMY 3aBIaHHiI JOCTATHHO IIPU-

to 450 > 449, ro6ro {50 >/7; < BECTH BCi KOpeHi [0 OJHOTO HIOKABHU-
2) P 43 1233 _12fo7 331334 _1z/gy. | ¥a KopeHa i Bpaxysatu, mo 0.4

) 1 1 0yOv-arxux Hegid emHnux wucen a i b,
Ockinpku 27 < 81, 0 W27 <¥/81, n "
aKwo a > b, To \/;>\/5.
ro6To 43 <%/3.<

IIpuxkaan 4 IlopmaiiTe Bupas y BUTJISAAiI Apo0y, 3HaMEHHUK SAKOro He Mic-
TUTb KOPEHS 1-T'0 CTeIeHs:

1 4 : 1
1) —; 2) —; 3) —.
) % ) \/g+1 \/;+1
Komenmap

. 5 .
V saBaanHi 1 ypaxyemo, mo V3% =3, oTiKe, micasg MHOMKEHHS YMCEIbHU-

Ka i 3BHaMeHHHKa 3aJaH0oro APo0y Ha 5/374 3HaMEeHHUK MOJKHA OyAe 3amucaTu
0e3 3HaKa paguKajga. y 3aBAaHHL 2 HOCTATHBO UNCEIbHUK i 3HAMEHHUK 3a-
ZaHOTO Apo0y MOMHOMUTH Ha PisHUII0 5 —1%£0 (1106 ofep:KaTy B BHAMEH-
HUKY (GopMyJy pisHUIIL KBaJpaTiB).

AJle BUKOHAHHS AHAJOTIUHOIO IIEPETBOPEHHS B 3aBJaHHI 3 IOB’s3aHe

1 . . .
3 neBHuMU npobsemamu. O3 Bupasy A e a 2 0 (i Bci ToToXKHI TIEepeTBO-
a+1

PeHHsS TmOTPiOHO BUKOHYBATHU AJA BCix 3HaueHb a > 0). Mu xoueMo JTOMHOMKHU-
TH YMCEJbHUK 1 3HAMEeHHHK 3aJaHOro Apo0y Ha BHpas Ja-1. Ba oczosmoW®
BJIACTUBICTIO IPOOY ITe MOKHA 3POOUTH TiMILKU A BUMAAKY, Koau vVa —1#0,

To06TO TinbKu mpu a # 1. Ane a = 1 Bxoguts n0 OJI3 mouaTKoBOro BuUpaasy,
i Tomy BuOpaHUil HaMu CIIO0Ci0 PO3B’sI3yBaHHA mpuBene 10 3By:KeuHsa O3 mo-

1 Na-1 _Na-a
Var1 (asDWa-1) a-17

YaTKOBOTO Bupasy. IlificHo, AKIIO 3amucaTu, 1o
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TO IIA PiBHICTH HE € TOTOMKHICTIO, OCKIJIBKU He BUKOHYEThCA A a = 1 3 O3
IIOYaTKOBOTO BUPasy. ¥ IIbOMY pasi, 11100 He MPUIYCTUTUCH IIOMUJIOK, MOKHA
KOPHUCTYBATHUCSA TAKUM OPIEHTUPOM: AKULO Ol MOMONCHUX NepemeopeHsb (uu
Ui PO3B’sI3yBaHHS PiBHAHB i HepiBHOCTei) dogodumbcs 8ukopucmosysamu
nepemeoperts (vu gopmyau), axi npuszeodams 00 38yxenns O[3 nowamko-
8020 8UpPA3Yy, MO 3HAYEHHS, Ha AKi 38yxcyemvcs O3 3adanozo supasy, cnio

Ppo3easHYyMU OKpeMmo.

Pos3é’azanna

ST I i
T

4(\5-1)

Cals-1)

4(\5-1) _ 1.

] SR W = W Sy = v

3) P> Ilosgauumo A=

1
\/;+1.

1

Toxi mpu a = 1 omep:kyemo A = L
\/_+1

4

N |

a-1 a1

IlIpu a # 1 (a =2 0) maemo A=

Bionogidv: upuma =1 A=%,

\/a_+1_

mpua#1 (a=

Va+)(Wa-1) a-1’
0) A= J— 1

(TobTO BimmOBiAL He MOKHA 3ammCcaTU o;[Ho:sHatIHo). <l

CmpocTiTh BUpas:

) Yot
‘o P

Po3s’a3annusa
1) I cmoci6

\/— P (8a)
>V th %t
_(\/a_—\/l;)(\/;-i-\/;)_ea 6
W) Wa ) oy 14
II cmoci6
P ITosmauumo %=x, Q/l;=y, e

a>0,b>0. Tor Ya=(%a) =«
:(%)Z:yz. Or:xe,

b x2—y _-yty)

\/Z x-y
=x+y=%+\ﬁ/5. <

IIpukaang 5

(&) _

§

i

@

Ch

8955

wiab
b+\/—

gvy arab
b+\/—

mpua > 0ib> 0;

Komenmap

Y samanmi 1 O3 samamoro BUpasy:
a >0, b >0, Ya-%b#0. Mua
HeBif’eMHUX 3HAUeHb @ 1 b MU MaeMo
IIPaBO KOPUCTYBATUCSA BCiMa OCHOBHUMU
dopmysiaMu IIepeTBOPEHHS KOPEHiB (AK
3JIiBa HAIIpaBO, TaK i cIpaBa HAaJIiBO).

ITpu a > 0, b > 0 mo:kHa 3amuca-

TH: %=(\6/;)2 i %=(%)2. Toxmi um-
CeJIbHUK 3aJaHoro Apo0y MOKHA
POBKJIACTU SIK Pi3HUIIIO KBaJpaTiB.
Hast Toro 1mo6 BUAIMATA B YMCEIbHU-
KY PiSHHII0O KBaJpaTiB, MOKHA TaKOK
BUKOHATU 3aMiHy Sa = X5 b = y.
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asab _(a) vavh _
b+vab (o) Navb
JaWa o) _a_
Vo Waivb) b
asab
b+\/ﬁ'

i b+x/%¢0) MaeMo:

2) »

<

(SRS

3) P Ilosmaunmo A=
>0,
2o

{a

ITpn b>0

a_arvar _ () b _
bvab () 4 Jalb

NaWa+s) a_ [a
‘JE(JLJ;)‘J;‘\/;‘ <

a<0,
ITpu b<0 (ib+\/ﬁ¢0) MAa€EMO:

A:a+\/£:—(—a)+\/mm:
vt oo lal ol

G e _alaee) _
N N A A =

1) npua>0ib>0 A= %;
2) npna<Oib<0(3OII3)A:_\/%,<

Bionosion:

Ipuxkxaxg 6° CuopocriTh Bupas \/a

43

Y saBmamui 2 3a manoi ymoBu a > 0
ib > 0, ToMy MU MaeMO IIPaBO CKOPUC-
TaTHUCA BCiMa OCHOBHUMU (hOopMyJaMu
mepeTBOpPeHHA KopeHiB. Toxmi

Jab =\ab, a=(a)’, b=(b).
Y sasmamni 3 O[3 3amaHoOTO BU-
pasy: ab > 0, b++ab#0. Ane ab > 0

a=0, a<0, a=>0,
upu abo IIpu
b=>0 b<0. b=0

MU MAaEMO IMPAaBO KOPUCTyBaTHUCSA BCi-
Ma OCHOBHUMH (DOPMYJaMH IIepPeTBO-
PeHHA KOpeHiB (4K y 3aBmaHHi 2).

- a<0,

u OBEIeThLCA BUKO-
p b<0 pis pit

pucraTu ysaraJbHeHy dopmyay

Jab =\/m \/m i BpaxyBaTu, IO IpU
a < 0 ogep:xkyemo (—a) = 0. Toxi moxx-
a=—(—a)= —(\/;)2.
Amnanoriuno npu b < 0 MmoskHa 3amuca-
m b=—(-b)=—(N"b).

ypaxyBatu, 1o npu a < 0 i b < 0 ma-
€Mo:

Ha 3amucaru:

Tarxoxx curif

la|=-ai|b|=-b.
3anucymoun BiAOOBiAb, AOIIJIBLHO B3d-
TH A0 yBaru, 1o b = 0 He BXOAUTH [0
OJ13 s3amaHOTO BUpPA3Y.

2

Komenmap

B ymoBi He ckasano mpo Te, 1110 3HAUEHHS @ HeBix eMHi, TOMY JTOBeIeTh-
ca cnouatky BusHauuTu OJ13 3amaHoro Bupasy.

Bupas $/q? icmye npu Oyab-AKHX 3HAUEHHAX a i € HeBim eMHUM. Bu-
pas a! Takosk icHye i HeBixm’eMHUI npu OyAb-AKMX 3HadueHHAX a. Orixe,
npu 0yAb-IKUX 3HAUEHHSX @ IIiJi 3HaKOM KBaJAPaTHOrO KOpeHsA Oyae MicTu-

THCs HeBim emHmME Bupas ¢*iq?, TOGTO 3amamHmit BMpas icHye mpu GyAb-
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AKuX 3HaueHHAX a (O3: 6yab-ake a € R), i fioro mepeTBOpeHHA IOTPiOHO
BUKoOHAaTU Ha Bcint Ol13.

MoskaIuBUMU € AeKiJbKa IUIAXiB IIepeTBOPEeHHS 3aJaHOTO BUpa3y, Ha-
mpukJaan: 1) cmoyarky po3rIsHYTH KOPiHb KBaApaTHUH i3 HOOYTKY, a IOTiM
cKopucTaTtucsa GopMyJIo0 KOPeHsA 3 KOPeHs i OCHOBHOIO BJIACTUBICTIO KOPEH;
2) BHecTH BuUpas a* mig 3HAK KyOGiUYHOIO KOpeHs, a IOTIM TeXX BUKOPHCTATH
dopmMysIy KOpeHs 3 KOpPeHsA i OCHOBHY BJacTUBicTh KopeHs. Ha KoikHOMY 3
IUX ILIAXIB YPaxoBYEMO, IO HPU OyIb-IKUX 3HAUEHHAX @ 3HaueHHdA a’ > 0
ia* > 0 (a 3HAUUTH, IJIA IUX BUPA3iB MOMKHA KOPHUCTYBATHUCS OCHOBHUMU
dopmysmamu). BUKOpPHUCTOBYIOUM OCHOBHY BJIACTUBICTH KOPEHS, HOBOLUTHCS
OIIUTH TOKAsHUK KOPeHs i IIOKAasHWK CTeleHsA IIiJKOPeHeBOTO BUpady Ha
nmapHe HatypaabHe yuciyio 2. ToMmy B pe3yJbTaTi OCHOBY CTeleHs MiZKOpeHe-
BOT'0 BUPAa3y MOTPi6bHO OpaTu 3a moxyJieMm (ocKiabKu a € R).

Poss’szannsa

I cnoci6

S EE BN R P

II coocio

={laf {al |l F a

HEl 3anuTaHHS ons KOHTPOJo

1. JlaiiTe o3HaueHHS KOpeHA n-Io CTeleHsd 3 uyucia a. HaBefiTh IpuUKIamu.
2. JafiTe o3HaueHHA apu(MeTHIHOIO0 KOPeHs 7-TOo cTeleHs 3 uucia a. Ha-
BeIiTh IPUKJIAIN.

. 2k+1
Ilpu AKUX BHAUEHHAX a icHyiors Bupasu %/qg ta *Yg (k € N)?

4. 3BanumIiTe BIACTHBOCTI KOpPEeHA 7-TO CTeIeHs A HeBiJ eMHUX 3HAUYeHDb
OigKopeHeBUX BUPA3iB.

5% HoBemiTh BIACTHUBOCTI KOPEHS N-TO CTENeHs IJA HeBim eMHUX 3HaAUEHD
OigKopeHeBUX BUPA3iB.

6. SIKMMM BIACTHBOCTAME KODEHS 7-TO CTeIleHS MOYKHA KOPUCTYBATHUCS
opu IOoBiIbHUX 3HAaUeHHAX OYKB (3 O3 siBoi wactuHu BimmoBiguOI dop-
mysn)? HaBemiTh mIpuUKJIaAy BUKOPUCTAHHA OCHOBHUX (opMyJI Ta ix yza-
raJIbHEHB.

7. Ilpum aKuWx 3HAUEeHHAX 4 Mae€ KOPeHi piBHAHHA:

1) x**'=qa (k € N); 2)x?=a (k € N).
8. 3BanumIite yci po3B’A3KM PiBHAHHA:
1) x**!=qa (k € N);
2) x* = a (k € N): a) mpu a > 0; 06) nmpu a < 0; B) mpu a = 0.
HagegmiThs npukgagu TakuxX PiBHAHB i PO3B’AXKITH IX.
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10.

11.

9. IloGynyiite rpadik GyHKIIT y =2(“/;, ne B € N, Ta chopmy.JiioiiTe ii Biac-
THUBOCTI.
10. IIo6ynyiiTe rpadgixk QyHKII y=2k+\l/;, ne kB € N, Tta chopmyJroiite ii
BJIACTHUBOCTI.
11°. O6rpyHTYy#iTe BiacTuBOCTI PyHKITIT yzi‘/; (n e N,n > 2):
1) 115 HemapHOTrO 3HAUEHHS 7} 2) nysa mapHOTO 3HAYEHHA 1.
Bl Bnpasun
1. IlepeBipTe MpaBUILHICTL PiBHOCTI:
1) 364 =4; 2) Y-1=-1; 3) W1024 =2;
1) %o =0; 5) ¥-32=-2; 6 ¥1=1.
2°. O6YmnCIiTh:
1) ¥-8; 2) ‘§/%; 3) ¥-1;
4) ¥32; 5) ¥125; 6) 4/81.
3HaligiTh 3HaueHHs Bupasy (3—7).
3. 1% 3/8-1000; 2) 416-625; 3) 324 - 9; 4) 5/48 - 81.
4. 1) Y9 - ¥27; 2) Y2 - 3500; 3) Y8 - U-16; 4) 45 - Y125.
3 4 3 6
5. 1) —16; 2) 729; 3) 625; 4) 1024.
32 Yo Y5 %16
5
. 3. 113. 6/96 . 96. 7[a7 . A7 51). 5
6°.1) 373 - 113; 2) 2% - 3% 3) 3" - 5% 4) (2 10°.

30
7 .1) 5/210 . 315; 2) 3&56 . 29; 3) 4[(0’1)4.38; 4) 10 (l) . 620.

ITopiBHANITE UYKCaa:

1) 20,1 i 0; 2y W1,3 i1; 3) ¥23 i V5; 4) Y1 i ¥3.

.IIpu axkux x mMae 3MicT BuUpas:

1) ¥Y5x+1; 2) Y2x-6; 3) Yx+2; 4) E\‘/g-

ITomatiTe Bupas y BuUriIaai Apo0y, 3HaMEeHHUK AKOTO HEe MiCTUTH KOPEHS
n-To CTeleHs:
3y _1

1

1 2, 2) 2 ; 4y ———.
UE \/;—1 JZ+3 %/x72+§/;+1

BunecitTh MHOXKHUK 3a 3HaK KopeHd (a > 0, b > 0):

1) 5la11b7; 2) 4la7b13; 3) 3[_27a5b14; 4) 6I128a9b17-
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12°. BuneciTh MHOKHUK 32 3HAK KOPEHS:

1) Ya'p™; 2) Ya’p®; 3) Y64a'"; 4) Ya'p°.
13. BueciTh MHOXHUK mIif 3HaK KopeHsa (a > 0, b > 0):

1) a¥7; 2) —b¥ab; 3) ab¥5; 4) ab%/;%.

14°. BHeciTh MHOMKHUK IIiJl 3HAK KOPEHS:

1) a¥7; 2) a®¥ab; 3) abt{/j:’;; 4) —b¥—3p°.
15. CopocriTh Bupas:
1)§/a78np1/1a<0; Z)Q/a_5npna<0;
3)‘\1/a_4—§/a_3npna>0; 4)1/?#\3/; upu a < 0.
16". CupocriTs Bupas:
1) Y2ap® -W; 2) Yave - Yatbic - Ybiect;
3) Ya¥Ya*; 4)%;%.

17. CuopocriTs BUpas:

1) ﬁ—%; 2) Vx -

3) Yav? —2%ab® +0
\/3 azb—\/z ’

18°. Po3B’a:KiTh pPiBHAHHS:
1) x3=17; 2) x% = 3; 3) x5 = —b;
4) x8 = -13; 5) x* = 16; 6) x3 = —64.
19. IToGynyiiTe rpadik QyHKIII:
1) y=4x; 2) y=%; 39 y=Ux 1°) y=Y;
5) y=4x|; 6) y=-Yx; 7) y=Y-x.
20. PosB’s1:kiTh rpadiuHo piBHAHHS:
1) 3/;=2—x; 2) \/;=6—x; 3) m=4—x; 4) J-x=x+2.

IlepeBipTe mimcTaHOBKOIO, IO 3HAUEHHA X AiMCHO € KOPEHEM PiBHAHHA.

nea>0,b>0,a=b; 4%)

21°. MoBexniTk, 1110 PiBHAHHA, HaBedeHi B 3aBgaHHi 20, He MAOTh iHIINX KO-
peHiB, Kpim 3HalizeHUX rpadivyHo.
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§ 11 IPPALIOHAAbHI PIBHAHHS

Tabaumsa 19

MoHATTA ippalioHaAbHOIO PiBHAHHA

PiBuaHHA, y AKMX 3MiHHA MiCTHUTBCA IIiJ 3HAKOM KOpeHdA, Ha3WBAIOTH ippaui-
onaavruMmu. [lna Toro mob pos3B’sa3aTu 3amaHe ippalioHanbHe PiBHAHHSA, HOTO
HaliuacTimle 3BOAATH OO pallioOHAJIbHOI'O PiBHAHHSA 3a JOIOMOTOIO JeAKUX Iepe-
TBOPEHb.

Po3B’a3yBaHHSA ippaLioHaAbHUX PiBHSAHb

1. 3a AOMOMOrO0 MiAHECEHHS 060X YaCTUH PIBHAHHA A0 OAHOTO CTEMNeHs

IIpu migHEeceHHiI 000X YaCTUH PiBHAH-
HfA 10 HEIMapHOTO CTENeHs OIePKyEMO
piBHAHHSA, piBHOCHJIbHE 3aJaHOMY (HA

itoro 0/13)

IIpu migHeceHHi 000X YaCTUH PiBHAHHA
JI0 TIAPHOTO CTENeHs MOYKYTHh 3’ ABUTHCSA
CTOPOHHI KOpeHi, SIKi BimcirooTs mepe-
BipKOIO

IMpuxaan 1
Posp’skiTe piBHAHHS Yx—1=2.

IIpuxkaang 2
Poss’saxiTe piBHAHHS 2x+3 =x.

}(Sx—1)3=23, P(x/2x+3)2=x2,
x—1=8, x*-2x-38=0,x=-1,x,=3.
x=9. Ilepesipka. Ilpu x =-1 wmaewmo:
Bidnosidv: 9. < Vi=-1 — HeIIpaBUJILHA piBHicTB,

oTiKe, X = —1 — CTOPOHHi#N KOpiHB.
IIpu x = 3 maewmo: J9=3 — TIPaBUJIb-
Ha piBHiCTH, OT)Ke, X = 3 — KOpiHb
3aJJaHOTO0 PiBHAHHA.

Bidnogiov: 3. <l

2. 3a AONOMOrot 3aMiHU 3MIHHKUX

Axuro 1o piBHAHHSI 3MiHHA BXOTUTH B OTHOMY i TOMY CAaMOMY BHUTJISIi, TO 3PYYHO
BigmoBimHUII BUpa3 i3 3MiHHOI0 MMO3HAYUTH OIHiI€I0 OYKBOIO (HOBOIO 3MiHHOIO)

IIpurkaax 3
Poss’suxith pismsmaa Y2 +Yx =2.
2
| 2 Hosnauumo ¥x =¢. Tomi Yx* =(x) =2
Onep:xyemo piBmamHa: t* + ¢t =2, +¢t—-2=0,¢t, =1,1,=-2.

Bukonyemo ob6epHeHY 3aMiHy: 3/; =1, Toxi x = 1 abo 3/; =-2, 3Bingcu x = —8.
Bionosidv: 1; —8. <l
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EEl [MosicHeHHs 1 OOrPYHTYBaHHSA

IppauioHanvHUMU PI6HAHHAMU HA3UBAIOTh TaKi PIBHAHHA, V AKUX 3MiH-
Ha MicTuThCSa Wix sHarKoMm kopens. Hanpukian, vx—2=5, ¥x+x=2 — ippa-
MioHAJbHI PiBHAHHSI.

Haiiuacrinte pos3s’sa3yBaHHsS ippallioHaJbHUX PiBHAHL I'PYHTYETHCS Ha
3BeIeHHI 3aaHOT0 PiBHAHHA 3a MOIIOMOTOI0 MeAKWX IIePeTBOPEHb IO pallio-
HaJILHOTO PiBHAHHA. fIK mpaBUjO, IILOTO JOCATAIOTH IIiJHECEeHHAM 000X uac-

TUH ippamioHaJbHOTO PiBHAHHS MO OJHOTO I TOTO CAMOTO CTeleHs (JacTo
IeKinbKa pasis).

Crim ypaxoByBaTu, IO

npu nidneceHni 060x wacmun Pi6HAHHA 00 HeNAPHOZO cMmeneHs
3a6xc0u 00epiyemo pPi6HAHHA, Pi6HOCUNbHe 3adanomy (Ha ozo

on3).
Hanpurnan, piBHAHHA Yx+7=3 (1)
3
piBHOCHIBHe piBHsEEID  (Yx+7) =33, (2)

TOoOTO piBHAHHIO X + 7 = 27. 3Bimcu x = 20.

g Toro mo6 oOr'pyHTyBaTH piBHOCHJIBHiCTH piBHAHB (1) i (2), mocTat-
HLO 3BEPHYTH yBary Ha Te, 1[0 piBHoOCTi A = B i A% = B® MoKyTh OyTH IIpa-
BUJIbHUMU TiJIbKU OJHOYACHO, OCKiJIbKH (QYHKIis
y = t3 € spocramouom (Ha pucyHKY 84 HaBeneHO ii y
rpadik) i KOKHOro CBOIo 3HAUEHHs HAOyBa€ TiJb-
KM TpU ONHOMY 3HaueHHi aprymenty t. Orike, yci
KopeHi piBHauHA (1) (AKi IepeTBOPIOIOTH IIe piB-
HSAHHS Ha NPaBUJIbHY PiBHiICTH) OyAyTH i KOopeHAMU
piBHauHA (2), i HaBmaku, yci xKopeHi piBHAHHS (2)
OyayTh Kopeumamu piBHsuHa (1). A 1e # osmauae, 0 t
m1o piBHAHHA (1) i (2) € piBHOCHMIBbHUMU. AHaJOriu-
HO MOJKHA OOI'PYHTYBATH PiBHOCUJIBHICTL BiJIIOBij-
HUX PiBHAHBL i y BUNAAKY IigHECeHHs 000X YaCTUH
PiBHAHHSA [0 OZHOTO II TOT'O CaMOTO JOBiJIBHOTO He- Puc. 84
MMapHOI'0 CTEIeHs.

Axmo pas pos3p’aA3yBaHHA ippanioHAJBLHOTrO
PiBHAHHA OOMIBI YACTUHHU IIiTHECTU [0 IAPHOrO CTENEHS, TO OHEPKYEMO
PiBHAHHA-HACIITOK — KOJM BCi KOpeHi IepIroro piBHAHHA OyAYyTb KOPEHS-
MU IPYroro, aje Apyre PiBHAHHSA MOXKe MaTHU KOPEeHi, 110 He 3a0BOJLHSIIOTH
3ajaHOMY piBHAHHIO. TaKi KOpeHi HA3UBAIOTH CMOPOHHIMU AJIA 3aJaHOTO PiB-
Hauasa. [I[o6 3’sacyBaTtu, YU € oepskaHi yucia KOPEHAMH 3aJJaHOT0 PiBHAH-
HSI, BUKOHYIOTH IIEPEeBipKy IIUX PO3B’A3KiB.

y=t
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Hanpuknaan, nyis po3s’A3yBaHHS PiBHAHHSA

Jx=2-x 3)
migHeceMo OOMABI Oro YaCTUHU A0 KBaapaTa i OJep:KUMO PiBHAHHS
2
(Vx) =@-2) (4)

VpaxoByioum, II10 (x/;)z =x, maemo x =4 — 4x + x2, Tobro0 x% — Hx +
+ 4 = 0. 3Bigcu x, = 1, x, = 4.

Buxonyemo mepeBipry. IIpum x =1 piBuanHa (3) mEepeTBOPIOETHCA HA
MpaBUJILHY PiBHICTH \/I=2—1, 1 =1. Omxe, x = 1 ¢ xopeneMm piBHIHHA (3).

IIpu x = 4 ozmep:XyeMo HempaBMJILHY PiBHiCTH Ja =2-4; 2 # —2. Ormxe,
x =4 — cTopoHHili KopiHb piBHAHHA (3). TobTo M0 Bimmomimi morTpi6bHO 3a-
nucatu TiabKu x = 1.

TIosiBa CTOPOHHBOTO KOPEHS OB’ A3aHa 3 TUM, 1[0 piBHicTh A% = B2 MOosKHa
olepsKaTU IPHU MiJHECeHHi M0 KBajgpaTa 000X uacTuH piBHOCTI A = B abo piB-
Hocti A = —B. OTske, BUKOHAHHs piBHOCTI A% = B? Ije He rapaHTye BUKOHAH-
Ha piBHOCTI A = B. IHmuMu cioBaMu, KopeHi piBHAHHSA (4) He 000B’A3K0OBO
€ KopeHAMU piBHAHHA (3) (IpoTe KOKeH KOpPiHb piBHAHHA (3) € KOopeHeM
piBHAHHA (4), OCKiJIbKYU NIPU BUKOHAHHI piBHOCTI A = B 000B’sI3KOBO BUKO-

HyeTbcd i piBHicTh A% = B?).

H [lpuknagn po3B'3aHHA 3aBJaHb

IMpuxaag 1
Poszg’a3anns
b Jbx-1=4-x+3,
2 2
(VBx-1) =(4-vx+3),
5x—-1=16-8+x+3 +x+3,
8Vx+3=20-4x; 2vx+3=5-x,
2
(2Vx+3) =(6-x)?,
4(x + 3) =25 — 10x + x?,
x*—14x +13=0,x, =1,x, = 13.
ITepesipka. x = 1 — KoOpiHb
(\/Z+\/Z=4,4=4); x =13 — cTopo=-
Hil KOpiHb (\/E+\/64 ¢4).

Bionosiov: 1. <

Posp’skiTh piBHAHHSA VX +3+Vbx—1=4.

Komenmap

Izosmroemo ommH KOpPiHB 1 mimHe-
ceMO OOMABI UYACTMHUW PIBHAHHS [0
KBaJpaTa — TaKUM YUHOM MU I1030Y-
JIeMOCSA OJHOTO KOPEHs.

ITorim 3HOBY i30JI0eMO KOpPiHB
i sHOBy migmeceMo o0OHIBI UYacTHHU
PiBHAHHA MO0 KBaJpaTa — YyHAaCJIiIOK
OJIEP:KUMO KBaJpaTHE PiBHAHHA.

OCKiMbKY IIpU MigHECeHHi 0 KBaI-
paTra MOKHa OfepsKaTHu CTOPOHHI Kope-
Hi, TO B KiHI[i BUKOHAEMO IIEPEBipKYy
OTPUMAaHUX PO3B’A3KiB.
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IIpuxkaax 2 Po3B’sa:KiTh piBHAHHSA

Pos368’a3aHnA
P Hexait V6—x=¢t, ge t > 0.
Onep:ryemo %—tzz.

Toni t2 + 2t — 8 = 0.
3Bigcu t, = 2, t, = —4.

t, = 2 — 3am0BOIBHAE YMOBi
t > 0;
t,=—4 — He 3aJ0BOJILHAE YyMOBi
t>0.

OGepHeHa 3aMiza mae:
V6—x =2,
6 —-—x=4,
x=2.
Bionosiov: 2. <

IIpuxaanx 3°
Pos38’a3aHnA
Yx-2=u,

To
Jx+1=vo.

OmepiKyeMo CUCTEMY {

—9= 3,
P Hexait X uz
x+1=v°.

ut+v=3,
u®-v?=-38.
3 mepIoro PiBHSHHS 3HAXOAUMO
v =3 — u i migcraBasgemMo B Ipyre
PiBHAHHA.
ud - (8 -uP=-3,
u?— (9 — 6u + u?) =-3,
ut—u?2+6u—-6=0,
ww-1)+6w-1)=0,

(u—-1) w®+6)=0.
Vpaxosyrouu, mo u?+6 = O,
oxep:xkyemo u = 1. Toxi v = 2.

—\6—x=2.

Jo-x

Komenmap

S0 B 3amaHe piBHAHHA 3MiHHA
BXOJAUTH B OZHOMY i TOMYy caMOMy BU-

rasai ( 6—x), TO 3PYYHO Ileii BUPa3
i3 3MiHHOIO IIO3BHAYUTU OOHI€ID OYK-

BOIO — HoBOW aMmiEHOB (V6—x =t).

Axmo sadikcyBatTu oOMeKeHHS
t>0 (apudpmeTnuHe 3HAYEeHHA
N6—x >0 i B 3HAMEHHUKY He MOJKe
croatu 0), To B pesysbTari 3aMiHNI
i 3BeleHHA OAEPIKAHOTO PIBHAHHA [0
KBaJpPaTHOTO BUKOHYBATHUMYTHCSA PiB-
HOCUJIbHI TTIepeTBOPEHHSA 3aJaHOTO PiB-
HIHHSI.

Mo:xua O0yso 6 He (ikcyBaTtu 06-
MesxkeHHa ¢ > 0, ase Tomi B pe3yJsbTaTi
epeTBOPEeHb OTPUMAEMO PiBHAHHA-
HACJHiAKM W omep:kaHi PO3B’A3KU CJIif
TepeBipUTH.

PosB’sixiTs piBHAHHS Yx—2++x+1=3.

Komenmap

Heaxi ippayioHanvbHi pi6HAHHA,
w0 micmamo KiJlbKQ KOPEHL8 n-20 cme-
newHs, MOXCHaA 36ecmu 00 cucmem payi-
OHAJNbHUX PIBHAHb, 3AMIHUBULU KON CEH

KOPiHb HOB010 3MIHHOIO.
Yx-2=u,

VJx+1=v i3 3agaHOro piBHAHHS OTPU-
MY€EMO TLIBKH oJHEe PiBHIHHS
u+v=38. Hana moro 1mob omep:KaTu
ApyTe DPiBHAHHA, 3alUWIIIEMO 3a O3HA-
YEeHHAM KOpeHs n-ro CTemeHsa

Ilicnsa 3aMiHu

x—2=ud, _. . . ..
Biguimemo Bix mepimoi pis-
x+1=v%

HOCTi Apyry (11100 1030yTHCA 3MiHHOI X)
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Maewmo cucremy

Yx-2=1,
Nx+1=2.

3 mepuioro piBHAHHS
[0  3aJ0BOJIbHSAE i
PiBHAHHIO.

Bionosiov: 3. <|

x =3,
Apyromy

i omep:KUMO IIe OAUH 3B’SI30K MixK U
iv:u®—0v2=-38.

Opep:kany  cucreMy  piBHAHB
PO3B’A3yEMO METOAOM MHiJCTAHOBKHU.

Cxim sBepHyTH yBary Ha Te, IIO,
BUKOHYIOUN OOepHEeHY B3aMiHy, HeoO-
xXigHO 3’sAcyBaTu, UM iCHye 3HAUEHHS
X, sIKe 3aJ0BOJIbHAE 0O0OM CIiBBigHO-
IMIeHHAM 3aMiHHU.

IIpu posB’sa3yBaHHi cucTeM PiBHAHB, M0 MiCTATH ippallioHaIbHI PiBHAH-
Hs, HaWYacTillle BUKOPUCTOBYIOTH TPAAUIIfHI MeToou pPO3B’s3yBaHHA CHC-
TeM PiBHSAHB: METOJ MifICTAHOBKY i MeTox 3amMiHM 3MinHUX. IIpm nmpomy cuifg
ypaxoByBaTH, IO 3aMiHA 3MiHHUX (pa3om 3 oOepHeHOw 3aMiH0I0) 3a8x#0u
€ PiBHOCUNbHUM nepemeopeHHaM (3BUYANHO, AKIINO IPpU BUOPaHiil 3aMiHi He
3ByskyeThea OI13 samaHOTO PiBHAHHA UM cucTeMu). Ajle AKINO IJA IOAATb-
III0TO PO3B’sI3yBaHHA PiBHAHB, OJePKAHUX y PE3YJbTaTi 3aMiHM, MU OyxeMO
KOPHUCTYBATHUCA DPIBHAHHAMU-HACHIIKAMU, TO MOYKEMO OTPHMATU CTOPOHHI
po3B’A3KH, i ToAi ofep:kaHi Po3B’A3KU MOBENETHCS MepPeBipATH.

IIpuxkxang 4

Poszé’a3annsa

» Bawmina Yx=u i {y=v nae cuc-

TeMY

ut+v=3,

u?-v?=38.
3 mepiIoro piBHAHHSA Ili€el cucre-
Mu:

u=3-vo.
Toxi 3 gpyroro piBHAHHSA OJEPIKY-
€MOo

B -v)2-v2=3.

3Bigcu v =1, Toxi u = 2.
OGepHeHa 3amMiHa mae:

é/§=1, oTKe, Yy = 1;
3/;:2, oTKe, x = 16.

Bionosiov: (16; 1). <l

Po3B’saKiTh cucTeMy PiBHAHB

Y +4fy =3,
Jx -y =3.

Komenmap

SIkImo mosHaunT Yx =u i Yy =0,
To Vx =u® i

TemMa Oyae piBHOCHJIbHA ajredopaiumiit
cucreMi, Ky JIeTKO Po3B’sA3aTu, a IIic-
Jisg 00epHEeHOI 3aMiHM 0JepP:KaTU CUCTe-
My HaWmpocTimmx ippamioHaabHUX
PiBHAHB.

YpaxoByiouu, 1110 3aMiHa Ta 06ep-
HeHa B3aMiHa NPWBOAUJIU 0 PiBHO-

y =v®. Togxi 3azana cuc-

CUJIbHUX CHCTEM, OJEPKYEMO PO3-
B’A3KU 3aaHol CUCTEeMH, 1110
36iraoThcad 3 PO3B’SA3KAMHU CHCTEMU
Yx =2, x=16,

TOOTO
4y =1, y=1.
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El 3anuTaHHSA g KOHTPOJo

1. HassiTh OCHOBHiI MeTOau PO3B’A3yBaHHS ippallioHaJbHUX PiBHAHL. Ha-
BeIiTh IPUKJIALU 3aCTOCYBAaHHSA BiAMOBIiZHUX METOMiB.

2. TlosicHiTh, YoMy AJiS PO3B’sI3yBaHHSA PiBHAHB

Yu? +3Yx-4=0, Yx-Yx-2=0

3PYYHO BUKOPUCTATH B3aMiHy 3MiHHOI. YKaiTh 3aMiHy I/ KOYKHOTO
piBHAHHA.

3. O6rpyuryiiTe, 110 OIPU IIiJHECEHHI 000X YaCTUH PiBHAHHS 0 HEIIapHOTO
CTeleHs 3aBiKIU OMEePIKYIOTh PIBHAHHS, PIBHOCHUJIbHE 3aJaHOMY.

4. TlosicHiTh, YoMy HpPU HiJHEeCEeHHi 000X YaCTHH PiBHAHHS A0 IaPHOTO CTeIle-
HsI MOXXYTb 3’ IBUTHCS CTOPOHHI KopeHi. fIK Bifcil0l0Th CTOPOHHI KOpeHi?

B Bnpasu

Posp’skiTh piBHAHHA (1—6).
1. 1) Jx-2=1; 2) Jx—-1=-3; 3) Yx-1=-3;
4) Yx?+125 =5; 5) 42x-9=3.
2. 1) Jrtl=x-5 2) Brxr—2+x=4; 3) Yx—x®=—x; 4) YxPrx—x=0.
3. 1) Jx-2+2x+5=3; 2) V2x-20+vx+15=5;
3) Vx-3=1+/x—4; 4) Jx+2-Jx-6=2.
4. 1) m=x; 2) m=—x;
3) V3-Yx+10 =2; 4) Y2+/x?+3x-4 =2.
5. 1) Yx+3Yx=4; 2) Jx—2+24x-2=3;
3) 3Yx+1+Yx+1=4;  4) JeP-1+¥x?-1=2.
6. 1) ¥2-x=1-Jx-1; 2) Y2x+3-Yx+1=2.

PosB’sokiTh cucremy piBHAHDL (7—8).

- 3%Yx +3fy =6, ) 2x +3Jy =7,
D gy -2 )

Ve +y =3,

3)
2x-y="T;

8. 1) {%+%=4’ 2) {“x+y+4x_y:
x+y=28; .

Jx+3y+6=2,
J2x-y+2=1;

3)
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§ 12 Y3ATAAbHEHHA I'IOHFI"I:I'FI CTENEHSA.
CTENEHEBA ®YHKLIA, Il BAACTUBOCTI TA TPADIK

12.1. Y3aranbHEHHS NOHATTA CTEeNneHs
Tab6aumsa 20

1. CteniHb 3 HAaTypaAbHWUM i LiAMM NOKa3HUKaMu

al=a a"=a-a-...-a
N
n pasis
0_ az0
a’=1 a"=2|a%0,neN
a

acR,neN{n=>2)

1
a"=%a |a>0 a® =Va
3. BractnBoCTi cTeneHiB
am.an=am+n gn_i
a”:a"=a™™" b) "
-n n
b a
(ab)" =a™b"

HEEl [losicHeHHS 1 OGI'PYHTYBaHHS

1.
Haramaemo ix o3HaueHHS Ta BJIACTHUBOCTI.

Bam BimoMi MOHATTA cTemeHIB 3 HATYypPaJbHUM 1 IiJIMM ITOKa3HUKAMU.

Axio n — maTypaJbHe YMcJ0, 6ijbine 3a 1, To Aid OyAb-sIKOTO AificHO-

royuciaa a |a"=a-a-...-a

n pasis

KiB, KOXKeH 3 SKUX JOPiBHIOE a.
IIpu n = 1 BBaAKaioTh, 1110 (@ =a |.

O . —
Armo a# 0, T0|a’=1|i|a™"=—

Hanpurnan, (-5)* = (-5)-(-5)-(-5) = -125, 27 5

Taxko:x BaM BiZoMi OCHOBHI BJIACTHBOCTI CTEIIeHiB:

, TOOTO a" MOPiBHIOE MOOYTKY 7 CIiBMHOMKHU-

1
, e n — HaTypaJbHe YKCJO.

n m+n, am : an =aIVL*Il; (am)n =amn; (ab)n =anbn; ((;
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Harapmaewmo 11e ofHY KOPUCHY BJIACTUBICTH

(_) __1 _L_i_(z)"
b (a)” a' g" \a)’
a b7
b
2 1
V3araJbHUIMO NOHAMMS CTEIeHs IJd Bupasis sugy 37; 6%2; 53 i, m.,
TOOTO 014 cmeneHis 3 pauioHalbHUMU NOKa3HUKamMu. BigmoBigHe osHaueHHS
6akaHO JAaTHU TaK, 11100 CTeIleHi 3 palioHaAJbHIMU IOKa3HUKAaMMI MaJIi Ti cami

BJIACTHUBOCTI, IO I CTeIleHi 3 IiINMU NOKA3HUKAMMU.
Hamnpukaanm, SKIO0 MU X0UeMO, 11100 BUKOHYBaJIacs BIACTUBICTE (a”)! = a’,

m n m
. . - —n
TO MOBUHHA BUKOHYBATHCA PiBHICTH (a")

m

=a" =a™. AJe 3a 0O3HaAUEHHSIM

m

KOpeHs 7-TO CTelleHd OCTAHHA PiBHICTH O3HAUae, IO YMCIO a" € KOpeHeM
n-ro creneHs 3 yucia a™. Ile TpuBOAUTH HAC O TAKOT'O O3HAUYEHHS.

. m .
Crenmenem unciaa a > (0 3 pamioHaJbHUM MOKA3HUKOM I = —, e M — Ifijie
n

4MCII0, a N — HaATypajbHe uucao (n > 1), HazuBaeTbca unciao vVa”.
Takosk 3a 0O3HAUEHHSM IpUiMeMo, 110 npu r > 0

o]

HaHpI/IRJIa,H, 3a O3HAYEHHAM CTeIlleHd 3 paIliOHa.TII:HI/IM IIOKa3HUKOM:
2 1 3 2
7_1a2 _1/g. 3 _3/k. - = / 1 2
37 =+3%=49; 53 =3/5; 24:\4/23:45; 05 =0.

m
3a VYBaXeHHdA. 3HaueHHsS CTeIlleHsd 3 paI_IiOHaJIBHI/IM IIOKa3HUKOM a”

(me n > 1) He o3HauaTh mpu a < 0.
Ile MOSCHIOIOTH THUM, IO PAIliOHAJbHE UYKCJIO 7' MOMKHA ITOJATH PisHUMU

cmocobaMu Y BUTJIALL ApoOy: rzﬂzm—:, ne k — Oymb-AKe HaTypajbHe
n n.

4HCIIO.
IIpu a > 0, BUKOPHCTOBYIOUM OCHOBHY BJIACTHUBICTh KOPEHA i OBHAUEHHS

m mk

. _— k, %

cTeleHA 3 PAliOHAJBHUM IIOKa3HUKOM, MaeMo: a’ =a” =¥a™ ="a™ =a"*.
Orxe, pu a > 0 3HaUeHHS 4’ He 3aJI€KUTh BiJ (DOpMU 3amucy r.

’

. . 1 2
IIpu a < 0 113 BIacTuBicTh He 30epiraeThesa. Hampukiaam, AKINO 7 = 3 ==

1 2
TO MMOBWHHA BUKOHYBaTHCS PiBHicTH ad =ab. Ase mpu a = —1 ozmep:Kyemo:
1 1 2 2
= 1 = 6 2 .
a?=(-1)3=3"1=-1, as=(-1s=Y(-1)* =¢1=1%-1, 10610 IpPH Bix eMHEXK
1 2 m
3HAUEHHAX a Maemo: ad #ab. Uepes 1e o3HaUeHHS cTemeHda a” (m — 1ije,

n — HaTypaJibHe, He piBHe 1) AJA Bii’€eMHUX 3HAUEHDb @ He BBOAATD.
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ITokaskemo Temep, IO OJid BBENEHOrO O3HAUEHHS CTEIEHS 3 pallioHAJb-
HUM IIOKa3HUKOM 306epiraroTbCs BCi BJIACTHUBOCTI CTENEHiB 3 IIJIUMHU IIO-
KasHuKaMu (BiIMiHHICTH IOJIATae B TOMY, IO HaBeAEHiI MaJji BJIACTUBOCTI
€ IPaBUJIbHUMU TiIbKU OJIA JOJATHUX OCHOB).

Ins 6yab-AKUX PaIioHAJBHUX YMCeJ "1 § Ta OyAb-IKUX AOJATHUX YUCEJI
a i b BUKOHYIOTHCS PiBHOCTI:

1) ar,as:ar+s;
2) a:a'=a"*%
3) (@) =am

4) (ab) = a'd;

o (3] =5

s moBeJeHHS ITUX BJIACTUBOCTEH MOCTATHBO CKOPUCTATHUCSA O3HAUEHHAM
CTeleHdA 3 PallioHAJBLHUM MMOKA3HUKOM i moBemeHuMHu B § 10 BIacTuBOCTAMU
KOpeHsA Nn-TO CTelmeHs.

® Hexait r== 1 s=2, neni q — HarypanbHi uwmcaa (6inbmii sa 1),
n q

amip — mimi.
Toxi nmpu a > 0 i b > 0 maemo:

mgq+np

1) a -at =r\l/a_m . z/a_p="‘1[amq . ”‘Hanp ="‘Hamq+np =q ™ =ar+s;

mq—-np

r nf m ngl mgq mq
s_a a a _ng/@ :"qlamq—np =q ™M =g’

T = —= =
2) a":a == > "{I/aTP T ;
S ms .
3) (a’)sz(\/”am) =Ya™ =ar =ar "’

.

m

4) (ab) =(ab)n =¥(ab)" =¥amo™ =%a™ - Yo" =ar - br =a’b’;

m
I

3|3

Ilonammsa cmenens 3 ippauyionanrvHum noka3Hukom. OmnuiieMo B 3a-
raJbHUX pHCaxX, AK MOKHA O3HAUMTH UYHMCJIO a* IJs ippallioHAJIbHUX O, KOJU

a > 1. Hampukjana, MOACHUMO, K MOYKHA PO3YMITM 3HAUEHHS PACH
Ippamionanpae UMCIO J3 moxma HoJaTH y BUTJIALL HECKiHUEHHOTO He-
TepPiofUIHOTO JeCITKOBOTO APO0Y \/§ =1,7320508075.... PosrissHeMo mecAT-

KOBi HAOIMIKEeHHsS YMcaa \/5 3 HeJocTauero i HaJJIUIITKOM:



§ 12. Y3aranbHEHHS MOHATTA cTeneHs. CteneHesa OyHKLUis, ii BAACTMBOCTI Ta rpadik 189

1<V/3<2;
1,7< J3< 1,8;

1,73 <3 <1,74;
1,732</3<1,733;
1,7320 <~/3 <1,7321;
1,73205 <+/3 <1,73206;
1,732050 < /3 <1,732051;

Bynemo BBarkaTu, 110 KOJIU r<J3<s (me r i s — pamionanbHi yncia),
TO 3HaueHHs 2Y3 po3MiIyeTbesa MiK BigmoBigummu sHaueHHaMu 2" i 2°,
a came: 2" <2% <2°, 3HaliieMo 3a MOIOMOTOI0 KaJbKYJATOpa HaOJIMKeHi
sHauenua 2" i 2°, sBubupaioun AK r i s HaOIMKeH] 3HAUeHHA J3 3 HemocTa-
yeio i HagaumikoM Bigmosiguo. Omep:KyeMoO CIiBBiIHOIIIEHHS:

2 <28 <22
217 =~ 3,2490096 < 23 <918 - 3,4822022;
217 ~3,3172782< 23 < oLT 3,3403517;
21732 = 33218801 < V8 L 91788 3,3241834;
217820 = 33218801 < 23 < 17321 3,3221104;
2178205 ~ 33219952 < 93 L 91.78206 3,3220182;

2173200 - 3,.3919952 < 2 < 2172051 = 3, 3919975.

Axr 6auumo, sHaueHHA 27 1 2° HAGIMIMKAIOTHECA O OLHOI'O I TOr'O CAMOI'O UKC-
Jaa 3,32199... . Ile yncyio i BBAXKAIOTH CTEIIEHEM 23, Orxe, 2% =3,32199....

3HaueHHS Zﬁ, obumcIeHe HA KaJbKyJATOPi, TaKe: PAS =3,321997.

MoskHa D0OBeCTH, 10 3aBKAU, KOJIN MU BUOMpPaeMo pallioHaJbHi uucaa r,
AKi 3 HegocTauero HaOJIMIKAIOTHCA 10 ippalioHaJIbLHOTO YKCIa O, 1 paIioHaIb-
Hi ymcsa s, SKi 3 HAAJIUIITKOM HaOJMMKAIOTHCS 0 IBOTO CaAMOTO ippallioHab-
HOTO YmcJja o, AJA 0yab-aKoro a > 1 icHye, i npuToMy TinbKU OJHE, YUCJIO Y,
Oispie 3a Bei a” 1 menie 3a Bei a’. Ile umciio y 3a 0O3HAUEHHAM € a*.

AmHajoriuHo 03HAUAIOTh i CTEIliHb 3 ippallioHaJIbHUM HOKA3HUKOM O JJIS
0 <a <1, rinteku y BUnaaxy, koau r < o < s npu 0 < a < 1, BBasKaioTh, 1110
a® < a* < a’. Kpim Toro, K i IJia pamioHaIbHUX IIOKA3HUKIB, 38 O3HAUEHHAM
BBAXKAIOTh, 110 1¢ = 1 mguaa 6yab-axkoro o i 0* = 0 gaa scix a > 0.
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HEl [lpuknagn po3B'a3aHHSA 3aBJaHb

IIpurkmag 1
1 ¥,

Poszg’szanns

2) 5%

1) > 2/?:73'4
b 5i=571; <
3) b a>0 Ya?=a'; <

-

4) a2=7|a| =|a

S
A

3
1.

Ipuknaag 2 O6uucaite: 1) 814;

Pos3eé’a3annasa
3
1) > 811 =481° = (481)° =3° =27; <
2 _
2) > 128 7=1128 2 =({128) " =

2) 128°7;

ITomatiTe Bupas3 y BUTJIALL CTeIEHS 3 PAI[iOHAJIbHUM ITIOKA3HUKOM:

3) a2 mpua>0; 49 Ya?.

Komenmap

3a 03HAUYEHHSAM CTeIleHs 3 pauio-
HAJbHUM IIOKa3HUKOM IJd a > 0

m
tfam =ar. (1)
Hna saBmanHa 3 Bpaxyemo, IO
2
Bupas a’
a=0.

VY saBpanni 4 pu a < 0 Mmu He Ma-
€MO IIpaBa KOPHUCTYBATHUCSA (POPMYJIOI0
(1). Ane axmo Bpaxysaru, o a® = |a 2,
TO AJIs1 OCHOBH | a | hopmymomo (1) ysxe
MOYXHA CKOPHCTATHUCSH, OCKiTbKY [a]|>0.

O3HAUEeHWI TaKOXK 1 Ipu

3)(8)3

Komenmap
BukopucTtoByeEMO O3HAUYeHHS CTe-
IeHsA 3 paIioOHAJIbHUM IIOKA3HUKOM:

a" =Xa™, ne a > 0, a Ipu BUKOHAHHI
3aBJaHHS 3 BPaxOBYEMO, II[0 BUpas3

_ 1
=27%=5< | m
4 a™ He o3HaueHo mnpu a < 0.
1 . .
3 » (-8)3 me icHye, OCKiIbKHI
1
cTeniHb a® O3HAYEHUHN TiJIbKU
apu a > 0. <
IIpuxkaag 3 CopocTtiTh Bupas:
a-b i x+27
1) - 2% - 1
a?-b2 -3x%+9

Pos3eé’azannuasa

L) )

|

S
Do =
Do| =
1

S
Do =

MicTars Bupasu a?,

Komenmap

OcKinbKU 3amaHi NPUKJIAAU BIKe
1 1

11
b2, x3, roa >0,
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(a%—b%)(a%+b%) : 1
= — =a?2+b2;
a?-p?
113
. x+27 (xg) +3%
2Y» w1 =% 1 =
x3-3x3+9 x%-3x3+9
(xé+3 (x%—3x%+9) 1
= Ca—T =x3+3.<
x3-3x3+9
IIpukaax 4  Poss’s:kiTh piBHAHHA:

1) ¥Yx% =1;
Pos38’a3auns

1) » Yx2=1. 0I3: x < R,
x?=1,
x = +1.
Bionosiov: +1. <

29 p x3=1. Ol13: x > 0,
x2=1,
x ==1.
VYpaxosyloun O3, omep:ryemo
x =1.

Bionogios: 1. <|

HEl 3anuTaHHS ons KOHTPOo

b>0, x >20. Toxi B 3aBgagui 1 He-
Bim’emHi umciaa a i b MoKHaA momaTu

1 2 1 2
K KBaApATH: a=(a§) , b:(bi) i BU-
KopucTaTtu (PopMyJy pisHHII KBaj-
pariB: x2—-yi=(x-y)(x+y), a B
3aBHaHHi 2 momaTw HeBig'eMHE UYuC-
1 3
JI0 X K Ky0: x=(x§) i BUKopucraru
dopmyay po3KJany cymMu KyOiB:
a®+ b= (a +0b) (a® — ab + b?).

P
2%) x3=1.

Komenmap

Ob6sacTh [OONMYyCTUMUX 3HAUEHb

piBHAHHA i'/x_zzl — yci pgificHi uwuc-
2

ga, a piBHAHHA x3=1 —

x = 0.

IIpu migmHeceHHiI 060X YaCTUH PiB-
HAHHA 0 Ky0a OlepKy€eMO PiBHAHHA,
piBHOcUJBHe 3amaHomy Ha ioro OJI3.
OT:xe, IepIIOMY DPiBHAHHIO 3a7J0BOJIb-
HAIOTH yci 3HAWAeHi KOpeHi, a Ipyro-
My — TiJIbKU HeBin eMHi.

(Y zaBmauui 1 Tako)X ypaxoBaHO,

TiIBKHT

3
3 .
10 (3x2) =x2, as 3aBJaHHI 2 — IO

(2)3 2.,
x3) =x3"=x%)

1. [aiiTe o3HaueHHA CTeleHA 3 HATYypPaJbHUM mokasHuKoMm. HaBenmiTs mpu-
KJagy OOUYMCIIeHHA TaKUX CTeIleHiB.

2. [MaiiTe o3HAYEHHS CTEIEHs 3 IiJIUM BiJl’€MHUM ITIOKa3HUKOM Ta 3 HYJbO-
BUM IIOKa3HMKOM. HaBeniTh IpuKJIagym OOYMCICHHS TaKHX CTeIeHiB.
IIpu aKuxX 3HAUYEeHHAX @ iCHYIOTHL 3HaueHHs BupasiB a’ taa™, nen € N?
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1 1 1 1 101 11
1) (ax)® +(ay)3; 2) a—a?; 3) 3+32; 4) a+b2+a?+a2b?

3. [HaiiTe oO3HAUEHHS CTENEHS 3 PaIiOHAJBHUM IIOKA3HUKOM r:ﬂ,
n
m — IIijle YuCJI0, a N — HaTypaJbHe, He piBHe 1. HaBexmiTh mpurgagu
o0urCcIeHHA TaKuX cTeneHiB. [Ipu AKuX 3HAUEHHAX a iCHYIOTH 3HAUEHHA
m 2 _
BUpPaA3y q” ? YKaKiTh o6jiacTh HOMYyCTMMUX 3HAUEHb BUpPA3iB a® i a
4. 3anuiriTh BJIACTHUBOCTI CTeIeHiB 3 pallioHAJIbHUMHU HOKasHUKamMu. Ha-
BeIiTh IPUKJIAAU BUKOPUCTAHHSA X BJIACTUBOCTEM.
5*. OOr'pyHTyiiTe BJIACTHBOCTI CTEIEHIB 3 PalliOHAJbHUMU IIOKA3HUKAMU.
6". IlosicHiTh, Ha IPUKJALi, AK MOXHA BBECTH IIOHATTS CTeIleHA 3 ippairio-
HAJbHUM ITOKA3HUKOM.
I Bnpasu
1°. TlomatiTe BuUpas y BUTJIALL KOPEHS 3 UMCJA:
1 _2 _3 _2
1) 22; 2) 3 5 3) 5%%; 4) 4 7, 5) 21-3; 6) 7 3.
2. IlopmaiiTe Bupas y BUIJISAAL CTEIIeHA 3 PaIliOHAJBHUM ITOKA3HUKOM:
1) §/3%; 2') ¥4; 3) N7
4) Yq? wpma>0; 5) 42 upub > 0; 6%) Wet.
3°. Ywu mae 3micT BUpas:
1 2
1) (-3)z; 2) (-5)% 3) 47; 4) 0°?
4. 3uaigiTs 00JaCcTh JONYCTUMUX 3HAUEHDb BUPA3y:
1 _2
1) x3; 2) x7% 3) (x-1) 3
3
4) (x+3)7; 5) (x2 — 1)% 6) x® — 5.
5. 3HaimiTh 3HAUEHHS YKCJIOBOTO BHUPA3y:
1 2
4\8 5 3 \9
64 T 27
1) 243%%; 2) | = | s 3) 164; 4) 5 |3
3 125
1 _L _L
1\72 11 1 1)2 T oL (1)2 . o3
9) =] " - 252-812 - 125 3; 6) |;] -162-2"-|—] -8%
4 ’ 4 25
1 1 .
1 2 _ 1) 3 _ 2
7) (—) -7 1—(—) - 277 ]:49°2,
25 8
6. PoskgamiTs Ha MHOMXHUKN:
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7. CroporiTh Opi6:
11 1
1) M; 2) ﬁ;
a-b p—-25

Cupocrits Bupas (8—9).
1\ 1
8. 1) (1+c2) —2c2;

3) (x% +1)(x% —1)(x% +1);

1
x?-4, a-b
2 x-16" 2) 1 1’
a3 _b3
10. Po3B’s12kiTh piBHAHHA:
3 1
1) x°=1; 2) x"=2;

11
c+c2d? +d, m+n
3) 3 3 7 4) 2 11 27
c? —d? m3 —m3n8 +n3

z-8 a+b
3) 2 1 ’ 4) 2 11 2°
28 +22% +4 a3 —adb3 +b3
2
3) x5=2; 4) Yx?=2.
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12.2. CteneHeBa ¢QyHKLUifA, il BAQCTUBOCTI Ta rpadik

Os3HaueHH4d DyHKUis Bugy y = x% ge o — Oyab-fgke [AilicHe 4YHCIIO,
Ha3UBAETHCA CMenenesor QyHKuyier.

["padiku i BNacTnsoCTi

Mpadik

1. y = x%, 0. — mapHe HaTypaJbHE YKUCIO

y=x*y y=x' y y=x,

Yy
ne N

0 x 0 X 0 X

2. y = x%, o — HemapHe HaTypaJbHE YUCJO

Yy y Yy
y=x y=x2n+1,
y=x! ne N

3. y = x*, o — HemapHe BiJ’€MHe YUCJIO

<
1
5
L
1l
8] =

_ 1 1
=3 =_1 = 4—(2n-1) =

y y=x 3 y=xm 21
Yy

n N1
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Tabauma 21

Ocob6aneuii Bunagok (o = 0)

SAxmo o = 0, To yT
y=x%=x°=1 (upu x # 0). 1 y=x°
i
lo x
PyHKUii y = x* (npy o = 0)
BnactusocTi
D (y) | E (y) | MapHIiCTh 1 HeapHICTh 3pOCTaHHA 1 crlajjlaHHA

(y =x*,n eN)

Coazae Ha TPOMIiKKY
R [0; +e0) ITapua (—eo; 0], 3pocTae
Ha TPOMiKKY [0; +eo)

(y=xrmay=x>"1neN)

R R Henapna 3pocrae

—(2n- 1
(y=x®P=——, neN)

X

Crazmae Ha KOXKHOMY
x#=0 y=0 Henapra 3 IPOMiXKKiB (—oo; 0)
i (05 +eo)
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"padiku i BNacTnBOCTI

Mpadik

4. y = x*, o0 — TapHe Big’€MHe YUCJIO

g 1 g — 1 — 21 —_ 1
y—xz—g .l/_x4_; y=x _xz"”lEN
y y
0 x 0 x *
5.y =x°
y y:x% y:xg y = x"(a.>0, 00 — Hemime)
y y
o>1
O<a<l1
0 X X
0 X
6.y = x%
y ) 3 y=x"(a<0, o0 — Hemimne)
y:x§ y=x2 y
0 x x
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IIpodosacenns maoan. 21

PyHKUii y = x* (npy o = 0)

BnactusocrTi
D (y) | E (y) | IIapHIiCTh 1 HeIapHicThL 3POCTaHHA 1 CIaJaHHA
_on 1
(y=x""=—,, neN)
X
3pocrae
x#0 (0; +0) IIapua Ha MPOMLKKY (=03 0),
cnaniae
Ha TpoMiKKYy (0; +eo)
o — Hellije JoJaTHe YUCJIO
[0; +eo) | [0; +e0) | Hi mapua, Hi HemapHa 3pocrae

o — HeIliJe BiJ e€MHe YKCJIO0

(0; +o0) | (0; +e) | Hi mapua, Hi HemapHa Cunanae
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Il [osicHeHHs 1 OOr'PpYHTYBaHHS

Cmenenesumu QyHKuyisamu HaszuBaTh (GYHKIII BUAY y = X%, Oe o —
O0yab-sike mificHe YmCJo.

3 OKpeMHMHU BHUAAMU TaKuX (YHKIIA BU B)Ke O3HAWOMUJINCA B Kypci
anrebpu 7-9 xaacis. e, manpurian, byakmii y = x! = x, y = x%, y = x3. Ilpu
IOBLIBHOMY HaTypaJbHOMY o rpadiku i BaacTuBocTi QyHKIII y = x* aHAIO-
riuni BimoMmum Bam rpadikam i BJACTUBOCTAM yKasaHUX (DYHKITIiH.

Onucyioum BJIACTUBOCTI cTereHeBUX (GYHKIIM, BUAIINMO Ti XapaKTepuc-
TUKU QYHKIiN, aki Mmu BukopuctoByBasu B § 10: 1) obGsacTs BU3HAUEHHST;
2) obsacTh 3HAUEHb; 3) MAPHICTh UM HENAaPHICTh; 4) TOUKU NEPETUHY 3 OCAMU
KOOPAMHAT; 5) IPOMiKKU 3HAKOCTAJIOCTi; 6) TPOMiKKM 3pOCTAHHA i criamaH-
Hs; 7) HalOijgbIlle Ta HaliMeHIle 3HAUEeHHA (QYHKITII.

1. ®yskuia y = x* (0 — mapHe HaTypaJibHe YHCJO0). SIKITO0 o — mapHe Ha-
TypasbHe YmMcio, To PyHKIiA y = x2*, n € N, mae BiactuBocTi Ta rpadik,
MOBHICTIO aHAJIOTiYHi BIacTUBOCTAM i rpadiky GyHKIil y = x2.
IificHo, obaacmy susnauenus GyHKIIl y = x?*: D (y) = R, ockinbKu 3Ha-
yeHHA Iiel QPYHKIII MOoKHA 00UMCAUTH HPU OyAb-AIKNX 3HAUEHHSIX X.
®yuria napua: axmpo f (x) = x*, 1o f (—x) = (—x)*" = x¥ = f (x). Omxe,
rpadik GyHKII y = x?" cumerpuuHmii BigHOCHO oci Oy.
Ockinbku npu x = 0 3uauenus y = 0, To rpadik GyHKIil y = x2* 3aBK U
MIPOXOIUTh Yepes IIO0YATOK KOOPAMHAT.
Ha npomixncky [0; +eo) pynKkuisa 3pocmac.
® [liticuo, AJs HeBix €eMHUX 3HAYEHDb IIPU x,>x, (x, 20, x, > 0) onepxy-
emo X" >x, OCKiNBbKH, AK BiZOMO 3 Kypey anrebpu 9 Kiacy, IpH Iif-
HeceHHi 000X YaCTWH IPaBUJIBHOI HEPIiBHOCTI 3 HEBi'eMHMMU YJieHAMU
0 TapHOTro cTemneHa (i3 30epe’KeHHAM 3HAKa HEPIBHOCTi) OAEPIKYEMO
mpaBuJbHYy HepiBHicTh. O
Ha npomixcky (—=; 0] pyukruyisa cnadae.
® [liiicHo, 1/ HeJOMATHUX 3HAuUeHb x, i x, (x, < 0, x, < 0), axmpo x, > x,,
To —x, < —x, (i Tenep —x, > 0, —x, > 0). Toxi (—x,)*" < (—x,)*", orxe,
xy" <xf", mobro f (x,) < f (x,). O
ILiist Toro 1106 3HANTH 00/IacTh 3HAYEHb QYHKINI i = x2°, n € N, CKJIamgemMo
piBHsAHHS Xx2* = a. BoHo Mae poss’s3ku mid Beix a = 0 (togi x =+%/a ) i Tinb-
KU IIPpU TaKUX 3HAUEHHAX @. YCi I1i yucia i ckaaayTs 00JacTh 3HAUEHDb (PYHK-
mii. Omke, obsacTh 3HaUeHb 3agaHo0l GyHKIi: y = 0, To6T0 E (y) = [0; +o0).
Takum YMHOM, IJIA BCixX mificHUX 3HaueHb x 3HaueHHA Yy > 0. Hallmenwe
3HauenHna GyHKIII gopiBuioe Hyai0 (y = 0 mpu x = 0). Hailbivuw020 3HaAUEH-
HA QYHKUIA He MaE.
3a3HAUMMO TaKOK, 110 Ipu X = 1 3HauenHa y = 12" = 1.
VYpaxoByioun BiaactuBocTi GyHKIL y = x2*, n € N, ogep:kyemo Ii rpadik
(puc. 85).
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2. ®dDysknia y = x“ (0 — HemapHe HATypaJibHe YUCI0). SIKI0 o0 — HemapHe
HarypasbHe uncio (oo = 2n — 1, n € N), To BiaacTuBocTi QyHKIiil y = x2 1,
n € N, anajoriubi BiracTuBocTsaM QYHKIL y = x3.

Iificuo, obaacmv susHauenns Pyuruii y=x*>"!', n € N: D (y) =R,
OCKiJIbKM 3HAueHHs ITiel QyHKIl MoKHA OOUYMCIUTH HPU OyIb-AKHX 3HAa-
YeHHSX X.

®yuKIia Henapra: Ao f(x) =x2""1, ro f (-x) = (—x)?" "1 = —x¥ 1=
=—f (x). Omxe, rpadgik PyHKII cUMeTPUUYHNHA BiJHOCHO ITOUYATKY KOOPAUHAT.

Ockinpku nipu x = 0 sHavenna y = 0, To rpadik QyHKIl y = x2"~ ! 3aB-
JKAY TIPOXOIUTH Uepes IMOYaTOK KOOPAWHAT.

Ha saciit o6nacmi 6u3navennsa QYHKUia 3pocmac.
® [Jliicso, mpu X, > x, OfepKyeMo x,' ' >x7""!, OCKimbKE Ipu migHeceHHI

000X YaCcTWH IPaBUJIbHOI HEPiBHOCTI A0 HemapHOTO cremeHA (i3 36epe-

JKeHHSAM 3HaKa HePiBHOCTi) OepIKyeMO IMpaBUJIbHY HepiBHiCTH., O

st sHaXOMKeHHA 06acTi sHaueHb PyHKIHI y = x2* 1, n € N, ckiagemo
piBHaHHA x>*~ ! = a. BoHO Mae po3B’A3KHU 1A BCiX a € R (mpu n = 1 ogepxy-
eEMO X =a, anpu n # 1, n € N, onep:KyeMo x=2n7\1/5). Omxe, 00JaCTh 3HA-
yeHb 3amanol GyHKIii: y € R, 10610 E (y) = R = (—00; +o0).

Tomy Hailmenw 020 i HAUOINLULOZO 3HAYEHb PYHKUIA He MaE.

IIpomincku 3narxocmanocmi: upu x > 0 3Hauenus y = x» 1 > 0,

npu x < 0 sHaueHHsa y = x2" 1 < 0.
3a3HauUMMO TAKOK, 10 npu X = 1 3HaueHus y = 12"~ 1 =1,

Sk Bimomo 3 Kypcy anrebpu Ta reomerpii, rpadikom QpyHruii y = x! = x
€ IIpsAMa, IKa IPOXOAUTH Uepeld IMoYaTOK KoopawHaT (puc. 86), a mpu iHmmx
HeMapHUX HATypadbHUX o GYHKIS y = x2" "1, n € N, mae rpadik, aHaaoriu-
Huit rpadiky Gyurmii y = x% (puc. 87).

3. dDynrumis y = x* (0 — HemapHe Bix’emMHe umciio). SIKIIO o — HemapHe
Big’emHe ywucisio, To QyHKIis y = x @Y, n € N, mae BracTuBocTi Ta rpadixk,

IOBHICTIO aHAJIOTIUHI BJIACTUBOCTAM 1 rpadiky QpyHKIIi] y=—.
X

y=x*, y . y y
y neN y=x

3 y:x2n+1’
neN

Puc. 85 Puc. 86 Puc. 87
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(2n-1) __ 1

Hificao, obsacTs BU3HAUYeHHA (QYHKIII y=x" T X # 0, ToOTO

n—

D (y) = (—oo; 0) U (0; +o0), ocrinbkmu 3HaueHHA I1iel GyHKIII MoKHA 00-
YUCJIUTU NPU OyOb-IKKNX 3HAUEHHIX X, KpiMm x = 0.
DyuKia venapua: upu x # 0, axmo [ (x) = x @~ Y, 1o
f(=x)=(-x)® " V=—x"D=—f(x).
Or:xe, rpadik GyHKII cCUMeTPUYHNI BiZHOCHO IIOYATKY KOOPAWHAT.

(@n-1)__ 1
x2n—1

Ypaxosytoum, mo x # 0iy =0 (y:x’ #0], omep:ryemo, IO

epagix Qyuryil y = x "~V ne nepemunae oci koopdunam.
Ha npomixncry (0; +eo) ¢pynryia cnadae.

® [liticuo, mjs HOJaTHUX 3HAYEHDb IIPU x,> x, (x, >0, x, > 0) onepsxyemo

2n-1 2n-1
x>

. 1 1 —(2n— _(2n—
, ane Tofl —— <——, omke, x,*" P <x P O
X9 X1
Ha npomixncky (—oo; 0) pynkruia mex cnadae. Ile BuniauBae 3 Toro, 1o ii
rpadik cuMeTPUYHUI BiTHOCHO IIOYATKY KOOPJAMHAT.
® Hasenemo Takox i aHamiTHYHe OOIDYHTYyBaHHA: AKmo x, <0, x, <0
ix,>x, 10 -x,<-x (i7Temep —x, > 0, —x, > 0). Toxi 3a obrpyHTOBa-
HuM Bume (—x,)® D> (—x,)@ Y, omxe, —x,*"V>-x®D  3Bpincn
x2—(2n—1) < xl—(Zn—l). O

It Toro 100 3HaliTu o6.siacmv 3HaveHb GyHKHII y=x@ Y n € N,

. (om — 1
cKiafeMo piBHAHHA x "~V =a, T706T0 ——=a. BoHO Mae pO3B’AZKHU AIA
x

. . 41 . 1 L
Bcix a # 0 (Tomi x=2" ,1/— npun #1i X=_ mpun= 1) i TiIpKM mpU TaKUX
a

3HAUEHHAX a. Yci Ii uucia i ckaaayTsb obaacThk 3HaueHb GyuKIiii. OT:Ke, 006-

JlacTh 3HaUeHb 3amaHol GyHKIIi: y # 0, To6To E (y) =(—o0; 0) U (0; +oo).
Tomy Hailmernuwiozo i HAUOINBLULOZO 3HAYEHbL PYHKUIA He MAE.

Ilpomisncrku 3HaKoCcmaiocmi:

npu x > 0 3HauenHs y = x @~V > 0,

Yy
a npu x < 0 3HaUeHHSA
=x =D <,
y=x@ D= 1 y
w21’ 3a3HauMMO TaKOMK, I0 Ipu X = 1
n LN HaueHHs y = 17@"~D =1,
YpaxoByoun BJIACTHUBOCTI (QPYHKILII
0 x Yy=x@"Y ne N, omepyemo ii rpadir
(puc. 88).

4. Oynrnia y = x* (o — napHe Bix'emue
YHuCI0). IKIMO o — mapHe Bif’ eMHEe Yuc-
Puc. 88 g0, To GyHKIiT y=x%", n € N, mae
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BJIACTHUBOCTI Ta rpadik, IIOBHICTIO aHAJOTIYHI BJIaCTUBOCTAM i rpaiky QyHK-

mii y=-_L.
X

IiiicHO, o06nacmb 6usHavenHs (YHKIiI y=x2"= x # 0, ToOTO

2n *
X
D (y) = (—o0; 0) U (0; +<0), oCKinTbKY 3HaUEeHHS ITiel MYHKIII MOXKHA 00-
YUCJIUTHU IPU OYyIAb-AKUX 3HAUEHHAX X, Kpim x = 0.
®yukiia napra: npu x = 0, axmo f (x) = x 2", to f (—x) = (—x) 2" = x2" =
= f (x). Orxe, rpadik GyHKIil cuMerpuuHmUil BigHOCHO oci Oy.

. _o-on 1 .
Ockinbku npu x # 0 3HaUeHHA Y=Xx —xw>0, TO 2pagix QYHKUIL

Y = x2" He nepemunae oci Koopouram.
Ha npomincky (0; +o0) ¢pynkuis cnadae.
® [lificHo, A1 mOJATHUX 3HAUYeHb Ipu X, > x, (x, > 0, x, > 0) omep:rxyemo

2n 2n .1 1 -2n -2n
xy" >x;", ane Tofi —5-<——, OTHEe, X, <x; . O
X9 X1
Ha npomixnckry (—o; 0) pynruyis spocmac.
® Ile BumsmBae 3 Toro, mio ii rpadixk cumerpumuHwmit BigHOCHO oci Oy.
Hasememo Taxo:x i amamiTwuHe OOIDYyHTYyBaHHA: AKmo x, <0, x, <0
ix,>x, T0-x,<-x (i Temep —x, > 0, —x, > 0). Toxi 3a o6rpynTOBa-
HuM Buile (—x,) " > (—x,) 2", omxe, 2,7 <x;>. O
s Toro 1100 suHaiiTu 00JacThb 3HAUeHb PYHKIHNI y = x2*, n € N, ckia-

1 .
—5; =a. BoHO Mae posB’aA3KM JJ14 Beix a > 0

neMo PiBHAHHA X *" = @, TOOTO —;
X

. 1 .. .. .
(Tomi x:i%’ﬂ—) i TiIBKM mpM TaKUX 3HAUEHHSX a. YcCi Il ymcina i cKIagyThb
a

o6nacThs 3HaueHb PyHKIiI. OT:Ke, 001acmb 3HaueHb 3amanol GpyHKHii: y > 0,
T06TO E (y) = (05 +00).
Tomy RallmeHuL020 i HAllOILLULOZO 3HAUEHb PYHKULA He MAE.
3asHauUMMO TAKOK, 10 mpu X = 1 3HaveHus y = 172" = 1.
VYpaxoBytoun BiacTuBocTi GYHKINI y = ¥, n € N, omep:yemo ii rpadik (puc. 89).

5. ®Dysknia y = x* (00 — Heuijie JoAaTHE YMC- y=x2 :%, ne N
J0). SKmo o — Hermise gomaTHE YMCJIO, TO *
dyurnia y = x* (o > 0, o — Herise) mMae 00-
aacmdv gu3navenns x = 0: D (y) =[0; +oo),
OCKiZIbKM B3HAUYEHHs CTeleHsa 3 JOJaTHUM He-
IMiJTUM TOKA3HUKOM O3HAUEHO TiJbKU AJIA He-
Bix’eMHUX 3HAUEHb X.

Tonmi obsacTh BuU3HAUEHHA HECUMETPUUYHA
BigHocHO ToukmM 0, i QyHKIiT He MOKe OyTHU
Hi NapHo, Hi HENApPHOK. Puc. 89

y




202 Po3spin 2. CTENEHEBA ®YHKLUIA

Ockinbkmu npu x = 0 sHauenHa y = 0, 1o 2padix Qynkuii y = x* (oo > 0)
3a8x0u npoxodumsv wepes noYamokx KoopouHam.

IIpu x > 0 smauenuda y = x* > 0.

MoskHa 00T PYHTYBATH, IO HA 8CLiil 00acmi 8U3HAYCHHA QYHKUIL Y = X°
(oo > 0) € 3pocmaruoro.

Ins Ttoro 1106 3HaliTH 00JacTh 3HAYeHb QYHKINI y = x%, cKJaageMo piB-

1

HAHHA X* = a. BoHo Mmae po3B’sa3ku i1 Bcix a > 0 (Tomi x = aa) i TinbKu mpUM
TAaKUX 3HAUYEHHSX a. Yci 1mi umeaa i ckaagyTh o0JiacTh 3HAUEHb (PYHKINII.
Orixe, obsacTs 3HAUYEHDb 3amanol GyHKIii: y = 0, TooTo E (y) = [0; +o0).

3a3HauYMMO TaKOXK, 110 Opu X = 1 3HaYeHHA y = 1“ = 1.

3o6parkytoun rpadik ynrmii y = x* (o > 0, oo — Hermine), ciixg ypaxoBy-
Batu, mo npu 0 < o <1 rpadixk mae Buraan, amajgoriuHmili rpadiry yzﬁ
(puc. 90)!, a mpu a0 > 1 — anajyoriunwmit mpasiit BiTii rpadika y = x2 (puc. 91).
6. dDysruia y = x* (00 — Hemige Bix’emHe uymcao). Axmo o — Hemixe
Bin’emue uwmciso, To QyHKIig y = x* (o0 < 0, oo — Hemine) mae obsacTb BU-
aunaueHHsa x > 0 (D (y) = (0; +<0)), ocKisbKY 3HAUEHHA CTEIEHdA 3 Bif’eMHUM
HeI[iJIUM MOKa3HUKOM O3HAUEHO TiIbKHU [JIA HOJAATHUX 3HAUEHb X.

Tomi obsacTh BuU3BHAUEHHsS HecuMeTpUuHa BigHocHO Toukm 0, i GpyHKIIis
He MOKe OyTU Hi napHom, Hi HenapHoi.

¥Ypaxosyioun, mo npu x > 0 sHavenHa y = x* > 0 (tobTo x = 0 i y # 0),
OZIEPIKYEMO, 1110 2paik Qyukruii y = x* (o0 < 0) He nepemunace oci koopournam.

Ha npomincky (0; +o) @ynkryisa cnadae, T00TO AIA NOJATHUX 3HAYEHD
opu x, > x, (x, > 0, x, > 0) omepsyemo x; <xy.
® [oBememo Iie, HAIPUKJIAL, OIS BUNAAKY, KOJU O, — Bix’eMHe parioHab-

He HeIlijie YMCJO0 (a:—ﬂ — wmerine, m € N, n € N). IIlpu gomaTHUX

n
3HAYEHHAX X, > X, (x, > 0, x, > 0), ypaxoByOUH pe3yIbTaTHU NOCTiIKEH-
HA QYHKIII y = x* Opu IinoMy Bif’eMHOMY o, OJepKYyeMO X," <x;™.

ITorim, 3Baskaiouu Ha Te, 10 PYHKI[iS y:(‘/{ opu JoJaTHUX t € 3pocTa-
_m _m

1049010, MaeMo X/x," <%x;™, Tomi x," <x,".0O

MoskHa oGI'PyHTYBaTH, IO i B TOMY BUIIAAKY, KOJU 0. — Bifg’ eMHe ippa-
IioHaJTbHE YUCJIO, PYHKIiA y = X“ TaKOXK cIaZae Ha BCili obJslacTi BU3HAUYEH-
HA (TobTO mpu x > 0).

IOna roro mo6 3HaiiTu o6aacTh 3HaUeHb QYHKINT y = x“, ckjIamemMo piB-

1

HAHHA X* = a. BoHO Mae po3B’sa3Ku 1 Bcix a > 0 (Tomi x = aa) i TinbKY IpU
TAaKMX 3HAUEHHSX a@. Yci Ii umerna i ckaaayThb 00JaacTh 3HaYeHb (PYHKITII.

Oroxe, obsacTs 3HAUEHDb 3a7aH0l GyHKIII: y > 0, TooTo E (y) = (0; +o0).

! ITe 6yme meTajbHille OOI'PYHTOBAHO B MiApyYHUKY mjd 11 xiacy.
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y=x*(>1,
o — HeIlrije)

y=x*(<0, y
Y y=x° y o — Herinze)
O0<a<l1
O<a<1) 1] y=x°
0 x 0 x 0 x 0 x
Puc. 90 Puc. 91 Puc. 92 Puc. 93

3asHauMMO TaKOXK, 1110 mpu X = 1 3HaueHHsa y = 1% = 1.

Vpaxosyiounu BiacTuBocTi GyHKIIT y = x* (a0 < 0), omepsxkyemo ii rpadik
(puc. 92).

Oco6muenii Bunaaok. Ao o = 0, To yHKIigAy = x*=x°=1opu x # 0
(maragaemo, mo 0° — He osmaueHo) i ii rpadik — mpama y = 1 6e3 TOUKHU
(0; 1) (puc. 93).

H [lpuknaau po3s’si3aHHA 3aBAaHb

ITpuraax 1 3HalmiTh 00JIaCTh BU3HAUEHHA PYHKITII:

1) y=(x—3)%; 2) y=(x+1)_%.

Posé’s3anHua
1) » x -3 >0, ro6ro x > 3, orxe,
D (y) = [3; +oo). <
2) P x+1>0, T06TO0 X > —1, OT2XKE,
D (y) = (-1; +eo). <

IIpukaang 2

1
Dy=x"+1; 2) y=(x+2)3.

Pos38’a3aHnA

1) » Byagyemo rpadik y = x°
(puc. 94, a), a moriMm mapagesgbHO
IIepeHoCUMO HOoro B3ZOBK oci Oy
Ha +1 (puc. 94, 6). <

2) p rpadix
(puc. 95, a) a moTiMm mapasieILHO

TIePeHOCUMO HOTo B3HOBXK oci Ox
Ha —2 (puc. 95, 0). <

1
Bynyemo y= x3

Komenmap

1
YpaxoByemo, 1110 BUpa3 a’ o3Ha-
1
yeHuit mpu a > 0, a BUpas g 2 —

Tiapku upu a > 0.

ITobynytiTe rpadik QyHKILII:

Komenmap

I'padiku 3amaEux QYyHKIINH MOMK-
Ha oTpuMaTu i3 rpadikiB QyHKIIiH:

1
1) y = x%, 2) y=x3% 3a momoMoroi0
mapaJieJIbHOTO ITepeHeCeHHs:
1) ma +1 ysmoB:xk oci Oy;
2) ma —2 B3moB:K oci Ox.
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Yy Yy
y=x°
y=x5+1
Y
0 x ) P
|0 x
a 0 a (1]
Puc. 94 Puc. 95
HEE 3anuTaHHS Ans KOHTPOnio
1. Kopucryrooumcr rpadikom Bigmosimmoi GyHKIII, oxapaKTepusyiiTe
BJIACTUBOCTI (PYHKIII y = x%, AKiio: 1) oo — mapHe HaTypaJibHE YUCJIO;
2) o — HemapHe HaTypajJbHe YUCJIO; 3) O — HeIapHe BiJi’€MHe YUCJIO;
4) o — mapHe Big’eMHe 4UHMCI0; 5) o — HeIiJe Big’eMHe UMCIIO;
6) 0. — Hellijie moJaTHE YHUCJIIO.
2%, OOr'pyHTyiiTe BJIACTHUBOCTI cTereHeBOl ()YHKINI B KOXKHOMY 3 BHUIIAQIKiB,
yKasaHUX y 3aBmamHi 1.
I Bnpasu
1. 3maiigiTs ob6sacTh BUSHAUEHHS (QPYHKITII:
1
) y=x7 2)y=x7% 3) y=(x-1%
_2 5 9
4) y=x7; 5) y=(x*-x)3; 6) y=(x*—x+1) 2.
2. IloGynmyiiTe rpadixk GyHKITII:
1
1Ny=x% 2)y=x7 Ny=x3 4dy=x* b)) y=xi
5 1 1 .
6) y=x*; Ny=(x+ 1% 8) y=2°-8; 9 y=[x[3; 10) y=[x> - 1]
3. IlobynyitTe i mopiBHsANTE rpadiku GyHKILiN:
1 1
1) y=§/; iy=x3 2) y=‘\1/; iy=xt.
4. Po3B’sxiTh rpadiuyHo piBHAHHA:
1 1 5 1
1) x2=6—x; 2) x 3 =x?% 3) x2=2-x; 4) x +=2x-1.
IlepeBipTe mifcTaHOBKOIO, IO 3HAUEHHA X AiMCHO € KOpeHeM PiBHIHHSI.
5°. HosexiTh, 110 piBHAHHSA, HAaBeJeHi B 3aBJauHi 4, HEe MAOTh IHITUX KOpe-

HiB, KpiM 3HaWgeHUX rpadivyHo.
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§13

3ACTOCYBAHHA BAACTUBOCTEN ®YHKLIN
AO PO3B’A3YBAHHS IPPALIIOHAAbHUX PIBHAHb

13.1. 3actocyBaHHA BAACTUBOCTEN PYHKLIIN AO PO3B’A3yBaHHSA

ippauioHaAbHUX PiBHAHDb

Haramaemo ocHOBHi imei, AKi BUKOPUCTOBYIOTH IIPU PO3B’sA3yBaHHi piB-
HSHBb 3a JOIOMOTOIO BJIACTHUBOCTEN (QDYHKILilA.

Tabauma 22

1. CkiHueHHa OA3

OpieHTnp

Mpuknap

Axmo o6aacTe TOMYCTHUMHX 3HAYEHD
(003) piBaanHa (HepiBHOCTI ab0 cuc-
TeMH) CKJIAJa€ThCcAd i3 CKiHUEHHOro
yucjia 3Ha4YeHb, TO JJiA PO3B’SI3yBaH-
HS JOCTATHHO TMepeBipuTH BCi i 3Ha-
YeHHS.

Posp’saxiTe piBHAHHEA
Jx-3+2x*=46-2x +18.
x—320, x >3,
> 0I3: Toxi
6—-2x>0. x < 3.
Omxe, O3: x = 3.
Ilepesipka. x = 3 — KOpiHb
(Vo+18=%40+18;18=18).
IHmux KopeHiB HeMae, OCKiJIBbKH IO

O3 BXOAUTH TiJIBKU OJHE YUCJIO.
Bionosidv: 3. <

2. OuiHKa 3Ha4eHb AiBOi Ta NPaBOi YaCTUH PIBHSIHHA

OpieHTnp MpukAaa
Posp’saxiTh piBHAHHA
Vx? -5x+6 =4x—x*—4.
f)=gKx | {f (x)=a, P Bamumemo 3amaHe PiBHAHHS TaK:
F00>a glx)=a Va2 =5 +6 = —(x? —dx +4),
g(x)<a Nx?-5x+6 =—(x—-2)?,

Arxmo moTpi6éHO po3B’sA3aTH piB-
HaHHA BuAy f (x) = g (x)i3’acyBaaoca,
o f (x) > a, g (x) < a, TO piBHiCTH MiK
JIiBOIO i IPAaBOI0 YACTHHAMU PiBHIHHS
MOJKJIMBA JUIIe y BUNAAKY, AKIIO [ (x)
i g (x) ogHOYACHO JOPiBHIOIOTH A.

f(x)=vx®-5x+6 >0,
g(x)=—(x—-2)2<0.
Or:xe, 3aJaHe PiBHAHHSA PiBHOCHUJIBbHE

cucreMi
Va2 -5x+6 =0,
—(x-2)?=0.
Is gpyroro piBHAHHS OIEPKYEMO
X = 2, 10 3aJ0BOJIbHSIE U IIEPIIOMY

PiBHAHHIO.
Bidnosgiov: 2. <
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IIpodosicenns mabr. 22
3. BMKOpMCTaHHA MOHOTOHHOCTI DYHKL,iM
Cxema po3B’sa3yBaHHS PiBHAHHS
1. Ilio6upaemo o0un abo OeKiavka KOpeHi8 Pi6HAHHS.

2. [Joeodumo, uj0 iHWuX KOPeHi8 ye pi6HAHHA He MaE (BUKOPUCTOBYIOUM Teope-
MU IIPO KOPEeHi piBHAHHSA abo OIiHKY JIiBOi Ta IMpaBoi YacTWH PiBHAHHS).

TeopeMn NPo KOPEHi PiBHAHHSA

1. Sfxmo B piBHAHHI [ (x) =a ¢dyHERUiI
f (x) 3spocrae (cmamae) Ha [meAKOMY
MPOMIiKKY, TO Iie PiBHIHHS MOKe MATHU
He OiJBII HiX OOMH KOPiHb Ha LBOMY
MPOMIiKKY.

' &/

X

IIpukaan
Pipuanaa vx+2¥x =38 wmae €IUHUKI
Kopiup x =1 (x/I +2. §/i =3, TO0OTO
3 =3), bysrmia  f(x)=
=x +2%x 3pocrae (Ha Bciii obOsacTi

Bu3HaueHHs X > 0) AK cyMa IBOX 3pOC-
Tarounx GyHKIiNH

OCK1JIBKHI

2. $xmo B piBHaAHHI [ (x) = g (x) dyHK-
uig f (x) 3pocTae HA TeAKOMY TIPOMIsK-

y=g(x)

Ky, a GyHEIig g (x) cnamae Ha bOMY
caMoMy TPOMiKKYy (a060 HaBIaKH), TO
e PiBHAHHA MOKe MATH He OiJIbII Hisk
OMMH KOPiHb HA I[bOMY IPOMIiKKY.

IIpuxaan
PiBusanusa \/;:6_35 Ma€ €IUHHUU KO-
piup x =4 (\/Z=6—4, 2 = 2), OCKiJb-

KU f(x)zx/; 3pocrae (mpu x = 0),
a g (x) =6 — x cnazmae

EEl [losicHeHHS 1 OGI'PYHTYBaHHS

1. Buxopucranas ckimuennocti O[3 mia po3r’sa3yBaHHA ippamioHaJIbHUX
piBHaHEb. OCHOBHUMU cIioco0aMMU PO3B’A3yBaHHA ippalioHaJbHUX DPiBHAHB,
1IT0 BUKOPHCTOBYIOTh Yy Kypci anredpu i mouaTkiB aHarisy, € BUKOHAHHS PiB-
HOCUJIbHUX II€PETBOPEHb PiBHAHL ab0 Ofep:KaHHS PiBHAHL-HACTIAKIB, AKi
IO3BOJIAIOTH 3BECTU 3a/laHe PiBHAHHSA IO pallioHaJabHOro. Aje iHOAI omep:ka-
He pallioHaJbHe PiBHAHHS BUABJISAETHCA CKJIATHUM [JiA Po3B’sa3yBaHHA. Ha-
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MIPUKJIaL, PiBHAHHA VX —3 +2x2=%Y6-2x +18, uaBenmeme B myHKTi 1 Tabau-
mi 22, MOKHA 3BECTH [0 PaIliOHAJLHOIO, 1301I0I0UM /6—2x 1 migHocaum
0o0uaBi YaCTHMHU OO0 YETBEPTOTO CTEeIeHs, a IIOTIM i30JI00uu BHUpas3, SKHUKI
MicTuTh Vx—3, i migHocAYM 00MABI yacTUHU OO0 KBagpara. Aje B pe3yabTaTi

MU OZEePIKYyEMO IMOBHE PiBHAHHSA IIiCTHAI[ATOTO CTEeIeHs. ¥ TaKUX CUTyalli-
AX cupoOyeMo 3acTocyBaTH BimoMi HaM MeTOAM PO3B’A3yBaHHS PiBHAHD,
MoB’A3aHi 3 BUKOPUCTAHHAM BJIACTHUBOCTEHN (QYyHKI[iIH. 30KpeMa, y PO3TIAHY-
x—-320,
6—2x>0.
TiTbKYU ONHE 3HaueHHs X = 3, Ake BXoauTb A0 OIl3. OckinbKu Oyab-AKUT
KODiHBb PiBHAHHA BXOAUTH A0 ioro O3, mrocTaTHHO IIepeBipuUTH, YU € Ti YUC-
Ja, 1o BxonATs xo O3, kopenamu 3amanoro piBHaHHA. [lepeBipKa mokasye,
10 X = 3 — Kopiub. [HmMuX KopeHiB OyTu He MOKe, ocKinbku O3 piBHAHHA
CKJIQMAa€ThCA TiJIBKU 3 OJHOTO 3HAUEHHSA X = 3.

3ayBasKuMo, II10 B TOMY BuIanky, Koau OJ/I3 3amanoro piBHAHHA — IIO-
poskHA MHOKMHA (HEe MICTHUTH KOJTHOTO YHMCJIA), MU HABiTL 6e3 mepeBipKH
MOJKeMO JaTH BiAIIOBiAb, IIT0 PiBHAHHA He Ma€ KopeHiB. Hampukianm, SKIIMO

Tomy piBHaHHI Ol]3 Bu3HAUYAETHCSA yMOBaAMU 3BiIKU OEePIKyEMO

HOTpPiOHO po3B’AsaTu piBHAHHA Vx—3 =Y2—x +5x, To ftoro OJI3 s3amaeTbca

x—320, x =3, , .
CHCTEMOIO TOOTO AKa He Mae posB’A3kKiB. Otixe, O3 sa-
2—x2>0, x <2,

IaHOTO PiBHAHHA HE MICTUTH KOJHOTO UHMCJA, i TOMY Ile PiBHAHHA He Mae
KOpEeHiB.

2. Ominka 3Ha4YeHb JIBOI Ta MPaBOl YACTUH PiBHAHHA. [HOMI B TMX BUHAa-

KaxX, KOJIU ippallioHaJIbHEe PiBHAHHA 3BOAUTHCA A0 I'POMi3AKOr0 palioHaJIbHO-

ro (a6o 30BciM He 3BOAUTHCS OO PaIliOHAJIBHOTO), AOIiJIBHO CIIPOOYBATH OITi-

HUTHU 3HAUeHHA (QYHKIIN, AKi cToATh y JiBi#l i mpaBiit yacTuHAX PiBHAHHA.
Hampuknan, 1106 po3B’sa3aTy PiBHAHHA

Ve +¥x +¥x+1=1, 1)

mocraTHbo 3HaWTU Horo OI13: x>0 i 3a HOITOMOro0 PiBHOCUIBHUX IIEPETBO-

PeHb 3ammcaTu MOro y BUTJIAIL Jx +4x =1-Yx+1. V nisift wacruni ocran-

HBOI'O DPiBHAHHSA CTOITHL GQyHKIiA [(x) =Jx+4x>0 ma Bciit obmacti

BU3HAUEHH:, a B mpaBiit — ¢yuknia g (x) =1-¥x+1 < 0 npu Bcix smauen-

HAX x 3 OJI3 (ockimpku mpu x>0 {x+1>1). Toxi piBmicTs Mi JiBOIO

i mpaBoOlO YaCTUHAMU PiBHAHHA MOXKJNBA TiIFKU B TOMY BUIAKY, KOJIU BOHU

OHOUACHO AOPiBHIOIOTH HYyI0. OT:Ke, piBHAHHA (1) piBHOCUIBHE cucTeMi
f(x)=0, Jx +¥x =0,

TOOTO cucTeMmi (2)

g(x)=0, 1-Yx+1=0.
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PosB’sikeMo CIIOUaTKy Iepiiie PiBHAHHSA Iliel cucTeMu. ¥YpaxyeMmo, IIo
Jx>01iYx>o0. Cyma gBox HeBix’eMHUX (DYHKILil MOKe TOPiBHIOBATH HYJIIO
TOMi i TIIBKHM TOMi, KOIU KOKEeH 3 MOTAHKIB TopiBHIOE HyI0. OT)Ke, piBHAHHA

Jx+¥x=0 piBHOCHJIbHE CHCTEMi {\/; =0, AKa Ma€ eInHUN po3B’sa30K x = 0.
{x =0,

ITeit posB’si30K 3aJ0BOJIbHsE i aApyre piBHaHHA cucremu (2) (mificuo,

1-80+1 =0, 0 = 0), otke, cuctema (2) TeX Ma€e TiJIbKYU OAUH PO3B’A30K

x = 0. Takum uymHOM, i piBHAHHA (1) Mae exmHUN KOopiub x = 0.

3. Buxopucramua monoronHocTti ¢pyukuiit. Ille ogauM crmoco6om po3B’s3y-
BaHHA TUX ippalioHaJbHUX PiBHAHb, SKi 3BOAATHCA OO I'POMIBAKUX paIllio-
HAJbHUX, € BUKOPUCTAHHS 3POCTAHHSA a00 CIaJaHHA BifmOBIZHUX (PYHKITill.
Haiiuacrinre 1ie 3miliCHIOIOTH 32 TAKOI CXE€MOIO:

1) nidoupaemo 00urn abo OekiavKa KOPeHi8 Pi6HAHHS;

2) 00800umo, UL0 IHUWLUX KOPEHi6 Ue DI6HSAHHA He MAE.

OOrpyHTYBaHHA BiATIOBIZHUX BJIACTHUBOCTEI HaBelEeHO B IIyHKTi 3.2 pos-
miny 1, a IpUKJIagu BUKOPUCTAHHSA IIHOTO CIOCO0Y AJs PO3B’sIZyBaHHA ippa-
IMiOHAJIBbHUX PiBHAHL — y Tabauii 22.

EEl Bnpasu
Poss’siokiTh piBHAHHSA (1—4) Ta cucreMu piBHAHB (D), BUKOPUCTOBYIOUU
BJIACTUBOCTI BiAHmOBiMHUX QYHKI[IH.

1. 1) Yx?-1+x2=42-2x2 +x+2;
2) 2x+vVx2—5x+6 =x2+¥10x—2x%-12-3.
2. 1) Y16+x% =2-x’ +x; 2) 1+|x—Vx|=¢1-]x;

1 1
3) \/;+$=1—x—x2; 4) V4x—2+m=2—|x—3|.
3. 1) Va—1+Vx-1+¥x*-1=0;  2) [Vx-2|+|\Jy—5|+xy-100 0.

4. 1) Jx-7+¥Yx=3; 2) Yx+12+Yx-3=3;
3) 2¥x—1+Vx+2=6-48x; 4) §/¥+2/}=§.

2
24x -4y =2; ) Vx +.\Jy =4.

13.2. MpMKAaAU BUKOPUCTAHHSA iHLWIKX cnocobiB po3B’a3yBaHHA

ippauioHaAbHUX PiBHAHDb

fAKimro, posB’sa3yioun ippallioHaJbHI PiBHAHHSA, MU BUKOPHCTOBYEMO
piBHAHHA-Hachigku (ak y § 11), To B KiHIII cJiii BUKOHYBaTU II€PEBipKYy
oJlep:KaHUX PO3B’sA3KiB. AJle B THMX BHUIIaJKaX, KOJHU IIi PO3B’A3KU — HE

o
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pamioHanbHi yucsa, IepeBipKa 3a LOIOMOIOIO ITiICTAHOBKY OJEPyKAaHUX 3HA-
YeHb Yy IIOYATKOBE PiBHAHHSA € JOCTATHHO CKJIAAHOIO i rpomisakoio. [lyia Ta-
KUX PiBHAHBb JOBOIUTHCS BUKOPUCTOBYBATU PiBHOCUJIbHI IIePETBOPEHHSA HAa
KOXKHOMY KpoIli po3B’sisyBanusA. IIpu 1nboMy HeoOXimHo mam’sTaTw, [0 BCi
piBHOCHMJIbHI ITIepEeTBOPEHHA PiBHAHBL UM HepiBHOCTeHW BuKOHYIOTH Ha O3 3a-
IaHOTO PiBHAHHA YK HepiBHOCTI (IYHKT 3.1), TOMYy, BUKOHYIOUHN PiBHOCUJIB-
Hi IIepeTBOpeHHs ippalioHaJbHUX DPiBHAHB, HeoOXimHO BpaxoByBatu O3
3aJaHOTO PiBHAHHA. TaKOMK JOCUTH YAaCTO B IIMX BUIAAKAX MIPpKYIOTH TaK:
0asl 8cix KOpeHi8 3a0aH020 PiIBHAHHA 3HAKU Ji60T i Npasoi wacmuH Di6HsH-
HA 30izaromouces, OCKiJIbKM TPU IIiICTAHOBIII B 3aJaHe PiBHAHHS Uucia, AKe
€ Horo KOpeHeM, OJEP KYIOTh IIPAaBUJIbHY UMCJIOBY PiBHicTH. BuKoOpmCcTOBYIO-
Y1 OCTAaHHE MipKyBaHHSA, YaCTO BIAETHCA OJEPIKATU AKYCh JOJATKOBY YMOBY
IS KOPeHiB 3aJaHOro PiBHAHHS i BUKOHYBATH PiBHOCUJIBHI IepeTBOPEHHS
He Ha Bcitt O03 maHoro piBHAHHSA, a HA AKilich 11 yacTuHi.

IIpukaan 1 Po3B’sokiTh piBHAHHA /2x+1—-+x+1=1.
Po38’a3aHHA Komenmap
2x+1>0, Bukonaemo piBHOCHJIBHI II€peTBO-
> 0On3: peHHA 3aJaHOTO PiBHAHHA.
+1>0.

. 1
PosB’sa30xk 1iel cucremmu: x>—§.
Ha OJI3 zamaHe piBHAHHA pPiBHO-

CUJbHE PiBHAHHAM:

V2x+1=1+/x+1,

2 2
(Vox+1) =(1+Vx+1),
2x+1=14+2VJx+1+x+1,
x—1=2~x+1. (1)
g Bcix KopeHiB piBHaHHA (1)
x—12>0. 2)
3a miei ymoBu piBHaAHHA (1) piB-
HOCUJIbHE PiBHAHHSIM:
2
(x-1)"=(2Vx+1),
x2-2x+1=4(x+1),
x2—6x —3=0.
Toni x=3i2\/§.

YpaxoByiouun, 1110 BCi piBHOCHUIBbHI
TepeTBOPeHHA BUKOHYIOTBCs Ha OJ[3
3aJaHOTO0 PiBHAHHS, 3aikcyemMo #oro
Ool13.

Ilepenocsauu Bupas (— x+1) i3
JiBoi YacTMHHU PIiBHAHHSA B IIpaBy
3 TIPOTUJIEXKHUM 3HAKOM, OJEPIKYEMO
PiBHAHHSA, PiBHOCUJILHE 3aJaHOMY.

Y piBHaHHI V2x+1=1++x+1
o0uABI uvacTHMHHM HeBix emHi, oTike,
mpu TigHeceHHI 060X YacTHMH M0 KBa-
IpaTa OJep:KyeMO piBHAHHSA, DPIBHO-
CUJIbHE B3aJaHOMYy, fAKe pPiBHOCUJIBbHE
piBHAHHO (1).

Huna Bcix xopeniB piBHaaHa (1)
BOHO € IIPaBUJIBHOIO UMCJIOBOIO DPiBHIiC-
TI0O. ¥ IIiffi piBHOCTI mpaBa dYacTu-

Ha — HeBix’emMHe uwuCIIO (2\/x+1 20),

ToAl i siBa yacTuHA € HeBix eMHMM 4YuC-
JoM, To6To x — 1 > 0 1y BCixX KOpeHiB.
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x1:3+2x/§ — BxomuTh mo O3
i BamoBosbHsSIE yMOBi (2), OoTiKe, € KO-
peHeM 3a7JaHOTO PiBHAHHS;
x2=3—2\/§ — BxoauTh nmo OI3, ame
He 3aJ0BOJIbHAE yMOBi (2), oTiKe, He
€ KOpPeHeM 3aJaHOTr0 PiBHAHHS.

Bidnosids: 3+22. <

IIpuxkxag 2

Toxi 3a ymoBu (2) 06uaBi YacTUHUI
piBuauua (1) HeBig’emHi, oTiKe, WpU
migHeceHHI 000X YacTWH OO0 KBaapara
OIEP’KYEMO piBHOCWJIbHE PiBHAHHA.
Ause micia Toro AK 3HANIEHO KOpeHi
IIbOTO PiBHAHHSA, HEOOXiIZHO IepesBi-
puUTH He TiJBKU Te, YU BXOAATH BOHU
mo OI13, a it 1 3a40BOJBHAIOTH YMOBi
(2). Ina Taxoi mepeBipKU OOCTATHBO
B3ATU HAOJIMKEHI 3HAUEHHA KOPEHiB
x, ~ 6,4 Ta x, ~ —0,4.

Posp’saxiTe piBHAHHEA \/x+3—4\/x—1 +\/x—2\/x—1 =x+2.

Komenmap
3amina +x—-1=¢ mae 3MOry IOMITHUTHU, IO KOYKEH BUpas3, SKHUI CTOITh
il 3HaKOM 30BHIIITHBOTO KBAJAPATHOTO KOPEHsdA, € KBaAPaTOM IBOUJIEHA.

Bacrocosyioun popmyry vVa® =|a|, omepskyemo piBHAHHS, IO MiCTATBH
3HAK MOIYJIA, AJIA PO3B’A3YBaHHA AKOT0 BUKOPHCTOBYEMO TAKUIl NAGH:

1) 3naumu O/]3;

2) 3naiimu HYyai cix niOMoOYyabHUX PYHKUILL;
3) nosnauumu Hyai Ha O3 i posoumu O3 Ha npomixckKu;
4) 3Hallmu po36’A3KU PI6HAHHA 6 KOHCHOMY 3 NPOMINKIE.

Poszs’asannsa
P Hexaii vx—-1=¢t, get > 0. Tomi x — 1 =1t% x=1¢t>+ 1.

Opnepryemo piBHAHHEA V% +4—4t +t? +1-2t =12 +3,

fAKe MOJKHA 3aIIMCATU TaK: \/(1,‘—2)2 +\/(t—1)2 =t>+3. BBincu
|[t—2|+|t-1]|=¢+3. (1)
1) O3 piBuanusa (1): t € R, ane 3a 3MicTOM 3aBJaHHSA Ile PiBHAHHA MOTPi6-

HO posB’sasatu mpu t = 0.

2) Hyni minmonynpHux GyHKIiN: ¢t =21t =1.
3) IIi myni posbmBaroTh obsacTh t = 0 Ha Tpu I II III

OPOMIiMKKIM, ¥ KOMKHOMY 3 SKHUX KOYKHA IIij-
MOAYJbHA (PYHKIiA Mae IOCTIHHUNA 3HaK

(puc. 96).

IIpomiskok 1. Ilpu t € [0; 1] maemo piBHAHHA
-(t-2)-(t-1)=t*+ 3.

(N

0 1 2 t
Puc. 96

Tomi 2 + 2¢t = 0, t = 0 abo t = —2, ane B mpoMixkoK [0; 1] BXoaAUTH TiIbKMT

t=0.
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IIpomisxok II. IIpu t € [1; 2] maeMo piBHAHHA
—(t—2)+ (t —1)=1t?+ 3, aKe piBHOCHIbHE PiBHAHHIO {? = —2, [0 He
mae KopeHiB. OTike, v mpoMizkKy [1; 2] KopeHiB HeMae.
IIpomisxok III. Ilpu ¢ € [2; +o0) MaeMO PiBHAHHA
(t—2)+ @ —-1)=1t®+ 3, 3 AKOrO OZEpPKyeMo piBHAHHA {2 — 2t + 6 =0,
110 He Mae KopeHiB. OTiKe, y MPOMiKKY [2; +o0) KOpeHiB HeMae.
00’eguyOUN OfleprKaHi pe3yabTaT, pOOMMO BUCHOBOK, 1110 piBHAHHSA (1)

Ma€ TiJIbKM OaWH Kopiub ¢t = 0.

Bukxounyrouu obepHeHy 3aMiny, maemo vx—1=0, 3Bigku x = 1.

Bionogiov: 1. <|
IIpuxaanx 3

Po3B’sKiTh piBHIHHSA

J(x—6)* —383/(x—6)(2x +3) +23/(2x +3)* =0.

Pos38’sa3auns

> OckinpKku x = 6 He € KopeHeM
3alaHOTO0 PiBHAHHS, TO IIPHU IiJeHHIi

. 2
060X uacTHH piBHAHH HA (x—6)° #0

0JIeP:KYEMO PiBHOCHJIbHE PiBHAHHS
2
1_33/2x+3 +23/(2x+3) -0
x—6 x—6 ’
Ilicna saminm t=3 2x_+63 MaeMO
\/ x—

piBuauma 2t>-3t+ 1=0, xopexHi
SIKOTO:

Buxonasiu
OZIePIKYEMO:

2x +3 2¢+3 1
3[2XT9o _q g[eXTo _ 2
x—6 abo \Vx-6 2’

2x+3:1 260 2x+3:l,
x—6 x—6 8
x =-9 abo x = —2.

Bidnogidv: —9; —2. <

obepHeHY B3aMiHy,

Komenmap

x—-6=u,
Y2x+3=v Ta omepKyeMO piBHAHHA
u? - 3uv + 2v2 =0, yci uyaeHU AK020
Mmarwmv O00HAKOBUIL CYMAPHULL cme-
niuv! — gBa. Take piBHAHHA Ha3WBAa-
IOTb  O00HODIOHUM i  po38’asyiomb
dineHHAM 000X YaACMUH HA HAUBUW UL
cmeniHnb 00Hi€T i3 3miHHUX. Po3miaumo
OOMABI 4YACTHUHU, HANPHUKJIAL, Ha u?

(robro ma ¥(x—6)2).

IITo6 npu Oinenni Ha 6upa3s i3
3MIHHOI He 3a2y0umu KOpeHi Pi6HAH-
HA, nompi6HO mi 3HAYEHHS 3MIHHOL,
npu AxKux ueil eupai O0OpiBHIOE HYAIO,
posenanymu oxpemo, TOOTO B IIBOMY
OpUKJaAi IifcTaBUTH 3HAUeHHA X = 6
B 3aJaHe pPiBHAHHA (IIe MOKHA BUKO-
HATU YCHO, IO PO3B’sA3aHHS 3alucaTu
TiTBKY ONEpPKaHull Pe3yJabTar).

s Toro 106 BAifiCHUTH TaKuit
IJIaH PO3B’A3yBaHHsS, He 000B’sI3KOBO
BBOAUTH 3MiHHI © i U: JOCTaTHBO IIOMi-
TUTH, II0 33laHe PiBHAHHA OTHOPiTHE,

poszinnTy 06uABi YacTuHU Ha §/(x —6)?,
a BiKe IOTIM BBECTH HOBY 3MIiHHY f.

Bukonyemo 3aminy

! B o3HaueHHi OZHOPIAHOTO PiBHIHHS He BPaxXoBYIOTh wieH 0, AKUil cTemeHs He Mae.
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E 3anunTaHHS A1 KOHTPOJIo

1. Tlosacwirs, axi oOMe)keHHS TOBeIeTHCA HAKJIACTY HA 3MIiHHY X, 11106 PO3B’ A3aTH

piBHAHHS VX —2=x—6 3a JOIOMOI0OI PiBHOCHJIBLHUX II€PETBOPEHbD.
2. Hasemits mpuKJam ogHOPiAHOTO ippallioHadbHOTO piBHAHHSA. CKJIATITH

ILJIaH HOro Po3B’sA3yBaHHA.

I Bnpasu

1. Poss’suxiTh ippallioHasbHe PiBHAHHS 3a JOIOMOI0OI0 PiBHOCUJIBHUX IIe-

PETBODEHb:

1) V3x-2=5-x;
3) V3x+4 +Jx—-4=2Vx;

Posp’skiTh piBHAHHS (2—5).

2) V8-2x-J1-x=1;
4) Jx+5+Vx =J4x+9.

2. 1) Jr+2Vr—1+yr-2Vx-1=x+1; 2)\Jr-3-2Vr—4 +r—4Jr—4=1.
1) Yx+1? +28(x-12 =32 -1; 2) x®+xJx+1-2(x+1)=0.
1) Vo-1-Jx-2=Vx2-3x+2; 2) Y2x+3-%Y2x+1=2.

4.
5 1) xé/;—l é/xis—l

+ =16;
b o1 Y1

D

§ 14 IPPALIOHAAbHI HEPIBHOCTI

Tabaumsa 23

OpieHtnp

Mpuknap,

1. MeTop, iHTepBanis (quisa HepiBHOCTEH Buxpy f (x) = 0)

1) 3uaiitu O/I3 HepiBHOCTI.

2) 3uaiitn Hyxi dyHKLii f (x)
7 (%) =0).

3) Binmitutu =Hyai ¢yHKLOii Ha
O3 i 3HaliTH 3HAK (QPYHKIL
B KOKHOMY NIPOMIiKKYy, Ha SKi
posousaerbesa O/13.

4) 3anmcaTtu BigmoBigb, ypaxoBy-
I0YM 3HAK HEPiBHOCTI

PosB’skiTh HepiBHiCTE VX +4 >x+2.
P 3amama HepiBHiCTH piBHOCHJIBHA HEpPiB-

HOCTi Vvx+4 —-x-2>0.

ITosnauumo f(x)=vVx+4-x-2.

Oo3: x + 4 > 0, TobTo x = —4.

Hymi f (x): Vx+4-x-2=0, Jx+4=x+2,
x+4=x"+4x+4,x>+3x=0,x, =0 —
KOpiHb, X, = —3 — CTOPOHHIili KOPiHb.
Bigmivaemo mysni ma Ol13 i 3HaxX0AMMO 3HAK
dyHKIIT f (X) ¥ KOXKHOMY IPOMIiXKKY.

JaVa

-4 0 x
Bionogids: [-4; 0). <|
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IIpodosicenns mabr. 23

2. PiBHOCMNbHI NnepeTBOpPeHHs

1)

IIpu minHeceHHi 000X YaCTHMH
HEPiBHOCTI 0 HENMapHOro cTe-
neHa (i3 30epesKeHHAM 3HAKa
HEePiBHOCTi) oJep:KyeMO HepiB-
HiCTh, PIBHOCUJBHY 3aJaHiit
(ma O13 3amaHol)

Poss’sxiTs HepiBHicTs ¥Yx+2 <-1.
» OI3:xcR.
3amaHa HepiBHiCTHL pPiBHOCHMJIbHA HEPiBHO-
CTAM:

(\/3x+2)3<(—1)3, x+2<-1, x < -3.
Bidnogiov: (—; —3). <l

2)

Axmo o00uMaABI uYacTHHU He-
piBHOCTI HeBix’€eMHi, TO IIpH
migHeceHHI 000X 4YaCTHUH He-
piBHOCTiI 10 mapHOro cremeHd
(i3 30epeskeHHAM 3HAKa HepiB-
HOCTi) oIep;KyeMO HepiBHiCTH,
piBHOCUIBHY 3amaHii (Ha O3
3a/aHO1)

PosB’sa:xiTh HepiBHicTh ¥2x—6 <1.
P Ol13: 2x — 6 > 0, To6TO x > 3. O6UABI
YacTUHM 3aJaHOl HepiBHOCTI HeBin eMmHi,
om:Ke, BoHA piBHOocuiabHa (Ha ii O3) He-
piBHOCTSAM:

(422-6)" <1*, 22— 6 < 1, x<%.

VYpaxosytouu OI13, omep:ryemMo

3<x<z.
2

Biodnosiov: [3; %) <

3)

{g(x) >0,
=

Axmo nwa OJI3 3amaHoil He-
piBHOCTI fAKach 4YacTHMHA He-
piBHOCTIi MoOke HaOyBaTu HK
OOOATHMUX, TaK 1 Bim’eMHHX
3HaueHb, TO, MepII HiMkK ITia-
HOCUTH OOMIBI YacTUHH He-
PiBHOCTI M0 HMapHOTO CTemeHd,
i BUNAAKU CJIig PO3TIAAIATH
OKpeMo.

Hanpurnanm,

Nf(x)>gx) &

f(x)>0,
£(x)> g% (x) 20° {g(x)<0-
f(x)>0,
4f (x) < g(x) & 1 g(x) >0,

f(x)<g” (x)

PosB’skiTh HepiBHiCTE VX +4 >x+2.
P SBamana HepiBHiCTHL pPiBHOCUIbHA CYKYII-
HOCTi cucreM:
x+2>0, {x+4>0,

abo
(Va+a) > (x+2) x+2<0.

o [£22[xzea,
oAt x2+33c<0ao x<-2.

Poss’sasaBmu HepiBricTs x2 + 3x < 0, Ma-

emMo —3 < x <0.
yA

A

-3N\__"0 «x
YpaxoByoum HepiBHiCTH X > —2, ogmep-
JKYEMO  DPO3B’SA30K  IEPIINOi  CUCTEMU:
-2 < x < 0. Po3B’s30K Opyroi cucremmu:
-4 < x <-2. O6’emuyioun I1i Po3B’A3KWH,
OJIEPIKYEMO BilTIOBiAB.
Bionosiov: [—4; 0). <l
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EEl [osicHeHHs 1 OOrpyHTYBaHHS

1. Posp’a3yBaHHa ippaunioHaJbHHUX HePiBHOCTEHl MeTOAOM iHTepBAJiB.
3arajpHy cxeMy pO3B’sI3yBaHHsS HepiBHOCTel MeTOAOM iHTepBaJiB IIO-
scHeHo B § 4 pospiny 1, a mpuKJajJ 3acTOCYBaHHS METOLY iHTEpPBAaJiB IO
po3B’sA3yBaHHA ippallioHAJILHUX HepiBHOCTeil HaBemeHO B Tabuuiri 23.

2. PiBHoCcUIBHI mepeTBOpPeHHA ippanioHamxbHUX HepiBHocTei. Komum s
pPO3B’A3yBaHHsA ippallioHAJbHUX HePiBHOCTe!l BUKOPUCTOBYIOTH PiBHOCUJIBHI
TepeTBOPeHHs , TO HaifuacTile 3a JOIIOMOTOIO MifHEeCeHH 000X YaCTUH HEPiB-
HOCTi 0 OTHOT'O ¥ TOT'0 CaMOTr0 CTelleHd 3aaHa HePiBHICTh 3BOAUTHCA IO PaIlio-
HaIbHOI HepiBHOCTi. IIpu MbOoMy mMOTPiOHO MaTH HaA yBasi Taki BJIACTUBOCTI.
1) dxmo obuaBi YacTMHM HEPiBHOCTI MOBOAUTHCA MiZHOCUTH IO Hemap-
HOTO CTeIleHs, TO CKOPUCTAEMOCA TUM, IO YUCJN08] HepieHocmi A > B
i A% 1> B2t*1 g60 00HOuACHO npasuibHi, A60 00HOYACHO HenpasuJibHi.
Toai KoskeH po3B’sI30K HEePiBHOCTI
f(x)> g (x) (1)
(AKUII TIepeTBOPIOE II0 HEPiBHICTH y IPaBUJIbHY UYHNCJIOBY HEPiBHICTH)
OyIe TaKoK i po3B’sI3KOM HepiBHOCTL
fer+1 (x) > g+ (x) (2)
i, HaBMaKM, KOKeH pPo3B’sA30K HepiBHOcTi (2) Oyae TakoK i po3B’sA3KOM
HepiBHOCTi (1), To6TO HepiBHOCTI (1) i (2) — piBHOCHABHI. OTiKe, MpPHU
migHeceHHi 000X YaCTHMH HEPiBHOCTI A0 HemapHoro cremeHsd (i3 30epe-
JKeHHSM 3HaKa HePiBHOCTi) ogeps;Kye€Mo HepiBHicTh, piBHOCHUJIBbHY 3ajaa-
it (mra O/I3 3amaHoi).
Hamnpuknan,

#Jf @) > g(x) & f(x)> g™ (x)

2) Amnanoriuno, sxuwo uucna A i B negid’emni (A =2 0, B = 0), mo uucao-
8i Hepienocmi A > B i A?* > B? rako ab60 00HOYACHO NpasujvHi, abo
o0HouacHo HenpasuavHi. IloBTOpIOIOUN mOTEepenHI MipKyBaHHA, MaEMO:
AKNI0 O0OMABiI YACTMHU HEPiBHOCTiI HeBia €MHi, TO MPU MiTHECEHHI 000X
YAaCTUH HEPiBHOCTI 70 mapHOro cremeHs (i3 30epeskeHHAM 3HAKa HepPiB-
HOCTi) 0JIep:Kye€MO HepPiBHiCTh, piBHOCUIBHY 3adaHiil (Ha O3 3amaHoi).
Hampurnazn, posrasagamuy HEPiBHICTH

R (x) <g(x) 3

Ha i OI03, me f (x) = 0, momiuaemo, IO AJis BCiX PO3B’A3KiB HepiBHO-

cri (3) niBa yactmHa HeBix'eMHa (apudMeTUUYHUIN KOPiHB 2{’/f(x)>0)

i HepiBHicTB (3) MOXKe BUKOHYBATUCA TiJIBKU 32 YMOBU
g (x) > 0. (4)
Axmo BuKoHyeThca ymoBa (4), To o0uaBi yacTuHU HepiBHOCTI (3)
HeBix’eMHi, i Ipu migHECeHHI M0 mapHOro creneHs 2k ooep:KyeMo HepiBHICTb,
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piBHOCUNIBHY 3amaHiii: f (x) < g2* (x) (8Buuaiino, 3a ymoBu BpaxyBauusa OI13
3amanoi HepiBHOCTI Ta ymoBu (4)). OTixe,

J f(x)>0,
2f (x) < g(x) = | g(x)>0,
lf(x) <g™ ()
3) $dximo 3a mOIIOMOrom PiBHOCUJILHUX II€PETBOPEHDb HEeOOXiIHO po3B’a3aTu
HepiBHiCTH
2f(x) > g (x) (5)

Ha ii O3, me f (x) = 0, To n1a mpaBoi yacTUHY Ifiel HePiBHOCTI PO3TJIA-

HeMmo aBa Bumagkm: a) 8 (x) < 0; 6) g (x) = 0.

a) Ilpu g (x) < 0 mepiBHicTh (5) BUKOHYeThCA A Beix x 3 O13 3amanoi

HepiBHOCTI, TOOTO TIp; f (x) = 0.

6) Ilpu g (x) 2 0 o6uznBi uacTuHM HepiBHOCTI (D) HeBix eMHi, i mpu miz-

HECeHHi [0 MapHOTO CTelleHA 2k ONepKyeMO HEpPiBHICTH, PiBHOCUIBHY

3amaHim:

f(x) > g% (x). (6)

3ayBasKuMoO, II10 AJs BCix po3B’sa3KiB HepiBHOCTI (6) oomesxenua O3 3a-
nmaHoi HepiBHOCTI f (x) 2 0 BUKOHYETbCA aBTOMATUYHO; OT:Ke, pu g (x) = 0
IOCTAaTHBO 3aIUCATU TiJBKU HePiBHiCTH (6).

O6’enHy0UYN OepsKaHi pe3yabTaTH, JOXOAUMO BHCHOBKY, IIO:

on g(x)=0, Jf(x)>0,
Hf(x) > g(x) = {f(x) -+ g% () a601g(x)< o

Hl [lpuknaau po3s’si3aHHA 3aBAaHb

IIpuraax 1 PosB’sa:KiTh HEpiBHICTD Jx+3-Jx—-1>+2x-1.
Komenmap

3BemeMo HepiBHicTb mo Buay f (x) > 0 i posB’sixemo ii meromom imTep-
BaJIiB.

Has Toro mio6 sHatiTm Hyai GyHKIT f (x), BUKOpHUCTAEMO PiBHAHHSI-
Hacaigku. I11o6 BUJIYYUTU CTOPOHHI KOPEHi, BUKOHAEMO IIePeBipKy omep:rka-
HUX PO3B’A3KiB.

Posg’ss3annasa

P 3Bajana HepiBHiCTH piBHOCHJIBbHA HEPIBHOCTL Jx+3-Jx-1-+2x-1>0.
Mosuaunmo f(x)=vx+3-vx—1-+2x-1.
x+3>0, x>-3,
1.003: {x-1>0, Tom 1*L  1o6m0 x > 1.
2x-1>0. x%,
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2. Hyni dysrnii £ (x): Vx+3 -vx-1-+/2x-1=0. Togai:
Jx+3-Vr—1=2x-1, (Vx13-vx-1) =(\2x-1)’,
x+3-2Vx+3 - vx-1+x-1=2x-1, 2Vx+3-vVx-1=3.
ITimHoCcmMO 00MABI YacTMHUM OCTAHHLOTO PiBHAHHA IO KBajapara:
4(x+3)(x—1)=9,4x2+8x—-21=0,
3

. 7 s .
x, 2521,5 — KOpiHB, X, :_5 — CTOPOHHIil KOpPiHb.

3. PosouBaemo OII3 Toukor 1,5 ma mBa mpomikku i s3Haxomumo s3Hak f (x)

Y KOJKHOMY 3 IPOMiKKiB (puc. 97).
Bidnosios: [1; 1,5). <| Y-

1 15 x

3
Hpuknag 2  Poss’sukits mepiBmicts ,[X 18 5 x_2. Puc. 97
X

I cmoci6 (meTon imTepBaJiB)

Komenmap
3BeneMo 3amaHy HepiBHicTH mo Buny f (x) > 0 i poss’saxxemo ii meTomom

inTepBaiiB. [aa Toro 1106 suatitu O3 3amaHol HEPIiBHOCTI, TEXK 3aCTOCYEMO
3

3
T 8>0 (OmB: x 2 0; 8-
X

X

MeToJ, iHTepBaJjiB, POo3B’A3yI0UM HEPiBHIiCTH

nopu x = —2).

Ons sHaxom:KeHHA HyJaiB GyHKIII f (x) BuUKopucraeMo pPiBHAHHSA-
HaCJIiOKH’.

Xoua ¢pyuKIia f (x) He Mae HYJIiB, aje i y ILOMY BUIIAAKY METOJ iHTep-
BaJiB TakosK mpaitoe. TinbKu inTepBaau 3HaxocTaocTi GpyHKII f (x) 36ira-
IOThCS 3 iHTepBaJlaMU, 3 AKUX CKJAMAEThCS 1i 001aCTh BUSHAUEHHS.

Poszg’aszanna
P Bajgana HepiBHiCTH piBHOCUJIBbHA HEPiBHOCTI

3
JEEB —xt2>0. 1)
X
48
ITosnauumo f(x)=,———-x+2.
X
3

**8>0, s
1. 0O13: x PosB’s:xemMo HepiBHiCTH >0
x#0.
MeTomoM iHTepBaJiB (puc. 98). + _ T+
Opep:ryemo: x € (—oo; —32] U (05 +o0). 5 0 o
2. Hyuni dysxnii £ (x): *+8 _x+2=0. Toxi: Puc. 98
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3 3
+8
\/—xx =x-2, 48 _ 42 4xid x®+ 8= x%— 4x + 4x,
X

4x% — 4x + 8 = 0 — Kopenis Hemae (D < 0).
3. O3 wmepisuocti (1) posbuBaeThcA Ha [IBa ﬁ F_

MPOMIKKMN, y AKUX QyHKIia [ (x) mae 3Ha- &

KM, YKasaHi Ha pucyHKY 99.
Bidnogiov: (—~; —2] U (0; +). < Puc. 99

II cmoci6 (piBHOCH/IBHI MepeTBOPEHHS)
Komenmap

Ha po3B’si3yBaHHA BUKOPUCTAEMO PiBHOCUJIBHI IIepPETBOPEHHS:

B 2(x)>0, {f(x)>0,
V! ubg(x)ﬁ{f(x»g“(x) 2001 g (%<0

3
. . x” +8
11106 po3B’si3aTH Ofep:KaHy HPOMiKHY HEpiBHiCTH

>0, ypaxyemo

YMOBHU, 3a SKHUX Iei apib Oyme HeBix eMHTM.
V kinii, o6’egHy0un ofeprKaHi po3B’A3KM, OTPUMYEMO BiAmOBiAb.

Posé’asanna

- x—2>0, S8 [x22
=
> T8y 2o s abo x '&3.8.8
x x"+8 9)2 L P05 x?—4x+4
> (x=2)% x—2<0 ’
x3+8>0 x>2, x*+8>0 x*+8<0,
N
abo | «x T S 4x? _dxi8 o a6o 1x>0, abo {x<0,
—> y
x<2 x x<2, x<2.

Vpaxosyroun, mo 4x?—4x +8 >0 mpm Bcix sHauvenHax x (D <0
ia=4 > 0), omep:KyemMo, III0 OCTaHHA CYKYIIHICTh TPHOX CUCTEM PiBHOCHJIbHA

x=>-2, x<-2,
o x=2,
CYKYIIHOCTI: abo x>0, abo {x<0, <
x>0
x<2, x<2

<Sx>22,a600 < x < 2,860 x < -2 & x < -2, a60 x > 0.
Bidnogids: (—eo; —2] U (05 +e0). <

3ayBaKeHHA. 3aNUCylOUn HaBeleHe DPO3B’sI3aHHA, 3HAKU PiBHOCUJIb-
HOCTi (<) MOXXHa He CTaBUTH, JOCTATHHO HA MOYATKY PO3B’sI3aHHSA 3aIlMCATH:
«BukoHaeMo piBHOCHUJIBHI IIepPeTBOPEHHS 3aJaHOI HEPiBHOCTI».
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IIpuxkaag 3. Poss’s:xiTh HepiBHiCTH

J3x+9-43x+5 +/3x +14—-6+/3x+5 <1. )

Komenmap

3amina V3x+5 =t m03BOJIAE TOMIiTHUTHU, ITIIO0 KOKEH BUpAa3, KU CTOITh
il 3HAKOM 30BHIIITHBOTO KBAJAPATHOTO KOPEHA, € KBaAPATOM IBOUJIEHA.

3acTocoByouu GopMyay \/(172 =|a|, OJIEP:KYEMO HEPiBHICTH, IO MiCTUTH
3HAK MOAYJA, IJIA PO3B’A3YBAaHHA AKOI BUKOPUCTOBYEMO TAKWl IIJIAH:

1) snaitmu O/3;

2) snatimu Hyai 8cix ni0modyavHUX QYHKULL,

3) gidmimumu nyai na O3 i pos6umu O3 Ha NPOMIKNKU;

4) 3naiimu po36’a3KU HepiBHOCMi 8 KOWCHOMY 3 NPOMINCKIB.
Posze’azanna

P Hexait V3x+5=¢t, net > 0. Tomi 8x + 5 =2, 3x = t2 — 5.

OTpuMyeMoO HepiBHiICTH V2 +4—-4t +t2 +9-6t < 1, AKy MOKHa 3aIUCaTU TaK:

J(t=2)2 +/(t-3)> <1. Opepsyemo
|t—2|+|t-3]|<1. (2)
1. O3 umepiBuocti (2): ¢t € R, ane 3a 3micToM 3aBIaHHSA ITI0 HEPiBHICTH IT0-
TpibHO posB’aAsatu mpu t = 0.

2. Hyni minmonynpHux GyHKIIN: ¢t =21t = 3. I 1T I

3. IIi myni posbmBatoTh obsacTh t = 0 Ha Tpu ‘ a +, +
TIPOMIMKKHY, Y KOXKHOMY 3 AKUX KOXKHA IIif- 0 9 3 i
MoAyJibHA (PYHKIigA Mae IOCTIAHUU 3HaK
(puc. 100). Puc. 100

IIpomiskox I. ITpu t € [0; 2] maemo HepiBHiCTH
—(t —2) —(t — 3) < 1, 3 akoi omep:kyemo t = 2, aje B mpomizkok [0; 2]
BXOJIUTh TiIbKU © = 2.

IIpomiskox II. Ilpu ¢t € [2; 3] maemo HepiBHicTh (1 — 2) — (¢ — 3) < 1, gaka
piBHOCHIbHA HepiBHOCTI 0-¢ < 0, 1110 BUKOHYETLCA MIPU OYIb-AKUX 3HA-
yeHHAX t. OToKe, ¥ IpoMisKKYy [2; 3] po3B’sa3kamMu HepiBHOCTI O6yayTh yci
3HAUeHHA t i3 MpOT0 MPOMIKKY (2 < t < 3).

IIpomiskoxr III. Ilpum t € [3; +e0) maemo HepiBHicTs (f —2) + (¢t —3) < 1,
3 AKOI omep:kyeMo t < 3, aje B MPOMisKOK [3; +o0) BXOAUTH TiTbKU 3HA-
yeHHS t = 3.

O6’emHyIOuUn OfepPsKaHi pesyabTaTH, POOMMO BHCHOBOK, II[0 PO3B’A3KaMU

HepiBHOCTI (2) OyAyTh yci smaueHHda t Taki, mo 2 < ¢ < 3.

Bukonyiounu o6epHeHy 3aMiHny, MaeMo 2 < +3x+5 <3, 3BigKm;

4<3x+5<09.
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Toni — X<

w |
N
o |

; - _lé
Bidnosiov: [ 3 3} <

HEl 3anuTaHHSA ons KOHTPOJo

1. HassiTh ocHOBHiI MeToau PO3B’A3yBaHHS ippallioHaJIbHUX HEPiBHOCTEIi.

2. HasBiTh OCHOBHIi eTamu po3B’sA3yBaHHS ippallioHaJbHOI HepiBHOCTI Me-
TOZOM iHTepBaJiB.

3. OOrpyuryiiTe copaBeINBiCTh TAKUX PiBHOCUJIBHUX II€PETBOPEHD:

1) #Jf(x) > g(x)  f(x)> g (x);

f(x) =0,
2) %f(x)<g(x)=18(x)>0,
f(x)< g™ (x);
2 g(x) =0, {f(x) >0
3) \/f(x)>g(x)<:>{f(x)>g2k(x) abo () <0,

Il Bnpasu

Posp’skiTe HepiBHicTs (1—8).

1. 1) Vx?-3x-18 <4—x; 2) Vx?-8x <5—x.

2. 1) (x-3)Vx?+4 <x2-9; 2) (x-DVax?+1<x*-1.
3. 1 \/6+x—x2 <\/6+x—x2_ 2) \/3—2x—x2 <\/3—2x—x2

2¢+5  x+4 x+8  2x+1
4. 1) Jx-2+2x+5>3; 2) V2x-20 +v/x+15 >5.
5. >Jx +5; xoxo2

3 - \/— x— \/— 6
6. 1) |27, 3 2) Jxt—2x2+1>1-x.

X

7. 1) B +8—65x—1 +/5x+24-105x—1 <2
2) Jx+3-4Vx—1+x+8-6Jx-1>1.

8. 1) (\/x2—4x+3+1)\/;+%(\/8x—2x2—6+1 <0;
2) (\/x2—5x+6 +2)\/;—i(\/10x—2x2—12+2)>0.
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§ 15 PO3B’A3YBAHHA IPPALUIOHAABHUX PIBHAHDb
TA HEPIBHOCTEM 3 MAPAMETPAMU

IIpu poss’sa3yBaHHi 3aBJaHb 3 MapaMeTpaMu, ¥ AKUX BUMAraeThCsa PO3-
B’A3aTHU PiBHAHHSA YU HEPiBHiCTH, MOKHA KOPUCTYBATUCA TAKUM OPi€HTHUPOM
(§ 9): O0yOv-axe pi6HAHHSA U HepiBHICMb 3 nNAPAMEMPAMU PO36’A3YHOMb K
36UYAlHI PIBHAHHA YU HepiHicmb domu, NOKU 6Ci nepemeopeHHs abo Mip-
KYBAHHS, HeOOXIOHI ONsl PO38°A3YBAHHS, MOHHA BUKOHAMU 00HO3HAUHO. AJe
6 Mmomy pasi, KOLU AKecb NepemeopenHs He MONHA BUKOHAMU 00HO3HAYHO,
P038’a3yeants HeobxiOHO po3dumu Ha Oekiavka 6unadkis, w06 Yy KOMHOMY
3 Hux 8i0nosidv yepe3 napamempu 3anucysanacs 00HO3HA4HO.

Tako:k Ha eTami IONIYKY IJIaHY PO3B’A3YBaHHS DPiBHAHL UM HEPiBHO-
cTell 3 mapaMeTpaMu ab0o MipKyOUM Haj caMUM PO3B’sA3aHHIAM, UYacTo OyBae
3PYYHO CYIIPOBOJI’KYBaTH BilIIOBiAHI MipKyBaHHA cXxeMaMu, 3a AKUMU JIETKO
IIPOCTEKUTH, Y AKUI caMe MOMEHT MU He 3MOTJIX OJHO3HAYHO BUKOHATHU IIO-
TPiOHI IIepeTBOPEeHHA, Ha CKiJIbLKM BUNAAKIB JOBEJIOCSA PO3OUTU PO3B’sA3aHHA
1 yuM BifpisHAETHCA OOWH BUHOAMOK Bijx iHIIOTO.

3asHauMMoO, N0 PiBHAHHS Ta HEPIBHOCTI 3 IapaMeTpaMu HaiiuacTilie
pO3B’A3YIOTH 3a MOIOMOT0I0 X PiBHOCHUJIBHUX MEPETBOPEHDb, X0Ua iHKOJU BU-
KOPHUCTOBYIOTH i BJIACTUBOCTI QYHKITiH, METOM iHTePBAJiB /i PO3B’I3yBAHHA
HepiBHOCTeH Ta PiBHAHHA-HACIiIKU.

Hpurkaan 1 Po3B’s:KiTh piBHAHHA +Jx—-2=a.
Komenmap
My He MOXKeMO OSHO3HAUHO JAaTU BiAIIOBiAb Ha 3amUTaHHS, YA € B 3a-
ITaHOTO DPiBHAHHS KOPEHi, 1 ToOMy B’Ke Ha IepIIOMY KpPOI[i ITOBMHHI pPO3-
OuTH PO3B’SI3aHHSA HA JBa BUIATKHU:
1) a < 0 — xopeniB memae, 2) a = 0 —
KopeHi € (auB. cxemy). x-2=a
IIpu a > 0 maemo Hailimpocriie ip-

. . . a<0 az=0
paiionajbHe PiBHAHHSA, O0MIBI yacTUHUI
saxoro HeBix emui. Omike, Ipu migHECEHH] x—2=a?
1o KBajpaTa 000X HOro 4aCTUH OJEPKY- | xopeHiB HeMae rx=a2+2

€MO DiBHAHHS, PiBHOCUJIbHE 3aJaHOMY.
O3 sajmamoro piBHAHHS MOKHA He 3a-
MHACYBaTH, il BPaX0OBaHO aBTOMAaTUYHO, 00 /I BCiX KOPEHIiB OE€PyKAHOTO PiB-
HAHHA x — 2 =a? > 0.
Posze’azannusa
P 1) IIpu a < 0 piBHAHHA He Mae KOpEHiB.
2)IIpua >0 x - 2=a? Toxni x =a?+ 2.

Bionogidv: 1) axio a < 0, To KOpeHiB HeMae;
2) axkmo a > 0, To x =a? + 2. <
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IIpukaax 2

Posé’asannual

> Jx+a=3-+x-1. 1)

s Bcix kopeHiB piBHAHHA (1):

3-Jx-1>0. (2)

Toni piBuauHa (1) piBHOCHJIbHE piB-
HAHHAM:

x+a=(3—x/x—1)2, 3)
x+a=9-6Jx-1+x-1,

x-1=38-49

(4)

s Bcix KopeHiB piBHAHHA (4):

8—a>
>0 (5)

Toni piBHanHA (4) piBHOCUJIBHE DiB-
HSIHHIO

x—1=(8;“)2. (6)

2
Orxe, x:(sga) +1.

Vpaxyemo oomerxxenusa (2) i (5):

2
3-Jx-1=3- (8‘“) =3—‘8;“

6
3a ymoBow (H) 8-a >0, Toxmi
8- 8- .
‘ 6“ = 6". Orsxe, ymoBu (2) i (5) 3a-
3- 8;“ >0,
IaloTh CHUCTEMY TOOTO
8-a >0,
6
a>-10, .
Tomi —10 < a < 8.
a<8,

Posw’saxkiTh piBHAHHA Vx+a+Vx—-1=3.

Komenmap

BukopucraemMo piBHOCHUJIBbHI II€peTBO-

PeHHs 3aJaHOro PiBHAHHA. A 1IHOTO
HeobOximHO BpaxyBatu itoro OI(3:

{x+a>0, ()

x-1>0. (8)

IIpu mepeHeceHHi uYJjieHa 3aJaHO-
ro pPiBHAHHSA 3 JIiBOI YacTUHU B IIpa-
BY 3 IPOTUJIEKHUM 3HAKOM OE€P:KaIn
piBHOcusbHe piBHAHHA (1).

Hnsa Bcix xopeHiB piBHaAHHA (1)
BOHO € ITPaBUJILHOIO YKCJIOBOIO PiBHiC-
rio. Moro siiBa uwacTmHa HeBin eMHa,
OTJKe, 1 1mpaBa uYacTuHa Mae OyTH
HeBix’emuoro. Tomi gami MoskHA
poss’asyBatu piBuanuA (1) He Ha Beiit
Ol13, a Tinpku Ha Ti#t il yacTuHi, 110
3amaHa yMoBoio (2).

3a 1iei ymoBum o00uABi UacTH-
Hu piBHAHHA (1) HeBig’emHi, OT:Ke,
mpu TigHeceHHI 000X Oro YacTUH 10
KBajJpaTa OJepP:XMUMO PiBHOCUJIbHE PiB-
HaAHHA (3) (a micsa piBHOCHIBHUX IIe-
peTBOpeHb — pPiBHAHHA (4)).

Hnsa Bcix KopeHiB piBHAHHA (3)
loro mpaBa yacTHHA HeBix eMHa, OTIKe,
i sgiBa uacrtmHa OyJe HeBix €MHOIO:
x+a = 0. Ane Toni ymoBy (7) O3
3a7laHOr0 PiBHSAHHA BPAxXOBaHO aBTO-
MaTUYHO i i1 MOKHaA He 3allUCyBaTHU IO
po3B’sA3aHHA.

Takrox AJIA BCiX KOpPeHiB pPiBHAH-
Hs (4) #oro JiBa yacTuHAa HEBig eMHa,
oT:Ke, i MpaBa YacTWHA TMOBUHHA OyTH
HeBix’ emuoio. Tomy maai MoxkHa pPO3-
B’aA3yBaTu piBHAHHA (4) He Ha Bcil
O3, a Tinbkm Ha Tit i yacTuHi, AKa
3amana ymoBoio (5). Toxai obuaBi uac-
TUHYA piBHAHHA (4) HeBix eMHi, i micaa

1V zanmci po3s’s3aHHsa OIPUKIAAiB 2—6 y paMKax BUALIeHO OOMe)KeHHs, AKi JoBe-
JIOCS HAKJIACTH B IIPOIECi PIBHOCUILHUX II€PETBOPEHD 3aaHOr0 PiBHAHHS Y1 HEPiBHOCTI.



222 Po3spin 2. CTENEHEBA ®YHKLUIA

Bionosion:

2
1) upu -10 < a < 8 x:(sga) +1;

2)mpu a < —10 aGo a > 8 KopeHiB Hemae. <|

IIpukaang 3

Posé’a3anns

P [Ins1 BCiX KOpeHiB JaHOTO PiBHAHHSA
x =20 1)

Toxi 3amane piBHAHHS PiBHOCUJIb-
He PiBHAHHAM:
a+va+x=x2 2)

Va+x=x*-a. (3)

s Bcix KopeHiB piBHAHHA (3)

x2—a > 0. 4)

Toxi piBusuusa (3) piBHOCHIbHE
PiBHAHHAM:

a+ x=(x?-a)? (5)

a+ x=x*— 2ax®+ a®. (6)
Posrisaemo piBHAHHA (6) AK KBa-
JIpaTHe BiHOCHO a:
a? - 2x2+1)a +x*—x=0.
D=2x2+1)2 -4 (x*—x) =
=4x?+ 4x + 1 =(2x + 1)
@x+1)+@x+1)

Toxi a= >
Orxe, a=x>+x+1 abo a =x%— x.
3Bigcu
x2-—a+x+1=0 )
abo
x2—a=x. (8)

VYpaxosyioun ymoBu (1) i (4),
omep:umMoO, mpo (x2—-—a)+x+1 > 1,
oT:Ke, piBHAHHA (7) He Mae KOpPeHiB.

migHeceHHs: 000X f0ro YacTHH I0 KBagpa-
Ta 0JIeP’KUMO piBHOCUIbHE piBHAHHA (6).

HOnsa Bcix xopeHiB piBHAHHA (6)
ioro mpaBsa yacTWHA HEBia €MHa, OTXKe,
i miBa uactmHa Oyme HeBim eMHOIO:
x — 12> 0. Toxi i ymoBy (8) OJI3 3ama-
HOT'O PiBHAHHS BPaXOBAHO aBTOMATHY-
HO, i Tomy OJI3 MoKHa He 3amuCyBaTH
0 pO3B’sA3aHHI.

Po3p’axiTh piBHAHHA Va+vVa+x =x.

Komenmap
Ax i B mpukaani 2, O3 3aganoro pis-

a+va+x =0

> 6yne BpaxoBaHa
a+x20

aBTOMATUYHO IIpU Ilepexofi [0 piB-
HaHb (2) Ta (5) (mas BcixX KOpeHiB 1mux
pPiBHAHB), OT:Ke, i MOKHA HE 3aIUCY-
BaTU B PO3B’sI3aHHI.

MipkyBaHHA IIpU BUKOHAHHI DiB-
HOCUJBbHUX IIEPETBOPEHb  3aJaHOTO
piBHAHHA (Do piBHAHE (2)—(3)—(5)—(6))
TOBHICTIO aHaJOTiuHi MipKyBaHHAM,
HaBeneHUM y Komenmapi mo mpukJa-
ny 2.

Amnamisyroun piBHguHa (6) (axe
IOCTAaTHRO BaKKO pO3B’A3aTH Bif-
HOCHO B3MiHHOI X), KOPUCTyeEMOCSA
opieHTHpPOM, HAKWH YMOBHO MOJKHA
"agBatu «lllykaill KBagpaTHUN TpU-
YjieH», a caMe: cnpobyiime po32isiHY-
mu 3adaHe Di6HAHHA K KeadpamHe
B8i0HOCHO sKOIcb 3MiHHOL (YU 8i0HOCHO
AKoicy QYHKUITD). Y ZaHOMY BUIIALKY
pPOSTJIAHEMO Ile PiBHAHHSA AK KBaJApaT-
He BimHOCHO mapamerpa a (1ei# cmocib
e(peKTUBHO CIPAILOBYE TiJIBKU TOMi,
KOJIX NVCKPUMIHAHT OJEepP:KaHOTO KBa-
IPaTHOTO TPUUJIEHA € IIOBHUM KBajpa-
TOM, K y POBTJIAHYTOMY BUIIAIKY).

HAHHA
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Ao ansa xKopeHiB piBHAHHA (8)
BUKOHYeThCA ymoBa (1) (x = 0), To aB-
TOMAaTUYHO BUKOHYETHCA U ymoBa (4)
(x2 —a = 0).

I3 piBaanHA (8) omep:KUMO
x2—x—-a=0.

Ile piBHAHHA Mae KOpeHi, SAKIIO

D=1+ 4a > 0, To6T0 mpu a>—i.

_1++1+4a

Toni X=X,y =

1-+1+4a

2

Ins x, ymoBa x > 0 BUKOHYETHCA,
OTyKe, X, — KOPiHb 33J]JaHOTO DiBHAH-

HA IIpU a > —i.
Ypaxyemo ymoBy x = 0 mua x,:

%%, V1+4a<1,

0<1+4a<1, —=<ax0.

N
N

Biodnosiodv: 1) npu —i <a<0

" _1++1+4a _1-+1+4a,
- b

1 2 ’ 2 2
2) umpua >0 x=1tVlrda “;+4a;

3) npu a<—i KopeHiB Hemae. <

IIpukaan 4.

Pos38’sa3auns

) 3Bajgana HepiBHiCTH piBHOCHIBLHA
cucreMi
ax =0,
x+4a>0, (1)

(x+4a)? >25ax.

ITepen Bamumcom BipmoBimi 3pydu-
HO 300pas3wWTH Ha PHUCYHKY BCi onep-
JKaHi pPO3B’ABKU 1 HANPOTH KOYKHOTO
pPO3B’A3KY BiAMiTHTH, TIpU AKWUX B3HA-
YeHHAX IapaMeTrpa Ilell pPO3B’SA30K
MOKHAa BUKOPUCTOBYBaTH (IuB. c. 143).

1
1 0 a
1+1+4a |
1—7 =_
_1-+1+4a i
ch 2 ! !

I3 1poro pUCyHKY BUIHO, IO IPU
a > 0 y BigmoBigp moTpiObHO 3ammcaTu
TiibKM onHy Gopmyay (x,), mpm

—i<a<0 — mBi dopmymn (x, i x,),

1 .
a nmpm a <—Z KOPEH1B HeMae€.

Posp’sa:xiTh HepiBHiCTE X +4a>5+ax.

Komenmap

Bukopucraemo piBHOCUIIBHI IIepe-
TBOpeHHs. [as mporo Bpaxyemo O[3
3amaHoi HepiBHocTi (ax = 0) i Te, 110
mpaBa yacTWHA HeBix e€MHA, OTMKe, IJIs
JliBa yacTWHA MTOBUHHA OyTU HOJATHOIO
(x + 4a > 0). 3a 1iei ymoBu (aHa OI[3)
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OZIEPIKYEMO CHCTEMY

0-x20,
x>0, posB’sa3KoM AKoi € x > 0.
x2>0,
OZIEPIKYEMO CUCTEMY
x=0,
x>-4a, (2)

x2-1T7ax+16a%>0.

PoaB’sa:xeM0 oKpeMo HepiBHiCTH

x2 — 17ax + 16a? > 0.
Ockinbrku x2 — 17ax + 16a?> =0 npnm
x=a ta x = 16a, To mipu a > 0 oxep-
JKyeMo x < a abo x > 16a.
Toxni cucrema (2) mae po3B’A3KU:
0 < x <aabo x> 16a.

OEPIKYEMO CHUCTEMY

x<0,
x>-4a, 3)
x%2-17ax+16a%>0.

Cucrema (3) posB’aA3KiB He Mae,
ocKimpku mpu a < 0 mepmia i apy-
ra HepiBHOCTI He MalOTh CHLIBHUX
pO3B’A3KiB.

Bionosiov: mpu a = 0 x > 0;
mpu a > 0 x € [0; a) U (16a; +<0);
npu a < 0 po3s’askiB Hemae. <

o0uaBi uvacTMHM 3amaHOI HepiBHOCTI
HeBig eMHi, OT/Ke, ITIpU MTigHECEHHi
000X YaCTUH HEPiBHOCTI M0 KBaapaTa
OJIEP:KMMO PiBHOCUJBHY HEPiBHICTH.
Orpumyemo cucremy (1).

s posB’saA3yBaHHA HePiBHOCTL
ax 2 0 HeoOXiAHO PO3TIAHYTHU TPU BU-
nagku: a = 0 (misuTy Ha @ HEe MOXKHA);
a >0 (3Hax HepiBHOCTI B30epiraern-
cA TIpu AijeHHI 000X ii wacTuH Ha a);
a < 0 (sHaK HepiBHOCTi 3MiHIOETHCH).

IIpu a > 0 3Hauenna —4a <0,
TOMY TepuIi ABI HepiBHOCTI cucre-
Mu (2) MamoTh CHOiJIBHUN PO3B’A30K
x =2 0, a gaa pos3B’s3yBaHHSA HepiB-
HocTi X2 — 17ax + 16a% > 0 moxHaA
BUKopucTtatu TrpadiuHy igrocTparliiro:

A /.
a\_/ma x

IIpu a <0 3wmavenua -—4a > 0,
TOMY TepIii ABi HepiBHOCTI cucTemu (3)
He MAaioTh CIILIbHUX PO3B’SI3KiB, OTIKe,
i Bca cucrema (3) He Mae PO3B’A3KiB.

Ipukaax 5. Poss’skiTe HepiBHicTs VX —a >x+1.
Komenmap
CroyaTKky CKOPHCTAEMOCSA PiBHOCUJILHUMU MI€PETBOPEHHIMU:
x) >0, x) =0,
4@ > e (£ % aso {f )
f(x)>g™ (x) g(x)<0.

AKrwo 8 odeprucani cucmemu napamemp a 8x00umv JiHillHO, MO 8 ma-

Kux eunadxkax iHo0i 6yeae 3pYyuHO BUPA3UMU napamemp uepe3 3MiHHY,
po3ensaHymu napamemp Ak QYHKUil0 8i0 uiel 3MIHHOI i 8ukKopucmamu zpa-
Qiuny inrocmpauiio po3s’a3yeanns Hepienocmeil (y cucremi koopauuat xOa).
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3a3HaunMO, 1110 AJIA 300parkeHHs Po3B’A3KiB CYKYIHOCTI HepiBHOCTE! 3pyUHO

BUKOPUCTOBYBATH [ABi cucTeMH KOOpPAMHAT, ¥ AKUX oci Ox poaralloBaHi Ha

OIHIN mpaMil, i Ha KOXKHIA BUAIIATH IMITPUXOBKOIO BiATIOBiAHI po3B’s3KHU.
IIpu pisHuX 3HAUEHHAX @ OpsAMa a = const abo He ImepeTWHAE 3AIITPUXO-

. . 3 .. ..
BaHi obusacti (mpu a>—z), abo mepeTmHae iX mo Bimpiskax. AOGCIIMCH TOUOK

mepeTuHy € poss’a3kamu cucteMm (1) i (2), a orteke, i posB’a3KamMmu 3amaHOl
HepiBHOCTI.
Posg’s3anna

> 3amaHa HepiBHICTH PiBHOCUJIbHA CYKYITHOCTI CHCTEM:
x+1>0, {x—a?O,
abo
x—a>(x+1)> x+1<0.
Toxi
x>-1, 1
a<-x*-x-1
abo
as<x,
{ (2
x<-1.

3o06pasumo rpadiuno poss’s3ku cucrem HepiBHoctei (1) i (2) y cucremi
roopauHat xOa (ua puc. 101, a, 6 sadpapboBano Bimgmosigui obmacti @ i @).

n a -l @ 5
I 3 i o
8 a>-7 2 a>-3
_1 '
-1 2 |0 -1 0
5% ' 3%
3 _ _9 3 -1< _9
s 1<a< 1 i 1<a< 1
4 —lxr\ 17
/ \ |
/ Y a<-1 I a<-1
7 -
, ® \ /S @
a 0
Puc. 101

3 .
Bauuwmo, 1o |mpu a >—Z po3B’s3KiB Hemae (Hemae 3adapOOBaHUX TO-

3 .
yok); |akmio —1 < a <_Z , | TOo mpaAMa a = const meperuHae TiabKU 3adap6o-
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Bany ob6sacts O. Ilpuyomy ofep:kaHuii iHTepBaJl OOMEKEeHHI 3JiBa
i cmpaBa BiTkaMmu mapabosu a = —x? — x — 1. Aue s Bignmosizi HaM moTpiGHO
sanucatu X ueped a. las uporo 3 piBusaHHA x2+ x +a + 1 =0 3Haxo-
IUMO X:

x=-1+1_qg-1.
2 4

Ax 6auumo, x=—%+,[—%—a>—%, TOOTO x=—%+,/—%—a — piBHAHHSA

IIpaBOl BITKHA HapaﬁOJII/I, a x=—§— —Z—a — JI1BOl.

Toxi BigmoBigh y oMy BUNAAKY Oyme TaKoOO:

[ g1y [3 g,
2 4 2 4

axkmo a < —1, | ro npama a = const mepermHae samTpuxoBaHi obmacti @

i @. Onsa obnacti @O imrepBan masa x 3yiBa oOMesKeHUI mpsamoio x = —1,

. 1 3
a cupaBa — IIPaBOIO BiTKOI0 mapaboJiu, TOOTO —1<x<—5+1/—z—a. Hns o6-

gacti @ imTepBas mias X OOMeXKeHWH 3JIiBa IPAMOIO X = a4, a CIpaBa — IIPs-
Mo X = —1, T06T0 @ < x < —1. O0’egHAHHA MUX iHTEPBAJIiB MOKHA KOPOTIIIEe

3aIncaTH TaK:
<——+J

Biodnosiov: 1) mpu a >—% — po3B’A3KiB HeMae€;

2) npu —1<a<—— ,/ L <x<——+1/_%—a;
3)mpua < -1 a<x<——+,/———a,

Ins pos3B’s3yBaHHA NEAKUX NOCTIJHUIPKUX 3aBIAaHL 3 IapamMerpamu
MOJKHa BUKODPHCTATU BJIACTHUBOCTI KBaAPATHOTO TPUUJIEHA i, 30KpeMa, yMo-
BU PO3MillleHHS KOPEHiB KBaApPaTHOTO TPHUUJEHA BiHOCHO 3aJaHUX YKCE]
(taba. 16).

IIpukaax 6. SHaiigiTs yci 3HaueHHA mapaMmeTrpa k, IpU AKUX Mae KOpPeHi
piBHAHHA x+2kVx+1-k+3=0.

Pos3é’s3annsa Komenmap
» Bamima Vx+l =t, ge t > 0 (roxmi SAxrimo '1ppau10HaJlee 'plBHHHH'H mic-
TUTHh TIJIBKW OAWH KOPl1Hb, TO 1HKOJIHN
MOJKHAa 3BECTHU TaKe PIBHAHHA A0 palli-
2 — — o .
t*+ 2kt —k +2=0. 1) OHAJILHOTO, MO3HAYUBINU IeH KOPiHb

x=1t2—-1). OgepxKyeMo pPiBHAHHSA
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3amaHe piBHAHHA Oyle MaTu KOpeHi
Toxi i TinmbKu ToOxi, KoM piBHAHHA (1)
Oyme matu xoua 0 OOUWH HeBix eMHUI
kKopius (¢ = 0).

Bunamox ¢t = 0 gocaigumo okpemo.
IIpu ¢ = O 3 piBuanHA (1) Maemo k = 2.
Orke, ipu k =2 piBHaEHA (1) Mae
Kopiub ¢t = 0. Toxi ¥ 3amane piBHAHHA
Mae Kopiub x = —1, To6TO0 E = 2 3ajo0-
BOJIbHSE YMOBIi 3amaui.

ITosmauumo f (t) = t2 + 2kt — k + 2.

Piaanua (1) mo:ke maTu xoua 6 OfMH
JTONAaTHUIM KOPiHb B OMHOMY 3 ABOX BU-
najgKiB:

1) oguH KOpiHb mJomaTHWUN i oxwH

Bir’eMHUII — s IIbOr0 HEOOXimgHO
# IOCTAaTHBO BUKOHAHHS YMOBU
f(0) < 0;

2) obuaBa KOpeHi momaTHi — IJId IIbO-
ro HeoOXigHO I JOCTATHHO BUKOHAHHS
CUCTEMHU yMOB:

1(0)>0,

D>0, (2)

t,>0.

3 ymosu f (0) < 0 orpumyemo:
-k +2<0,

TOOTO B > 2.

Cucrema (2) nae:

-k+2>0,

4k? —4(-k+2)>0,

-k >0.
Toni
k<2, k<2,
E2+k-2>0, {k<-2 abok>1,
k<O0. k<O0.

Orxe, B < —2.

Bidnosiov: kE < -2 abo k > 2. <

HOBOIO 3MiHHOI. OCKiIBKM 3ami-
HA € pPIBHOCUJIBLHUM II€PETBOPEHHIM
(pasom 3 o06epHEHOI0 3aMiHOI0), TO
OIlePKYyEMO PIiBHAHHA, PIBHOCUJIbHE
3a/IaHOMY, 1 TOMY 3aMiCTBh JOCJTiI:KeH-
HS 3aJaHOTO PiBHAHHS MOJKHA ITOCJTi-
IKYBaTU OflepsKame.

Ane Tipu 1ILOMY CJi ypaxoByBa-
TU, M0 Nicas 3aMiHU 3MIHHOL iHKOLU
3MiHIOEMbCA 8UMOza 3adayi, 30KpemMa
nnsa piBHaaHa (1) BoHa Oyme TaKoIio:
3HAWTM BCi 3HaueHHA mNOapameTrpa Fk,
I AKUX Ile PiBHAHHA Mae Xoua 0
ooVH HeBix eMHUIT KOpiHb (TOAi mic-
Js1 00epHeHol 3aMiHM MU 000B’SIZKOBO
3HaWIeMO KOpeHi 3aJaH0T0 PiBHAHHA).
ITe MOXJIMBO B OMHOMY 3 TPHOX BUMA]-
KiB: abo omuH i3 KopeHiB piBHAHHA (1)
IopiBHIOE HYJI0 (el BUIAAOK JETKO
IOCJIII;KyBaTU IIiICTAHOBKOIO B pPiB-
HagHa (1) ¢ =0), a6o piBuamua (1)
Ma€ OAWH NOMATHUI i ogquH Bix eMHMIIT
KopeHi, ab0 o0uaBa KOpeHi momaTHi.

300pasuBIlIu BiATIOBimHI ecKisu
rpadikie  Qyurmii [ (¢) = 2 + 2kt —
— k + 2, zammcyemo HeoOXimHi i m0-
CTaTHiI YMOBU TaKOT'0 PO3MIIlleHHA AJIA
KOpEeHiB KBaApaTHOTO TpuujeHa (pH-
CyHOK ab6o Tabu. 16).

\ LA

*
|
Onsa Toro 100 posB’A3aTu KBa-
apatHy HepiBuicts kR2+E -2 > 0,
MOKHa BUKoOpuctatu rpadiuHy ijro-
cTpargiro.

A\ /.
S

t
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VY kiumi HeoOximHO 00’e¢mHATH BCi
oIepsKaHi pesyabTaTu. 3BUYANHO, IJId
oleps;KaHHSA BiAmoBimi MokHaA OyJ0
0 posB’A3aTH 3azaHe PiBHAHHA (TaK
came, AK TpuKJazn 2), a IOTIiM maTu
BigmoBiAb Ha 3ammMTaHHA 3a7advi, aje
TaKUH MIAX MOTpedye GiIbIIT rpoMis-
KHUX O0UMCIIeHb.

Bnpasu

Po3B’sKiTh piBHAHHA:

1) Vx—-a=2; 2) Jx+2a=a; 3) Jx+6-m=+x-3;
4) Ja-Ja+x =x.

Po3B’s:kiTh HEpiBHICTS:

1)35:%liili>o; 9) x+2a>~3ax+4a?;  3) JAx+a>x;
- X

4) Jx—a>2x+1; 5) va?-x%>2—x.

3HaWIiTh yCci 3HaUeHHA IapaMeTpa a, IpU AKUX PiBHAHHA 3Vx+2=2x+a

Ma€ KOpeHi.
3HalgiTh yci B3HAUeHHs IapaMerpa @, IPU AKUX PiBHAHHS

(x/;—a)(x—i) =0 Mae TiJIbKY OOWH MiliICHUUA KOPiHb.
X

3HaNAITh yci 3HaUeHHA mapaMeTpa a, IPU AKUX PIiBHAHHS 2—ax +2=x
Ma€ TiAbKW ONWH AiWCHUI KOPiHB.
y=a+x,

2x+y-1=0

BusHaure KinbKicTh po3B’sA3KiB cucTemMu 3aJIeKHO Bij 3Ha-

YeHHd ImapameTpa a.
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AOAATKOBI BINMPABU AO PO3AIAY 2

3BiNbHITHCA Bif ippalioHaIbHOCTI B 3HAMEHHUKY ApPOOY:

V2 Vs 2 3
R RN R AN
O0uuncIiTh:

2 5 (5v/3 +/50)(5-/24) |
1) J(«B—zﬁ) —\/(1,5—\6) -1 2) T as
3) J(v2-15)" -{((1-v2)") +0,75; 1) % (11+2430).

Cupocrtits Bupas (3—5).

1 (a+2 L2 j_x/Z—x/E; 2) (a a+bb \/—] (\/— \/—jz;

Joa \/E+2 a-2a a+2 Ja++b b
3) \/;‘*'1 . 1. 4) \/; \/— 1 @
1ivrtx 2z 2 2\/— Je+1 e-1/
3/k73+1 B %/k73+ k.,
Y \/E_x/inj k1
2 (JZ+\/1;)2—(2\/3)2_\/2_\/Z 3266
a-b Va+o ) Va+b’
3 |y W) [\/}1]

4 4 4 4 4
b2 +Va's —-Vabr? -Va®
0,5
x-1 x 7 +1 2
1) 1 1,5_1+ 205
x+x2+1
- 1 1
1_32
Sp3__ ab C(ab)* -b2
2) |a?b T,
a+a2b?
11y 3 3
3) 2x + x2y2 x2—y? _x-y |
3x 11 1 17
x—x2y? x2+y2
2 1 2 -2
1-c¢ 2x2 ¢ -c 2
Y| -5 +7 3 (1+—2)
c2Z_c2 ¢ c2_c2 ¢
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Posp’saxkiTh piBHanHa (6—10):

6. 1) (Ve —=72+10) =2x-9x+7;  2) 2 +vx?—1—(x+x?—1)=0;

3) Jx+1)(2x+3)=x+3; 4) Jx+1 - J2x+3=x+3.
7.1) (Mrx+1)V1+x+2x—-5)=x; 2) V2x2+3x +v2x2—3x—5=6x+5;
3) Val+3x—4=+2x+2; 4) Jx?—Tx+1=2x2-15x+8.

8. 1) V5x+7—-V3x+1=+x+3;
2) V2x+3+/3x-1=5x+2;

3) Jx+3-4Vr—1+x+8-6vVx-1=1;
4) Jx+11-6Vx+2 +yx+18-8Jx+2 =1.

9. 1) Y2x-8+Yx-8=2; 2) Y8x+4+¥8x—4=2;
3) Jx+3+35-x=2; 4) Y2-x=1-x-1.

10. 1) ¥x+¥x-16=4x-8; 2) Yx-1+¥x-2-32x-3=0;
3) V2-x? =|x|-1; 4) Yx—6+10x+5=2.

Posp’skiTh cuctemy piBuauns (11—12).

11. 1) Jx+y=1, 2) x+3y+1=2,
Nx—y+2=2y-2; N2x—y+2=Ty—-6;

7 4 5 4 31
3’

5
— —+ —_——
3) x-T7 AJy+6 1) Nx-9 \Jy+9 20’
5 .3 _13 3 .2 _
Je-1 Jyre 6’ Jx-9 Jyro 20

/x+y /Zx—lz ’x_y-i— fx"'yzﬂ
12. 1) 2x—1+4 x+y 5, 2){ x+y x—y 3’

x=y+1; xy—2x—-2y=2;
3) {\/2x+y—1—\/x+y=1, g |2y +x-y+2=3,
3x+2y=4; 2x+y="T.
Posp’saxiTe HepiBHicTh (13—21).
13. 1) V3x2+13>1-2x; 2) Vx?+x>1-2x;
3) V8x—x®<4-x; 4) Vx®-x-2<2x+6.
14. 1) Va2 +3x+2-x?—x+1<1; 2) V3x? +5x+7 —\3x2+5x+2 >1;
3) x-7 <0; 1) \/17—361_5:9;—2x2 0.

Vax? —19x +12
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15.

16.

17.

18.

19.

20.

21. 1

22.

23.

24.

1) Jr—2vx—1+fx+2Vx-1<2;

3) Jx+3 >\/x—1+x/x—2;

1 1.1
1) /?—?———
3) (x-DVx*:-x-2>0;
1) (x+)Vax2+1>x2-1;

2 2
3) \/6+x—x >\/6+x—x :
2x+5 x+4
[c1 0. .2
51-2x—x <1:

1-x ’

1)

3) Vx+5<1+V-x—-3+[(x+5)(-x—3);

2) Jx+4vx—4 —Jx-4Vx-1>3;
4) Jx+6>2x—4 +Jx+1.

3 1 1
2 ———<———-
) 4 x 2

4) (x-3)Vx®+x-2>0.
2) (x-3)Vx?+1<x?-09;

2 2
4) \/12+x—x >\/12+x—x )
x-11 2x-9

2) V2-x +4x-3 >2;

X

4) Jx=5)(—x+T) +1>~—x+7 —Jx—5).

1) Vx+6 >Jx+1++/2x—5;

2) Jx+3>Jx-1++/2x-1;

3) Va2 —8x+15 +vx2 +2x—15 >/4x? ~18x+18.

1-x)Vv1- x+(1+x)\/1+x

\/4 4x?+20- x)\/l x2
3) ’1+x _N1-x >O;
I-x 2\1+x-

(a>0);

1)

\/—2\/—+2\/;

PosB’saxiTh HepiBHicTh V1-—x2

xVx +(1-x)V1-x
\/x2—2(x2—x)\/x—x2

4 L2 <o

1-x 1-+1+x

1L >a

9) L >4
N SR S

>1;

2)

4 . o
>g(x—a) npu a = 0 i mepekoHariTecs,

10 MHOYKMHOIO ii po3B’sA8KiB € Biapisok. IIpm SKMX 3HAUEHHAX 4 MHO-

N . . . 9
JKMHOIO PO3B’A3KiB I1iel HepiBHOCTI € BiAPi3OK MOBIKUHOIO E?

IIpy AKMX 3HAUEHHAX HapaMeTpa G MHOXKMHA PO3B’A3KiB HepiBHOCTI

a+~x®+ax >x He mepeTuHaeThCcA 3 mpoMixkkoMm [—1; 0]?
IIpu AKMX 3HAUYEHHs IIapaMeTpa a4 y MHOXKKHI pos3B’A3KiB HepiBHOCTI

x+vx?—2ax >1 MicTUThCA IPOMIXKOK [i, 1}?
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BIAOMOCTI 3 ICTOPII

ITouAaTTss cmenexHs BUHUKJIO B AajieKili maBHuUHi. 30eperyiucs TIWHSIHL
IJIUTKYU CcTapojaBHiX BaBuioHAH (6sm3bko 1700 p. mo H. e.), AKi micTaATh
3amucu TabJUIThL KBaApaTiB i KyOiB Ta ix obepHEeHUX 3HaUeHb. [[0 MHOMKEeHHSA
PiBHUX MHOKHUWKIB IPWBOAUTL PO3B’A3yBaHHS 0araThox 3amau. Bupas kea-
Opam uucJsa BUHUK YHACJIiOK OOUMCIEeHHSA IJIOIII KBaapaTa, a Kyo uucaia —
YHACJIiJOK 3HaXOMKeHHA 00’eMy Ky0a. AJjle cyuacHi nmosuauenus (tumy a?, a’)
BBemerno B XVII cr. P. TlexapTom (1596-1650).

I po6oBi TOKa3HUKYU CTEIleHA Ta HAWIPOCTIIIi mpaBuia Jili HAJX CTEleHd-
MU 3 IPOO0OBUMU MOKasHUKaMU 3acTocyBaB y XIV cT. (ppaHIIy3bKUI MaTeMa-
™K H. Opewma (6. 1323-1382). Bigomo, 110 H. IlTtox e (61. 1445-671. 1500)
pOSTIALaB CTeleHi 3 Bil’€MHUMY i HYJILOBUM TMOKa3HUKaMU.

1

C. CreBiH 3aIpoIOHYBaB PO3yMiTH Iif a" KOpiHB %a. Ane cucrema-
TUYHO APOoOOBi Ta Bif’eMHI MOKA3HUKY IMePIIuM cTaB 3acTocoByBaTu I. Hb1o-
ToH (1643—1727).

Himenpkuit marematux M. IIItigens (1487-1567) maB mosHaueHHS
a® =1, axkmo a # 1, i BBiB HasBy nokasnukx (Bix Himenwbk. exponent). Hi-
MellbKe potenzieren o3Hauae nidHecmu 00 cmenens. Y CBOIO 4epry, TepMiH
exponenten BUHUK YHACJIiOK HE 30BCiM TOUHOT'O IepPEKJAAy 3 I'PeIbKoi cJjo-
Ba, akuM [iodanr Anexcauapiicbruit (6s. III cr.) mosHauaB KBagpar
HeBizoMOI BeJIMUMHU.

Tepminu padurxan i kopins, yBemeri B XII cT., TIOXOJATh Biff JaTHHCHKO-
ro radix, M0 Mae ABa 3HAYEHHS: CMOPOHA i KOpPiHb. I'pernbKi MaTeMaTUKU
3aMiCTh «JOOYTH KOPiHBb» Kasajid «3HANTH CTOPOHY KBajJpaTa 3a MOro JaHOI
BeJIMYMHOIO (IIJI0Ie0)». S3HAK KOPEeHSA Y BUIJIAIL CUMBOJY V 3’sBuBCH BIEP-
me B 1525 p. CyuacHuii cumBoJ yBiB [lekapT, AKUi MOJaB FOPUSOHTAJIBHY

pucky. Hpl0TOH yiKe mO3HauaB MOKA3HUKM KOPEHIB TaK: Y , .





